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CONVERGENCE THEOREMS OF THE ITERATIVE

SCHEMES IN CONVEX METRIC SPACES

Ismat Beg, Mujahid Abbas and Jong Kyu Kim

Abstract. The purpose of this paper is to study the convergence problem
of Mann and Ishikawa type iterative schemes of weakly contractive mapping
in a complete convex metric space. We establish the results on invariant ap-
proximation for the mapping defined on a class of nonconvex sets in a convex
metric space. Finally, we obtain the existence of common fixed points of two
asymptotically nonexpansive mappings through the convergence of iteratively
defined sequence in a uniformly convex metric space.

1. Introduction

The interplay between the geometry of Banach spaces and fixed point the-
ory has been very strong and fruitful. In particular, geometric properties play
a key role in metric fixed point problems, see for example [14] and references
therein. These results mainly use convexity hypothesis and other geometric
properties of Banach spaces. Takahashi [33] introduced the notion of convex-
ity in metric spaces. Afterward-Beg-Abbas [4], Beg-Azam [5], Chang-Kim-Jin
[8], Ciric [10], Ding [11], Guay-Singh-Whitfield [21] and many other authors
have studied fixed point theorems in convex metric spaces.

Recently, Shimizu-Takahashi [29] introduced the concept of uniform con-
vexity in a metric space, which was further exploited by Beg [3]. Ishikawa
iteration scheme [22] and Mann iteration scheme [26] are two well known it-
eratively defined sequences which are generally used to solve the fixed point
problems of different mappings. Applying fixed point theorems, useful results
have been established in approximation theory ([1], [5], [31-32]). Meinardus
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[27] was the first to employ fixed point theorem to prove the existence of an
invariant approximation in a Banach space.

The aim of this paper is to study the convergence problem of Mann and
Ishikawa type iterative schemes of weakly contractive mapping in a complete
convex metric space. We establish the results on invariant approximation for
the mapping defined on a class of nonconvex sets in a convex metric space.
Finally, we obtain the existence of common fixed points of two asymptoti-
cally nonexpansive mappings through the convergence of iteratively defined
sequence in a uniformly convex metric space. The results proved in this paper
extend the corresponding results of Rhoades [28] and Al-Thagafi [1].

2. Preliminaries

In 1974, Ishikawa [22] introduced the iterative sequences generated by non-
linear mapping and proved the convergence theorems for the sequence:

Let K be a nonempty closed convex subset of a Banach space E and let
T : K → K be a nonlinear pseudo-contractive mapping or accretive mapping.
Recently concerning the problem of the Ishikawa iterative sequence {xn} de-
fined by 




x0 ∈ K,

yn = βnxn + (1− βn)T (xn),
xn+1 = αnxn + (1− αn)T (yn), n ≥ 0

(2.1)

converging strongly to a fixed point of T or to a solution of the equation
Tx = f has been considered by many authors ([1], [3-7], [9], [12], [15], [17],
[21], [23], [25], [34]), where {αn} and {βn} are sequences in [0, 1] satisfying
the certain control conditions.

In 1970, Takahashi [33] introduced the concept of convexity in a metric
space and the properties of the space.

Definition 2.1. ([33]) Let (X, d) be a metric space. A mapping W : X ×
X × [0, 1] −→ X is said to be a convex structure on X if for each (x, y, λ) ∈
X ×X × [0, 1] and u ∈ X,

d(u, W (x, y, λ)) ≤ λd(u, x) + (1− λ)d(u, y).

A metric space X together with the convex structure W is called a convex
metric space, denotes it by (X, d, W ).

A nonempty subset K of the convex metric space X is said to be convex
if W (x, y, λ) ∈ K whenever (x, y, λ) ∈ K × K × [0, 1]. Takahashi [33] has
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shown that open spheres B(x, r) = {y ∈ X : d(y, x) < r} and closed spheres
B[x, r] = {y ∈ X : d(y, x) ≤ r} are convex.

Every normed space is convex metric space. But there are many examples
of convex metric spaces which are not embedded in any normed space [33].

Remark 2.1. Every normed space is a convex metric space, where a convex
structure W (x, y, z;α, β, γ) = αx + βy + γz, for all x, y, z ∈ X and α, β, γ ∈ I
with α + β + γ = 1. In fact,

d(u,W (x, y, z; α, β, γ)) = ‖u− (αx + βy + γz)‖
≤ α‖u− x‖+ β‖u− y‖+ γ‖u− z‖
= αd(u, x) + βd(u, y) + γd(u, z), ∀ u ∈ X.

But there exists some convex metric spaces which can not be embedded
into normed space.

Example 2.1. Let X = {(x1, x2, x3) ∈ R3 : x1 > 0, x2 > 0, x3 > 0}. For
x = (x1, x2, x3), y = (y1, y2, y3) ∈ X and α, β, γ ∈ I with α + β + γ = 1, we
define a mapping W : X3 × I3 → X by

W (x, y, z;α, β, γ)

= (αx1 + βy1 + γz1, αx2 + βy2 + γz2, αx3 + βy3 + γz3)

and define a metric d : X ×X → [0,∞) by

d(x, y) =
∣∣∣x1y1 + x2y2 + x3y3

∣∣∣.

Then we can show that (X, d, W ) is a convex metric space, but it is not a
normed space.

Example 2.2. Let Y = {(x1, x2) ∈ R2 : x1 > 0, x2 > 0}. For each x = (x1,
x2), y = (y1, y2) ∈ Y and λ ∈ I. we define a mapping W : Y 2 × I → Y by

W (x, y;λ) =
(
λx1 + (1− λ)y1,

λx1x2 + (1− λ)y1y2

λx1 + (1− λ)y1

)

and define a metric d : Y × Y → [0,∞) by

d(x, y) = |x1 − y1|+ |x1x2 − y1y2|.
Then we can show that (Y, d,W ) is a convex metric space, but it is not a
normed space.
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Definition 2.2. Let X be a convex metric space.
(a) X is said to be uniformly convex, if for any ε > 0, there exists α = α(ε)

such that for all r > 0 and x, y, z ∈ X with d(z, x) ≤ r, d(z, y) ≤ r
and d(x, y) ≥ rε, give

d(z, W (x, y,
1
2
)) ≤ r(1− α(ε)) < r.

(b) X is said to be strictly convex, if for x, y, z ∈ X with d(z, x) ≤ r,

d(z, y) ≤ r, imply that d(z,W (x, y,
1
2
)) < r.

It follows from above definitions that a uniformly convex metric space
is strictly convex but converse does not hold in general. Uniformly convex
normed spaces are uniformly convex metric spaces.

Remark 2.2. In this paper we assume that function α is increasing, contin-
uous on [0, 2) and α(0) = 0, α(2) = 1.

Definition 2.3. ([13]) Let K be a nonempty subset of a metric space X. A
mapping T : K −→ K is said to be asymptotically nonexpansive if there exists
a sequence {kn}, kn ≥ 1, with lim

n→∞
kn = 1 such that

d(Tn(x), Tn(y)) ≤ knd(x, y)

for each x, y in K and each n ∈ N. If kn = 1, for all n ∈ N , then T is known
as a nonexpansive mapping.

A point x ∈ X is called a fixed point of T if T (x) = x. We denote the set
of fixed points of T by F (T ).

The asymptotically nonexpansive mapping was introduced by Goebel-Kirk
[13], where it is shown that if K is a nonempty bounded closed convex subset
of a uniformly convex Banach space and T : K −→ K is asymptotically
nonexpansive, then T has a fixed point and, moreover, the set F (T ) is closed
and convex. These mappings have remained under the study of many authors
([3], [8], [24] and [30]).

Definition 2.4. ([2], [28]) Let K be a nonempty closed subset of a complete
metric space (X, d). A mapping T : K −→ K is said to be weakly contractive
if for each x, y ∈ K,

d(T (x), T (y)) ≤ d(x, y)−Ψ(d(x, y)),

where Ψ : [0,∞) −→ [0,∞) is a continuous and non-decreasing such that Ψ
is positive on (0,∞), Ψ(0) = 0, and lim

t→∞
Ψ(t) = ∞.
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Definition 2.5. Let K be a nonempty closed convex subset of a convex
metric space X. If there exists y0 ∈ K such that

d(x, y0) = d(x,K) = inf
y∈K

d(x, y),

then y0 is called a best approximation to x out of K. We denote by PK(x) the
set of best approximation to x out of K.

Definition 2.6. Let K be a nonempty subset of a convex metric space X
and T : K −→ K be a mapping. K is said to be T-regular if and only if

W (x, T (x),
1
2
) ∈ K

for each x ∈ K.

Remark 2.3. If Ψ(t) = (1 − k)t for a constant k ∈ (0, 1), then the weakly
contractive map becomes a contraction mapping and it has a unique fixed
point by Banach contraction principle. Weakly contractive maps lie between
those which satisfy Banach contraction principle [20] and contractive maps.
Weakly contractive maps also satisfy the definition of Boyd-Wong [6]. It is
also known that a complete metric space has a fixed point property for weakly
contractive mappings. Moreover the fixed point in this case is also unique.

In 1988, Ding [8] proved the following fixed point theorem using Ishikawa
type iterative scheme: Let K be a nonempty closed convex subset of a com-
plete convex metric space X with convex structure W and let T : K → K be
a quasi-contractive mapping [10], i.e., there exists a constant q ∈ [0, 1) such
that for all x, y ∈ K,

d(Tx, Ty) ≤ q ·max{d(x, y), d(x, T (x)), d(y, T (y)), d(x, T (y)), d(y, T (x))}.
(2.2)

Suppose that {xn} is the iterative scheme defined by




x0 ∈ K,

xn+1 = W (T (yn), xn, αn),
yn = W (T (xn), xn, βn), n ≥ 0,

(2.3)

where {αn} and {βn} satisfy 0 ≤ αn, βn ≤ 1 and
∞∑

n=0

αn diverges. Then {xn}
converges to a unique fixed point of T in K.
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In 2003, Chang-Kim [7] introduced the concept of new type iterative se-
quence {xn} with errors in a metric space. Let (E, d) be a convex metric space
with a convex structure W : E3 × I3 → E and T : E → E be a generalized
quasi contractive mapping. Define the iterative scheme {xn} as follows:





x0 ∈ E,

yn = W (xn, T (xn), vn; ξn, ηn, δn),
xn+1 = W (xn, T (yn), un; αn, βn, γn), n ≥ 0,

(2.4)

where {αn}, {βn}, {γn}, {ξn}, {ηn} and {δn} are sequences in [0, 1] with
αn + βn + γn = 1, ξn + ηn + δn = 1, n = 0, 1, 2, · · · and {un}, {vn} are
sequences in E, then {xn} is called the Ishikawa type iterative scheme with
errors of T.

Especially, if ηn = 0 and δn = 0 for all n ≥ 0, it follows from the definition
of the convex structure W that yn = xn. Hence from (2.4) we have

xn+1 = W (xn, T (xn), un; αn, βn, γn). (2.5)

The sequence defined by (2.5) is called the Mann type iterative scheme with
errors of T. Therefore, the Ishikawa iterative scheme (2.1) is a special cases of
(2.4) with γn = 0, δn = 0 and un = vn = 0, for all n ≥ 0 and also, (2.4) with
δn = γn = un = vn = 0 for all n ≥ 0 reduces to (2.3).

And also Chang-Kim [7] proved the following theorem for the Ishikawa type
iterative scheme with errors (2.4): Let (E, d,W ) be a complete convex metric
space, W : E3 × I3 → E be the convex structure of E, T be a generalized
quasi-contractive mapping defined by

d(T (x), T (y))

≤ Φ
(

max{d(x, y), d(x, T (x)), d(y, T (y)), d(x, T (y)), d(y, T (x))}
)

,
(2.6)

for all x, y ∈ E, and {xn} be the Ishikawa type iterative scheme with errors of
T defined by (2.4). Then the scheme {xn} converges to a unique fixed point
z of T in E.

After then, Kim et al.([16], [18], [19]) and Chang et al.[7] proved the conver-
gence theorems of the iterative schemes for asymptotically quasi-nonexpan-
sive mappings or asymptotically quasi-nonexpansive type mappings in convex
metric spaces.
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3. Iterative schemes for weakly contractive mapping

Now, we prove the convergence theorems of the Mann and Ishikawa type
iterative schemes for weakly contractive mappings in convex metric spaces.

Theorem 3.1. Let K be a nonempty closed convex subset of a complete con-
vex metric space (X, d) and T be a weakly contractive self mapping on K. Let
{xn} be the iterative scheme defined by{

x0 ∈ K,

xn+1 = W (xn, T (xn), αn), n ≥ 0,
(3.1)

where 0 ≤ αn ≤ 1 and
∑

αn = ∞. Then, lim
n→∞

d(xn, p) = 0, where p is the
unique fixed point of T.

Proof. The iterative scheme {xn} is well defined, because T (K) ⊂ K, x0 ∈ K
and K is convex. The existence of unique fixed point of T follows from [28].
Let p ∈ F (T ). Then, from the definition of weakly contractivity of T , we have

d(xn+1, p) = d(W (xn, T (xn), αn), p)

≤ αnd(xn, p) + (1− αn)d(T (xn), T (p))

≤ αnd(xn, p) + (1− αn)[d(xn, p)−Ψ(d(xn, p))]

≤ d(xn, p).

So, {d(xn, p)} is a non-negative non-increasing real sequence. Hence it con-
verges to the real number q ≥ 0. Then we know that q ≤ d(xn, p). Suppose
that q > 0. Now, for any fixed positive integer n0 we have,

∞∑
n=n0

αnΨ(q) ≤
∞∑

n=n0

αnΨ(d(xn, p))

≤
∞∑

n=n0

[d(xn, p)− d(xn+1, p)]

≤ d(xn0 , p),

which contradicts to
∑

αn = ∞. Hence, q = 0. This completes the proof. ¤
Theorem 3.2. Let K be a nonempty closed convex subset of a complete con-
vex metric space (X, d) and T be a weakly contractive self-mapping on K. Let
{xn} be the iterative scheme defined by




x0 ∈ K,

xn+1 = W (xn, T (yn), αn),
yn = W (xn, T (xn), βn), n ≥ 0,

(3.2)
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where 0 ≤ αn, βn ≤ 1, and
∑

αnβn = ∞. Then lim
n→∞

d(xn, p) = 0, where p is
the unique fixed point of T.

Proof. The existence of unique fixed point p (say) of T follows from [28]. The
iterative schemes {xn} and {yn} are well defined, because x0 ∈ K, T (K) ⊂ K
and K is convex subset of X. Then, from the definition of weakly contractivity
of T , we have

d(xn+1, p) = d(W (xn, T (yn), αn), p)

≤ αnd(xn, p) + (1− αn)d(T (yn), T (p))

≤ αnd(xn, p) + (1− αn)[d(yn, p)−Ψ(d(yn, p))

≤ αnd(xn, p) + (1− αn)d(W (xn, T (xn), βn), p)

− (1− αn)Ψ(d(yn, p))

≤ αnd(xn, p) + (1− αn)[βnd(xn, p) + (1− βn)d(T (xn), T (p))]

− (1− αn)Ψ(d(yn, p))

≤ αnd(xn, p) + (1− αn)βnd(xn, p) + (1− αn)(1− βn)d(xn, p)

− (1− αn)(1− βn)Ψ(d(xn, p))− (1− αn)Ψ(d(yn, p))

≤ d(xn, p)− (1− αn)(1− βn)Ψ(d(xn, p))− (1− αn)Ψ(d(yn, p))

≤ d(xn, p).

So, {d(xn, p)} is a non-negative non-increasing real sequence. Hence it con-
verges to the real number q ≥ 0. Then we know that q ≤ d(xn, p). Suppose
that q > 0. Now, for any fixed positive integer n0 we have,

∞∑
n=n0

(1− αn)(1− βn)Ψ(q) ≤
∞∑

n=n0

(1− αn)(1− βn)Ψ(d(xn, p))

≤
∞∑

n=n0

d(xn, p)− d(xn+1, p)

≤ d(xn0 , p),

which contradicts to
∑

αnβn = ∞. Therefore, q = 0. This completes the
proof. ¤

Remark 3.1. We can prove that the results of Theorems 3.1 and 3.2 hold
for the iterative schemes with errors.
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4. Fixed points and best approximation

In this section, we obtain the results on best approximation as a fixed points
of nonexpansive type mappings in the setting of convex metric spaces.

Now we need the following useful lemma for the main theorems.

Lemma 4.1. Let M be a subset of a strictly convex metric space X. If x,
y ∈ PM (u) for u ∈ X, with x 6= y, then for λ ∈ (0, 1), W (x, y, λ) /∈ M.

Proof. If W (x, y, λ) ∈ M, then x, y ∈ PM (u). And so, we have d(x, u) ≤
d(u, W (x, y, λ)), and d(y, u) ≤ d(u, W (x, y, λ)). Since X is a strictly con-
vex metric space, so we arrive at a contradiction. Hence, for 0 < λ < 1,
W (x, y, λ) /∈ M. ¤
Theorem 4.1. Let M be a subset of a strictly convex metric space X and
T : M → M a mapping. If PM (u) is a nonempty T -regular set for any u ∈ X,
then each point of PM (u) is a fixed point of T .

Proof. Suppose that for some x in PM (u), T (x) 6= x. Then, from Lemma 4.1,

W (x, T (x),
1
2
) /∈ M. It implies that W (x, T (x),

1
2
) /∈ PM (u). Since PM (u) is

a T -regular set, x = T (x). Thus each best M - approximation of u is a fixed
point of T . ¤
Theorem 4.2. Let M be a nonempty closed and T - regular subset of a strictly
convex metric space X, and u be a point in M , where T is a compact mapping
on M, and u be a point in M. Suppose that d(T (x), u) ≤ d(x, u) for all x in
M . Then each x in M , which is best approximation to u, is a fixed point of
T .

Proof. Let r = d(u,M). Then there is a minimizing sequence {yn} in M
such that lim

n→∞
d(u, yn) = r. Clearly {yn} is a bounded sequence. Since T is

a compact map, cl({T (yn)}) is a compact subset of M and so {T (yn)} has a
convergent subsequence {T (ynk

)} with lim
k→∞

T (ynk
) = x in M . Now,

r ≤ d(u, x) = lim
k→∞

d(u, T (ynk
)) ≤ lim

k→∞
d(u, ynk

) = lim
n→∞

d(u, yn) = r.

Thus x ∈ PM (u). Now y ∈ PM (u) and r ≤ d(T (y), u) ≤ d(y, u) = r imply
that T (y) ∈ PM (u). Therefore y ∈ PM (u) gives d(T (y), u) = r. Now strict

convexity of X implies r ≤ d(W (y, T (y),
1
2
), u) < r. Thus W (y, T (y),

1
2
) ∈

PM (u).The result follows from Theorem 4.1. ¤
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Theorem 4.3. Let M be a nonempty closed and T - regular subset of a strictly
convex metric space X, where T is a compact mapping. Let u be a fixed point
of T in X \M , and

d(T (x), T (y)) ≤αd(x, y) + β(d(x, T (x)) + d(y, T (y)))

+ γ(d(x, T (y)) + d(y, T (x))),

for all x, y ∈ X, where α, β and γ are real numbers with α+2β +γ ≤ 1. Then
each best approximation in M to u is a fixed point of T .

Proof. For x ∈ X, we have

d(T (x), T (u)) ≤ αd(x, u) + β(d(x, T (x)) + d(u, T (u))) + γ(d(x, T (u)

+ d(u, T (x))

= αd(x, u) + β(d(x, T (x))) + γ(d(x, u) + d(T (u), T (x)))

≤ αd(x, u) + β(d(x, u) + d(T (u), T (x))) + γ(d(x, u)

+ d(T (u), T (x)))

= (α + β + γ)d(x, u) + (β + γ)d(T (u), T (x)).

Thus d(T (x), T (u)) ≤ (
α + β + γ

1− β − γ
)d(x, u), and so, d(T (x), T (u)) ≤ d(x, u).

The result follows from Theorem 4.2. ¤

5. Iterative schemes of two
asymptotically nonexpansive mappings

In this section, we proved the convergence theorem of the modified Ishikawa
type iterative schemes for a pair of two asymptotically nonexpansive mappings
defined on the nonempty bounded convex subset of a convex metric space.

Let K be a nonempty convex subset of a convex metric space and S, T :
K −→ K be two asymptotically nonexpansive mappings. Define the modified
Ishikawa type iterative schemes {xn} as follows.





x1 ∈ K,

xn+1 = W (Sn(yn), xn, αn),
yn = W (Tn(xn), xn, βn), n ≥ 0,

(5.1)

where {αn} and {βn} are sequences of real numbers in [0, 1] for n = 1, 2, · · · .
We can easily prove the following lemma from the definition of uniform

convexity.
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Lemma 5.1. Let {xn} and {yn} be sequences in a uniformly convex metric
space X such that for some z ∈ X, and r ≥ 0,

lim sup
n→∞

d(xn, z) ≤ r, lim sup
n→∞

d(yn, z) ≤ r and lim
n→∞

d(z, W (xn, yn, λ)) = r.

Then limn→∞ d(xn, yn) = 0.

Lemma 5.2. Let K be a nonempty closed bounded and convex subset of a
uniformly convex complete metric space X. Let S, T : K −→ K be two map-
pings satisfying

d(Sn(x), Sn(y)) ≤ knd(x, y)

and
d(Tn(x), Tn(y)) ≤ knd(x, y)

for n = 1, 2 · · · , where {kn} is the sequence of numbers with 1 ≤ kn < ∞, for

each n, and
∞∑

n=1
(kn − 1) < ∞. Let {xn} be as in (5.1). That is,





x1 ∈ K,

xn+1 = W (Sn(yn), xn, αn),
yn = W (Tn(xn), xn, βn), n ≥ 0,

where, {αn} and {βn} are sequences of real numbers in [ε, 1 − ε] for some
ε ∈ (0, 1). If S and T have common fixed points, then

lim
n→∞

d(S(xn), xn) = lim
n→∞

d(T (xn), xn) = 0.

Proof. Let p be a common fixed point of S and T. Then we have

d(xn+1, p) = d(W (Sn(yn), xn, αn), p)

≤ αnd(p, Sn(yn)) + (1− αn)d(p, xn)

≤ αnknd(p, yn) + (1− αn)d(p, xn)

= αnknd(p,W (Tn(xn), xn, βn)) + (1− αn)d(p, xn)

≤ αnkn[βnd(p, Tn(xn)) + (1− βn)d(p, xn)] + (1− αn)d(p, xn)

≤ αnkn[βnknd(p, xn) + (1− βn)d(p, xn)] + (1− αn)d(p, xn)

= und(p, xn),
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where un = αnkn[βn + (1− βn)] + (1− αn). Therefore, we have

d(xn+1, p) ≤
(

n+m−1∏

i=n

ui

)
d(xn, p)

for all m,n = 1, 2, · · · . Also,
∞∑

n=1
(un− 1) < ∞ and lim

n→∞

n+m−1∏
i=1

ui = 1. Hence,

lim
n→∞

d(xn, p) exists. Now, if lim
n→∞

d(xn, p) = 0, then the result immediately

follows. Suppose lim
n→∞

d(xn, p) = c, and c > 0. Since,

d(Tn(xn), p) ≤ knd(xn, p) for n = 1, 2, · · · ,

we have
lim sup

n→∞
d(Tn(xn), p) ≤ c.

Also,
d(yn, p) = d(W (Tn(xn), xn, βn), p)

≤ βnd(Tn(xn), p) + (1− βn)d(xn, p)

≤ βnknd(xn, p) + (1− βn)d(xn, p)

≤ d(xn, p) + βn(kn − 1)d(xn, p)

≤ d(xn, p) + (1− ε)(kn − 1)d(xn, p).

Hence,
lim sup

n→∞
d(yn, p) ≤ c.

Since d(Sn(yn), p) ≤ knd(yn, p), lim supn→∞ d(Sn(yn), p) ≤ c, because kn →
1, as, n →∞ and, lim sup

n→∞
d(yn, p) ≤ c. Also, we have

d(xn+1, p) = d(W (Sn(yn), xn, αn), p) = c.

From Lemma 5.1, we have

lim
n→∞

d(Sn(yn), xn) = 0.

On the other hand, we have

d(xn, p) ≤ d(xn, Sn(yn)) + d(Sn(yn), p)

≤ d(xn, Sn(yn)) + knd(yn, p),
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this implies,
c ≤ lim inf

n→∞
d(yn, p).

Thus, lim
n→∞

d(yn, p) = c, that is, lim
n→∞

d(W (Tn(xn), xn, βn), p) = c. By Lemma
5.1, we get,

lim
n→∞

d(xn, Tn(xn)) = 0.

Now,

d(Sn(xn), xn) ≤ d(Sn(xn), Sn(yn)) + d(Sn(yn), xn)

≤ knd(xn, yn) + d(Sn(yn), xn)

= knd(xn,W (Tn(xn), xn, βn)) + d(Sn(yn), xn)

≤ knβnd(xn, Tn(xn)) + d(Sn(yn), xn)

≤ kn(1− ε)d(xn, Tn(xn)) + d(Sn(yn), xn)

So, we have, lim
n→∞

d(Sn(xn), xn) = 0. Hence,

lim
n→∞

d(S(xn), xn) = 0 = lim
n→∞

d(T (xn), xn).

This completes the proof. ¤
Theorem 5.1. Let K be a nonempty compact and convex subset of a uni-
formly convex complete metric space X. Let S, T : K −→ K be two mappings
satisfying

d(Sn(x), Sn(y)) ≤ knd(x, y)

and
d(Tn(x), Tn(y)) ≤ knd(x, y)

for n = 1, 2 · · · , where {kn} is the sequence of numbers with 1 ≤ kn < ∞, for

each n, and
∞∑

n=1
(kn − 1) < ∞. Let {xn} be as in (5.1). That is,





x1 ∈ K,

xn+1 = W (Sn(yn), xn, αn),
yn = W (Tn(xn), xn, βn), n ≥ 0,

where, {αn} and {βn} are sequences of real numbers in [ε, 1 − ε] for some
ε ∈ (0, 1). Let p be a common fixed point of S and T. Then, lim

n→∞
d(xn, p) = 0.
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That is, the iterative scheme {xn} is convergent to a common fixed point p of
S and T.

Proof. From Lemma 5.2, we know that

lim
n→∞

d(S(xn), xn) = 0 = lim
n→∞

d(T (xn), xn).

Since K is compact, we have subsequence {xnk
} of {xn} with xnk

→ q in K.
Continuity of T and S imply, T (xnk

) → T (q) and S(xnk
) → S(q), as k →∞.

Therefore, we have d(S(q), q) = 0 = d(T (q), q). Since, lim
n→∞

d(xn, p) exists, if
p is the common fixed point of S and T, then p = q. This completes the proof.

¤
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