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Abstract. In this paper, it is shown that some new improvements on general Hilbert and
Hardy inequalities can be established by means of sharpening of Holder’s inequality and the
positive definiteness of Gramm matrix. In particular, we give some strengthened results of

classical Hilbert and Hardy inequalities.

1. INTRODUCTION

The Hilbert-type inequalities are of some significant weight inequalities
which play an important role in analysis and its applications. Let us, firstly,
repeat the well known Hilbert inequality and its equivalent form, which we
usually call Hardy-Hilbert inequality, in integral version:

Theorem 1.1. If f and g € L?[0,00), then the following inequalities hold and
are equivalent:

[ R g < ([ Py [ o)

o < f(z) ? o [ 42
/0 < ; :c+ydx) dy<m /0 f(z)dz,
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where ™ and w2 are the best possible constants.

The discrete analogue of Hilbert theorem is obtained by replacing the inte-
gral with the sum from 1 to oo, and by replacing the functions f and g with
non-negative real sequences.

In recent years lots of authors made some generalizations of this theorem.
Let’s mention some of them: Jichang, Yang, Yong, Peachey and Rassias.

In our paper [7], we have obtain some general results for estimating the
integral

/ / K(z,y)f(2)g(y)du (z)dua(y),
QJQ

where 1 and po are non-negative o—finite measures. That is a content of the
following

Theorem 1.2. If ;1) + % =1 withp > 1 and K(x,y), f(z),9(y), e(x),¥(y) be
nonnegative functions, then the following inequalities hold and are equivalent

//K(:c,y)f(x)g(y)dm(x)duz(y)
QJa

g{ /Q ()P F(2) f(x)Pdpn (2 ] [ / V(y)*Gly )qdua(y)]

/G )Py y [/Ka: ) f(z)dp (x )} dpz(y)

< / (@) () f(2)dpa ()
Q

where F(x) = [ K (y) "Pdpsa(y) and G(y) = [o K ()" 9dp ().
Ifo<p < 1 then the reverse inequalities in (1 1) and (1 2) are valid as well
as the inequality

| @i [/ny D)duay)| dun(a)

/ B(y)1G(y)g () dua(y)

(1.1)

1
q
and

(1.2)

(1.3)

Then we have applied these results on some special choices of the kernel
K(z,y) and the functions ¢(x), ¥(y) and obtained many inequalities which
are generalizations of the previously mentioned authors (see [7]).

Some authors obtained notable improvement of Hilbert inequality by means
of sharpening of Holder’s inequality. For example, in [9], one can find the
following
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Theorem 1.3. If 1, 1 =1 with p > 1, then the following inequality is valid:

/ / w“ry ddy

_ mln{ }
<y R

1 o0
[ / x(pn(u)m)pdxr { / =000 g gy |
0 0

Obviously, the preceding inequality is the improvement of classical Hardy-
Hilbert’s inequality. A definition of the number R(h) will be given in the next
section, as well as the improvement of Holder’s inequality.

2. PRELIMINARIES

Leping, Mingzhe and Weijan established in [10] an important improvement
of Holder’s inequality, which will help us on extensions of Hilbert’s and Hardy’s
inequalities.

Let f and g be the elements of an inner product space of measurable func-
tions. Then the inner product is denoted by (f,g). The mentioned authors
introduced a function defined by

Se(fyu) = (2, u)llf]], 2,
where v is a parametric variable vector which is variable unit vector and
£l = 1« (f%,f%), the r-norm. Clearly, S,(f,u) = 0 when the vector u

selected is orthogonal to f.
Mingzhe, Li, and Debnath established in [13], with the help of the positive
definiteness of Gramm matrix, an important inequality of the form

(f:9)% < IAIPNgl® = (11 = llglly)? = 119l (1 = r(h), (2.1)

where r(h) = (HyTH - HJCTH)Z, x = (g,h), y = (f,h) with |[|h]| =1 and zy > 0,
where || || is a 2—norm. The equality in (2.1) holds if and only if the vectors
f and g are linearly dependent; or the vector h is linear combination of f and
g with xy = 0,  # y. The inequality (2.1) is a consequence of an earlier paper
of Mitrovié¢ (see [16]).

So, the significant improvement of Holder’s inequality is given by

(f:9) < [If1lpllgllg(X = R(R))™, (2.2)

where R(h) = (Sp(f,h) = Sg(g,h))? # 0, [[h]| =1, m = min{2, 1} and f%, g2
and h are linearly independent.
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We can, similarly as in [10], derive the improvement of reverse H('jlder’s in-
equality. Our inner product will be defined by (f,g) = [, K )g(x)du(z).

Lemma 2.1. Let % —l—% =1 with0 <p<1, and K(z), f(z), g(x), h(z) be

nonnegative functions such that f(z)%, g(x)? and h(z) are linearly indepen-
dent. Then the following inequality holds

(£.9) > 1 1lpllglla(1 = R(R)), (2.3)
where R() = (S,(f. 1) = Sy(g.h)) # 0, [|h] = 1.

Proof. We start with the following identity

9= [ K@(f@)ia@) 1) duto).

Now, let A = 5 and B = —. Obviously, % + % = 1. So, if we apply reverse

Holder’s inequality we obtaln

o [fitestae‘ae] [

(f5 g%>|m| P,
(2.4)
If we replace f and g with f2 and g2 in (2.1) we obtain
(£2,92) < [Ill,"llglla*(1 = R(h)), (2.5)
and substituing (2.5) in (2.4) we obtain (2.3). O

In the next we shall apply these results on our papers [6] and [7].

3. GENERAL CASE

Now we shall state and prove our general improvements, by using the results
from the Section 2. First of all let’s say that we suppose that all integrals
and series converges and such types of conditions shall mostly be omitted.
Further, all the functions that we will have in our results will be non-negative.
Throughout this paper, the exponent m indicates m = min{%, %}, where p

and ¢ are conjugate exponents i.e. % + % = 1. Also, the number R(f,q,h)

— — — — — — — . _p
indicates R(f,g,h) = (Sp(f,h) = 54(9, h))?, where Sp(f,h) = (f2,h)|[fl, *
Obviously, S,(f, k) depends on the inner product. For our general results, the
inner product will be defined by

F.9) = /Q /Q K () F () (e, y)dp (2)dpn(v), (3.1)
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so we have the following
Theorem 3.1. If p > 1, then the following inequality holds

/ / K(z,y)f(2)g(y)dp (z)dps2(y)
R(f,g,h))" (3:2)

- [/£<p(x)p1’(w)f( e ] [ 6wty 3

where the inner product is defined by (3.1), F(x) = [, 1/)(( G )dug( ), G(y) =

Jo Geitdm (), Flay) = @53 9y) = o) 5l and the function

h(z,y) satisfy [ [o K(z,y)h(z,y)?dp (z)dps(y) = 1. I < 1 then the re-
verse inequality in (3.2) is Ualzd

Proof. We start with the following identity

/Q /Q K(z,y)f(x)g(y)dp1 (x)dpa(y)
—//memmmwmmwm»
QJQ

Now, by applying the inequality (2.2) we obtain the inequality (3.2). We
obtain the reverse inequalities in a similar way, by applying the Lemma 2.1.
This completes the proof.

(3.3)

O

Remark 3.2. Fquality in the previous theorem is possible if and only if the
functions f(xz,y)2, g(x,y)?, and h(x,y) are linearly dependent (see Section
2). Otherwise, inequalities in Theorem 3.1 are strict.

1) =60 ([ Kwafe) mm>f4,

instead of g in the Theorem 3.1, we obtain Hardy-Hilbert type inequality:

If we put

Theorem 3.3. If p > 1 or p < 0 then the following inequality holds

/G Py (y |:/K.CU y) f(z)dp (x )} dpia(y)

SO—RU@WW”A¢@VN@N@%M@%

where the inner product is defined by (3.1), and the functions F(x), G(y),
f(z,v), g(z,y), h(x,y) are defined in the Theorem 3.1. If 0 < p < 1 then the
reverse inequality in (8.4) is valid.

(3.4)
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Proof. Since % + % = 1, we have, by using (3.2),

/Glpw (/my Dain(2)) daa()

//K x,y) f(z)g(y)dpi (x)dua(y)

[/Q (P F () f (2)Pdps (2 ] [ vt >F

[/G )Py (y (/Kw y) f(x)dp (= )> duz(y)r

from where we have (3.4). We obtain the reverse inequalities in a similar way,
by applying the Lemma 2.1. This completes the proof.
O

Remark 3.4. Note that Theorems 3.1 and 3.3 are improvements of our gen-
eral results in [7]. Also, we lost the equivalence of the inequalities (see Theorem
1.2). Further, the definitions of the functions g in Hardy-Hilbert type inequal-
ities shall easily be seen from the inequalities and shall be omitted.

The theorems in this section are improvements of our general results in [7].

4. HARDY TYPE INEQUALITIES

The inequality (3.4) gives the improvement of so called Hardy-type inequal-
ity. In this section we shall obtain the improvements for some special choices
of the kernel K (x,y). If we put K(z,y) = h(y) for z <y and K(z,y) = 0 for
x > y in Theorems 3.1 and 3.3, where Q = [a,b], 0 < a < b < oo, then our
inner product is defined by

(f.9) = / / gz, y)dp (x)dps(y), (4.1)

so we obtain the following results:
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Theorem 4.1. If p > 1 then the following inequality holds

// (y)dp1 () dps(y)
<(1 - R(F.3.0)" [ [ etrser( [ bH(y)dm(y))dul(w)r (4.2

. { /abzp(y)qg(y)qh(y)( /a yso(x)qdul(a:))dm(y)} q,

where the inner product is defined by (4.1), H(y) = h(y)y(y)~P, the functions
7(3: Y), g(x y) are defined in the Theorem 3.1, and

f fy (z,y)%dp1(z)duz(y) = 1. If p < 1, then the reverse inequality in
(4.2) is valzd

Theorem 4.2. Ifp > 1 or p <0, then the following inequality holds

/ 1) ([ o) ([ reim) dusto
<a-rG5m" |  o@) f () (/ bH(y)du2<y>> din (),

where the inner product is defined by (4.1), H(y) = h(y)y(y)~P, the functions
f(x Y), §(x y) are defined in the Theorem 3.1, and

f fy h(z,y)?dpy (x)dus(y) = 1. If 0 < p < 1, then the reverse inequality
in (4. 3) is valzd

(4.3)

Similarly, we obtain the dual results by putting the kernel K(z,y) = 0 for
r <y and K(z,y) = h(y) for z > y in Theorems 3.1 and 3.3. The inner
product is then defined by

b rb
F9) = [ [ b Tegtes)dm @), (14)
a Jy
and we obtain following two results:

Theorem 4.3. If p > 1, then the following inequality holds

// (y)dp () dpa(y)
— R(f,g,h))" [/ </H Ydpa(y >dm( )]1 (4.5)
[ vt >(/ o) (1)) daly ﬂq,
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where the inner product is defined by (4.4), H(y) = h(y)¥(y)~?, the functions
f(x y) §(:c y) are defined in the Theorem 3.1, and

f f h(y)h(z,y)?dpr (x)dps(y) = 1. If p < 1, then the reverse inequality in
(4. 5) is satzsﬁed

Theorem 4.4. Ifp > 1 or p <0, then the following inequality holds

[ o / o) () / ’ H@)du (@) dualo)

(4.6)
_ b T
<= REGD™ [ oo sa@r( [ H@dnw)do )

a a
where the inner product is defined by (4.4), H(y) = h(y)y(y)~?, the functions
f(x y) §(:L‘ y) are defined in the Theorem 3.1, and
f f h(y)h(z,y)?dpr (x)dpe(y) = 1. If 0 < p < 1, then the reverse inequality
in (4 6) is valid.

Further, we shall consider some special cases of previous theorems. Namely,
if we put h(y) = %, o(x) = 2, Y(y) = y*? in the Theorems 4.1 and 4.2 we
obtain

Corollary 4.5. If p > 1, then the following inequality holds

/” /y f(fr)g(y)dxdy
|1 — qu\ a (1= R(F,3, 7)™ [/b LP(A1—A2)

[pAs7
NORS
y

b
, U Az

where the inner product is defined by (4.1) with h(y) = %, Ay and Ay are ar-

bitrary constants such that the integrals converges, and h(x,y) = %

If a = 0 inequality holds under the condition 1 — qAy > 0, and the case b = oo
holds if pAs > 0. The reverse inequality is fulfilled if p < 1.

g(ywy} B

%, since the function h(x,y)

satisfy condition fa I ih (z,y)*dzdy = 1 (see Section 2).

Here, we took the function h(z,y) =
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Corollary 4.6. If p > 1 or p <0, then the following inequality holds

/b yp(A1—A2)—P‘1 — <g> trah 1—p(/y f(ac)d:r)pdy

|1a qAy ' b x\ PA2 (4.8)
- 1 T = 7 —
2 %1 1-R B))™P p(A1—A2) 11 _ (2 Pd
oo (- R / z (3)" @y
where the inner product is defined by (4.1) with h(y) = %, Ay and Ay are ar-

bitrary constants such that the integrals converges, and h(z,y) = %

If a = 0 inequality holds under the condition 1 — qAy > 0, and the case b = 0o
holds if pAs > 0. The reverse inequality is fulfilled if 0 < p < 1.

Similarly, if the inner product is defined by (4.4), and h(y) = %, o(x) =z,

Y(y) = y2, one obtains dual results of those from the Corollaries 4.5 and 4.6.
Here they are omitted.

Remark 4.7. If a = 0 and b = oo we see that we have additional conditions
on the constants A1 and As. For example, if a =0 and b = oo the inequality
(4.8) become

/Ooo yPhi= a2 <; /Oy f(fﬂ)dx> "y

- I-p o 00
“,qf”u S REGR)™ [ fayds
pAs| 0

ifp>1, A < %, Ay >0 0rp <0, 41 < %, As < 0. The reverse in (4.9)
holds if 0 < p < 1, A1>$, Ay > 0.

(4.9)

In the previous remark we can take h(x,y) = 2v/2ye Y. Also, the in-
equality (4.9) is valid if the inner product is defined by (4.1). Note that the
inequalities in the previous corollaries are strict (see Remark 3.2).

Remark 4.8. If we put A1 = % and Ay = W in the inequality (4.9),
we obtain the inequality which is the generalization and also improvement of
Kufner’s paper [8], and for e = p — k, from [15].

In such a way we obtain improvements on many results about Hardy’s
inequality in recent years. So, let us discuss some more cases.

Remark 4.9. If we put a =0, A1 = p+p1q_k, Ay = % i Corollary 4.6, the

inequality (4.8) becomes

/Ob y " (/Oy f(fﬂ)dﬁﬂ)pdy

<(75) a-rEE0" | Lt (1= (5) 7 e,
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if 1 — qAy > 0, and this is improvement of the inequality from [3].

Further, it s obvious that the inequalities ‘1 — (%)pA2 <1- (

1—-gA
‘1 — (%) o <1- (%)1_qA1 are valid if 1 —qA; > 0 and pAs > 0, so from
the inequality (4.8) we obtain

b Y p b
/ yp(A1—A2)—p</ f(x)dx) dy < Kp/ xp(Al_AQ)f(x)pdx,

a

)pA2 and

a
b

where
|1_ A|—% o a pAs2 % a 1—gAr %
e R A [1 -(5) ] [1— (%) ] ,
[pAal b ’
Now, if Ay = % and Ay = %, then the inequality becomes improvement

of the result from the paper [4].

5. HOMOGENEOUS FUNCTIONS

In this section we apply our main results on non-negative homogeneous
functions. Recall that for homogeneous function of degree —s, s > 0, equality
K(tz,ty) =t °K(z,y) is satisfied. We define the inner product by

b b
F.9) = / / K () F ()3, y)dp (2)dpa (y), (5.1)

where K (z,y) is the homogeneous function of degree —s such that k(a) =
fooo K(1,u)u™®du < 00, 1 — s < a < 1, and obtain the following two results:

Theorem 5.1. Let p > 1 and K(z,y) be homogeneous function of degree —s,
s > 0, strictly decreasing in both parameters x and y. Then the following
mequality holds

/ab /abK (z,y) f(x)g(y)dzdy

1
_ b P
<= REGD)" | [ (H042) = er(pnca)) a7 e
b ’ 3
q
: [/ (k(2—s—qA1) —ga(2— s — qujy))yl”q(AQAl)g(y)qdy}
‘ (5.2)
for the inner product defined by (5.1) and for any Ay € (%, %), As € (%, %)

Further, the functions f, g, h are defined by f(z,y) = ()%, g, y) =
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A — —z—
g(:u)gT?) h([]ﬁ, y) = Kl(:c y) (e—%i_e—y%)z 2 G,’I'Ld

a 11—« 1 x st+a—1 1

v1(a,x) = <> / K(1,u)u™*du+ <) / K (u, Du*T2du,
z 0 b 0
a s+a—1 11—«

902(a,y):<> /Kul) sta=2qy, +<) /Klu Y
Y

If b = oo then the reverse in (5.2) is valid if 0 < p < 1 and K(z,y) is

strictly decreasing in x and strictly increasing in y, for any Ay € (1 %) and
Ay € (=2 > 7;10)7 or if p <0 and K(x,y) is strictly increasing in x and strictly
decreasing in vy, for any A; € (=2 7 ,q) and Ag € (p, ps).

Further, if a = 0 then the reverse in (5.2) is valid if 0 < p < 1 and K (z,y)
18 strictly increasing in x and strictly decreasing in y for any Ay € (1, 1q5)
and Ay € (2251 or if p < 0 and K(x y) is strictly decreasing in x and

p p)
strictly increasing in y for any Ay € (25, 1) and Ay € (

q’q p’p)‘

Proof. If we put ¢(z) = 241 and 1(y) = y*2 in the Theorem 3.1, we obtain

/ab /ab K(xz,y)f(z)g(y)dxdy
<A [/ J 1_S+p(A1_A2)< / %K(l,u)u—mz du) dx]

Y

b
' [/ g(y)qyls+Q(A2Al)</a K(l,u)qu1+52du> dy]

b

ST

Q=

<

Here, we used substitution u = g Further, it can easily be shown (see [5]),
x

that if I(y) = y* ! [ K(1,u)u"*du, o < 1 then

o (Y 1_,O0K(1l,u
U'(y) =y~ 2/0 u' éu)du. (5.3)

Now, since
b 00 a
/ K(l,u)upA2du:/ K(l,u)upA2du—/ K(1,uw)u P2 du
2 0 0

—/b K (u, )uPA2+5=2qy,
0
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b

we obtain, by using (5.3), [& K(1,u)u™P42du < k(pA2) — ¢1(pA2,z) and
g x

analogously [ K(1,u)ud1+5=2du < k(2 — s — qA1) — p2(2 — s — qA1,y), so
b

the result follows from the Theorem 3.1 and monotony of the integral. U

Note that the function h(x,y), defined in the previous theorem, satisfy
condition fab fab K(x,y)h(z,y)?dzdy = 1.

Remark 5.2. Previous theorem is the improvement of our result in [7]. If
the function K(z,y) is symmetrical then k(2 — s — qA1) = k(qA1). So, if
max{%, %} < s, then we can put Ay = Ag = i in the Theorem 5.1 and obtain
the improvement on [5].

Theorem 5.3. Let p > 1 and K(z,y) be homogeneous function of degree —s,
s > 0, strictly decreasing in both parameters x and y. Then the following
mequality holds

b
/ (k(2 = 5 = gA1) = 2(2 — 5 — gy, y)) Ty DDA~ )
b P
([ ks ay 65

b
<(1—-R(f,g, h))mp/ (k(pA2) — p1(pA2, w))iﬂl_erp(Al_AQ)f(l‘)pdlB,

where the inner product is defined by (5.1), for any Ay € %, %) and Ao €

(
(%7%)7 where the functz'ons ?(Z,y), §(x7y)7 h(x7y)7 ng(Ck,JE>, @2(a7y) are

defined in the previous theorem.

If b = 0o and p < 0, then the inequality (5.4) is also valid for any Ay €
(%, %) and Ay € (%, 1;5) if K(x,y) is strictly increasing in x and strictly
decreasing in y. :

—S

If b = oo, then the reverse inequality in (5.4) is valid for any Ay € (é, T)

and Ay € (%, %), if 0 < p <1 and K(z,y) is strictly decreasing in x and
strictly increasing in y.

If a = 0 and p < 0, then the inequality (5.4) is also valid for any Ay €
(%, %) and Ay € (%, 1;5) if K(x,y) is strictly decreasing in x and strictly
increasing in y.

If a = 0, then the reverse inequality in (5.4) is valid for any Ay € (é, %)
and Ay € (%, %)7 if 0 < p <1 and K(z,y) is strictly increasing in x and
strictly decreasing in y.

If a = 0 and b = oo, we obtain, from the Theorems 5.1 and 5.3, inequalities
for arbitrary nonnegative homogeneous function of degree —s.
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Corollary 5.4. If p > 1 and K(x,y) be homogeneous function of degree —s,
then the following inequality holds

/ / K( xiy )9(y)dzdy
h

1.9 )" (5.5)

<L(1-R(f,g
1 00 1
| [Tt papan] | [Tyt

3 |

where the inner product is defined by (5.1), wz’th a =0,b= o0, for any
Ay e (2 7 ,q) Ay € (=8 - ,p) where L = k(pAg)Pk(2 —s —qu)
The reverse inequality is valid if 0 < p <1, for any Ay € (2,1=5) and A, €

7 q
(1;5,1?), or if p <0, for any Ay € (1=5,1) and Ay E(p, ps).

q ’q
Corollary 5.5. If p > 1 and K(z,y) be homogeneous function of degree —s,
then the following inequality holds

D o© P
/0 y(p—l)(8—1)+p(A1—A2)</O K(;U,y)f(x)d:v>

. (5.6)
<UO—RUJﬂWWA PHPAAD) £ (P

where the inner product is defined by (5.1), with a = 0, b = oo, for any
A € (1;5’ q) Ay € (%,%). If p < 0, the inequality holds too, for any
Ay e (250, Ay € (L,128). If 0 < p < 1, then the reverse inequality holds

q’q”’
1 1-s 1-s5 1
fOT any Al S (a T), AQ S (T’E)
Remark 5.6. If K(x,y) = (v 4+ y)~ %, then the constant L becomes L = B(1—

1 1
Aop,s — 14 Agp)» B(1 — A1q,s — 1+ A1q), where B is a Beta function. So,
we obtain improvements of papers [2] and [6].

Now, we shall make some generalizations of the Theorems 5.1 and 5.3. If
we use substitution © = x + X and v = y + X\ and the inner product

b b
F.9) = / / K(x+ Ay + NF (@ 9)g(e, y)dedy (5.7)

we have

Theorem 5.7. Let p > 1 and K(z,y) be homogeneous function of degree —s,
s > 0, strictly decreasing in both parameters x and y. Then the following
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inequality holds

/ / Kz + Ay + N f(2)g(y)dzdy

R(f,g,h)™

3=

b
~ [ / (k(pAs) — 1 (pAss 2, N)) (2 + A>”+P<A1A2>f<x>pdx]

Q=

b
[ / (k(2 — s — qA1) — ¥2(2 — 5 — gA1,y, \)) (y + N1 sTaA= A g ()agy

if the inner product is defined by (5.7), for any parameters A, € (=2 %),
Z4NAL Ay —
Ay € (152, 5), where J(x,y) = f(2) 500, 9(x,y) = 9(y) L4, hla,y) =

1 2e” 7Y
VE @+ y+r) (e720—e20)

w1<a,x,x>:<““) /Klu o

5, and

A s+a—1
o =(22) " [ Ky

-«
() [ o

If b = oo the reverse inequality holds under the same conditions as in the
Theorem 5.1.

Remark 5.8. If the function K(z,y) from the Theorem 5.7 is symmetrical
and 0 < 1—2}7)‘ <s,0< 1—% < s then, byputtmgAleg:% in the
theorem we obtain improvement on the results of Jichang and Rassias ([5]).

Theorem 5.9. Let p > 1 and K(z,y) be homogeneous function of degree —s,
s > 0, strictly decreasing in both parameters x and y. Then the following
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inequality holds
b
/ (2 — s — qA1) — ¥2(2 — s — qA1, 5, )P (y + A) P D= Dp(Ai=A2)
b P
([ &y s

b
<(1-R(f.5, h))mp/ (k(pAz) = Y1(pAz, o, V) (x + A) P42 ()P de

(5.9)
if the inner product is defined by (5.7), for any A; € (1=2 ; ,;) As € (%, }D),
where the functions f(z,v), g(z,y), h(z,y), V1(a,x, \), (e, y,\) are defined
in the previous theorem. The case p < 1 and b = oo is treated in the same way

as in the Theorem 5.3.

Remark 5.10. Ifa=0,b=o00, K(z,y) = (x+y) %, A =3, 41 = Ay = ==
and s > 2 — min{p, q}, then the inequality (5.8) reads

/OOO (lm( ) -2y 1) 1/01 (1“+pu)sdu)(y+;)l_sg(y)qdy] ’

where kx(p) = B <p+p%f2, %{2) . That inequality is the result from the paper
[11].

Another way of generalizing Theorems 5.1 and 5.3 arises from the substitu-
tion u = Az® and v = ByP, where A, B, a, 3 > 0. More precisely, if

b b
F.9) = / / K (A2, By®)F (z, y)g(x. y)dzdy (5.10)

we obtain such generalizations:

Theorem 5.11. Let p > 1 and K(x,y) be homogeneous function of degree
—s, s > 0, strictly decreasing in both parameters x and y. Then the following
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inequality holds

/ / K(Az®, By®) f(2)g(y)dudy

<M —-R(f,g,h)™

b
. [/ (k(pAz)—Cl(pAg,x))xa(lS)JFQP(AIA2)(al)(pl)f(x)l’dx}

=

b
: V(’C(2 — 5 —qA1)—(2(2 — 5 — qAy, y))yﬂ(”)*ﬁq“‘”“)(&1)(‘“)9(?;)‘1@] ,

(5.11)
if the inner product is defined by (5.10), for any parameters A; € (%, ),
adp+ize yﬁ/h-f%

> ’p) where f(z,y) = f(x)myg(%y) :g(y)m;ﬁ(%y) =

S

Ay € (
\/K(Aia 0 (efgi__sce_ib)w with the constant M defined by

J1 01 2 —Ax—1 2=
M=« qﬁ p AP B«

a(l=y) 2
atee)=(2)" [ KO

—A1—-1
7 and

o\ Bl+1—1)  pAges
Gly,y) = () / K (u, 1)ut2du
0

Yy
ByB—a

y B(1—7) a
+<b> / K(1,u)u"du.
0

If a = 0 or b = oo the reverse inequality holds under the same conditions as
in the Theorem 5.1.

Theorem 5.12. Let p > 1 and K(x,y) be homogeneous function of degree
—s, s > 0, strictly decreasing in both parameters x and y. Then the following
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inequality holds

b
/ (k(2—s—qA1) — (2 — s — qA1, y))17p3/6(p_1)(8_1)+6P(A1_A2)+B_1
b
( K(Aa®, By)f(x >d:c> dy < MP(1— R(F.5.7)™

b
/ k(pAs) — C1(pAs, )) a(l—s)+ap(A1—A2)—(a—1)(p— l)f( YPdx

(5.12)
if the inner product is defined by (5.10), for any A; € (1=2 al ;) Ay € (2 - ,110)

where f(x,y), g(x,y),h(x,y), M, (1(v,2), Co(7,y) are defined in the previous
theorem. The cases p <1 and a =0 or b = oo are treated in the same way as
in the Theorem 5.3.

If a = 0 and b = oo we have the inequalities for arbitrary nonnegative
homogeneous function of degree —s, what follows from the Theorems 5.11 and
5.12.

Theorem 5.13. Let p > 1 and K(z,y) be homogeneous function of degree
—s. Then the following inequality holds

/Ooo /OOO K(AZEOL, Byﬁ)f(l“)g(y)da:dy

N1 —R(f,g,h)™ [/ $a(1—8)+ap(141—A2)—(a—1)(p—1)f($)pd$ ? (5.13)
0

1

[/0 P9 +0aA =) ~(B-1)a=1) gy yagy |

if the inner product is defined by (5.10), with a = 0, b = o0, A} € (12 7 ,;)
Ay € (1;5,17) and N = L - M, where L is defined in Corollary 5.4 and M
i Theorem 5.11. The reverse inequality, when p < 1, holds under the same

conditions as in the Corollary 5.4.

Remark 5.14. If K(z,y) = (v +y)™°, A1 = Ay = 1;13, a=03=1and
5> 2— min{p, q}, then the inequality (5.13) becomes

/ / Aa:+By dwdyd”{/o v @) pdx] [ )qdyr

5— s5— 2 —L 2=
where kap = B(pz%, %)( R(f,g,h))"A

B < |, what is the re-

sult from [12] Further, if we put K(z,y) = (:v—i—y) LA=B=1,a=p=),

Al = Ay = E in the Theorem 5.18, we obtain Theorem 1.8 from the Intro-

duction.
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Theorem 5.15. Let p > 1 and K(z,y) be homogeneous function of degree
—s. Then the following inequality holds

/00 yPP=D(s=1)+Fp(A1—A2)+6-1 (/OO K(Az®, Byﬂ)f(ﬂ:)d:r)pdy
0 0

. (5.14)
<NP(1— R(F,5.R))™ / 2019 +ap(A1=42)~(@=1)p-1) §( )Py
0

if the inner product is defined by (5.10), with a = 0, b = oo, where A; €
(1q ,q) Ay € (—7 7) and N is defined in the Theorem 5.13. The case p < 1
1s treated in the same way as in the Corollary 5.5.

Finally, we give the results in discrete case. We define the inner product by

{amm}s bmm}) = D> K(Am®, Bn)an nbm.n, (5.15)

m=1n=1

where A, B,a, f > 0 and {amn}, {bmn} are non-negative sequences.

Theorem 5.16. Let {a,} and {b,} be nonnegative real sequences and K (z,y)
be homogeneous function of degree —s strictly decreasing in both parameters x
and y and p > 1. Then the following inequality holds

i i K(Am®, Bn®)amby

m=1n=1
1
p
<N(1—R(E,BE [Z ma(l s)+ap(A1—A2)+(p—1)(1— a)a p] (5.16)
m=1
1
i q
. [Z nﬂ(15)+ﬁQ(A2A1)+(q1)(15)ban] ,
n=1
if the inner product is defined by (5.15), for any A; € (max{ =2, aql ’%)’
As € ( {i=s B_I}l) th th defined by U, = m T
2 max{=2%, 5=}, 0, wi e sequences defined by G n=am =T
B — by 2 g L d N defined in the Th
m,n — nmaA Jr1 a s'tmn — \/K(Ama B mnﬂ_Q an eﬁne n the eorem
5.13.

Proof. Let’s put ¢(Am®) = (Am ) T2 and w(Bnﬁ) (Bnﬂ) 5 p
in Theorem 3.1. Since gA; + = —1 > 0 and pAs + = —1 > 0, the func-
tions F(Am®) = 3.°° M and G(Bnf) = Eoo K(Am*,Bnf)

= = 1
n=1 (B ﬁ)PA2+§—1 n=1 (Axa)qA1+a—1

strictly decreasing, wherefrom one obtains following estimates: F(Am®) <
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fo Wdy and G(Bnﬁ < f de. So the result follows

from the Theorem 3.1. O
Similarly, we have:

Theorem 5.17. Let {a,} and {b,} be nonnegative real sequences and K (z,y)
be homogeneous function of degree —s strictly decreasing in both parameters x
and y, and p > 1. Then the following inequality holds

Znﬁ(s—l)(p—1)+pﬁ(A1—Az)+ﬁ—1( Z K(Am®, Bnﬁ)am>p
n=1 N m=1 (5'17)
<N”(1 — R(a, Z’ h))™P Z me(=s)tap(Ai—A2)+(p-D)(1-a)y p

m=1

if the inner product is defined by (5.15), for any Ay € (max{T, qu ,%),
Ay € (max{ - =5 6;1}’ 7), where the sequences h, @, b are defined in the The-

orem 5.16 and N in the Theorem 5.183.

Remark 518 If one put K(z,y) = (x+y)™ ', A=B =1, a=08=),
Ay = Ay = — and A < min{p, ¢} in the Theorems 5.16 and 5.17, one obtains
discrete analogue of the Theorem 1.3 i.e. following inequalities:

m=1n=1
T 1A _pEDR p—=1)(1=2), P g—1)(1-N)p ¢
<)\sin(%)(1 R(a,b,h)) [Zm ] [Zn by, ]
and
S A—1 - am p P (A B B\ S (r—1(A-N), p
;n (;m/\+n)‘> <)\psin(%)p(1 R(a,b,h)) mz::lm am?.

The first inequality is the result from [9]. If we add condition s < 2 in Remark
5.10 we obtain discrete analogues of those inequalities.
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