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Abstract. We investigate the Hyers-Ulam stability of a 7-variate Jensen type functional
equation, getting the corresponding error formulas in which the β-homogeneity of the F -
norm is closely associated with the approximate remainder φ. Finally, we make sure pi’s
area in which the Hyers-Ulam stability is affirmative or negative where pi for i = 1, 2, · · · , 7
can be different.

1. Introduction

Throughout this paper, let G be a linear space and let E be a real or
complex Hausdorff topological vector space. Let N and R denote the set of
positive integers and of real numbers, respectively. We assume f be a mapping
from G into E. We take the following equations:

2f

(
x + y

2

)
− f(x)− f(y) = θ, (1)
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as a Jensen equation and a 7-variable Jensen type functional equation, respec-
tively. We define the approximate remainder φ by
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for all xi ∈ G, i = 1, 2, · · · , 7.

In 1940, Ulam [14] raised the following problem:

Let G be a group and let E be a metric group with the metry d(·, ·). Given
ε > 0, does there exist a δ > 0 such that if a function h : G → E satisfies the
inequality

d(h(xy), h(x)h(y))<δ

for all x, y ∈ G. Then there exists a homomorphism H : G → E with
d(h(x),H(x))<ε for all x∈G?

For Banach spaces Hyers [2] firstly solved this question in 1941. In 1978,
Rassias [9] generalized the result of Hyers significantly. The result was further
generalized by Rassias [10], Rassias and S̆emrl [11], Gǎvrutǎ [1]. Since then,
the stability problems of Jensen equations have been extensively investigated
by a number of mathematicians ( [18], [5], [6] and [7]).

Trif [13] studied the stability of the Hyers-Ulam-Rassias of the 3-variable
Jensen type functional equation
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under the assumption that G and E are a real normed linear space and a real
Banach space, respectively.

Wang [18] investigated the stability of the Hyers-Ulam of the 4-variable
Jensen type functional equation
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under the assumption that G and E are a real linear space and a certain kind
of F ∗-space, respectively.

In this paper, using approximate remainder we study the Hyers-Ulam sta-
bility of Eq.(2), where G, E are a real linear space and a certain kind of
F ∗-space, respectively. At first we solve Eq.(2), then we work out some the-
orems associated with the Hyers-Ulam stability of Eq.(2). At last, we give
pi’s area in which the Hyers-Ulam stability is affirmative or negative where pi
(i = 1, 2, · · · , 7) can be different.

2. Solutions of Eq.(2)

From now on, we denote by G a real linear space, by E a real Hausdorff
topological vector space if there is no special case. In this section we claim
that Eq.(2) is equivalent to Eq.(1). It is well known that if G and E are real
linear spaces, a function f : G → E satisfying f(θ) = θ is a solution of Eq.(1)
if and only if it is additive.

Theorem 1. A function f : G → E satisfies Eq.(2) for all xi ∈ G( i =
1, 2, · · · , 7 ) if and only if there exist a constant element C ∈ E and a unique
additive mapping T : G → E such that

f(x) = T (x) + C (∀x ∈ G).

Proof. Sufficiency: The sufficiency is so obvious that we shall omit it.
Necessity: Set C = f(θ) and T (x) = f(x) − C for each x ∈ G. Then

equalities T (θ) = θ and
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hold for all xi ∈ G ( i = 1, 2, · · · , 7 ).
Next we shall prove the additivity of T . Let x ∈ G. Substitutions of
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Subtracting (6) from (5) gives
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Replacing 6x by x in the last equality, we obtain
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substituting x1 = x2 = x, x3 = −2x, x4 = x5 = x6 = x7 = θ in (4), we get
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Combining (7) and (8), we get
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Substitutions of x1 = x2 = x3 = x, x5 = −3x, x4 = x6 = x7 = θ in (4) give
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Substitutions of T (x
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If we take x1 = x, x2 = y, x3 = −x− y, x4 = x5 = x6 = x7 = θ in the above
equality, we get T (x + y) = T (x) + T (y) for arbitrary x, y ∈ G. Obviously,
T is additive. ¤

3. Hyers–Ulam–Rassias stability of Eq.(2)

We shall study the Hyers-Ulam stability of Eq.(2).

Theorem 2. If the approximate remainder φ satisfies

lim
n→∞

φ(3nx1, 3nx2, · · · , 3nx7)
3n

= θ ( ∀xi ∈ G, i = 1, 2, · · · , 7 ) (23)
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n→∞
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T (x)− f(x) + f(θ) = η(x) (∀x ∈ G). (25)

Here

Ψ(x) def= 1
78 [13Ψ1(x) + 15Ψ2(x)− 3Ψ3(x)− 6Ψ4(x)− 12Ψ5(x)] ,

Ψ1(x) def= φ (x,−3x, x,−x, x,−x, x) + φ (−x, 3x,−x, x,−x,−x, x)
−φ (−x, 3x,−x, x,−x, x,−x)− φ (x,−3x, x,−x, x, x,−x) ,

Ψ2(x) def= φ (x,−3x, x,−x,−x, x, x) + φ (−x, 3x,−x, x, x,−x,−x)
−φ (x,−3x, x, x,−x,−x, x)− φ (−x, 3x,−x,−x, x, x,−x) ,

Ψ3(x) def= φ (x,−3x,−x, x,−x, x, x) + φ (−x, 3x, x,−x, x,−x,−x)
−φ (x,−3x,−x, x, x,−x, x)− φ (−x, 3x, x,−x,−x, x,−x) ,

Ψ4(x) def= φ (x, x, x, x,−2x, x,−2x) + φ (−x,−x,−x,−x, 2x,−x, 2x)
−φ (x, x, x,−2x, x, x,−2x)− φ (−x,−x,−x, 2x,−x,−x, 2x) ,
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Proof. It is enough to show the necessity. Define g(x) = f(x) − f(θ), then
g(θ) = θ. The approximate remainders φg, φf of Eq(2) with respect to g, f
respectively are equal. We represent them as φ. Let any x ∈ G. Putting
x1 = x3 = x5 = x7 = x, x2 = −3x, x4 = x6 = −x in (3), we get
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def= Ψ1(x).

(30)
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Setting x1 = x3 = x6 = x7 = x, x2 = −3x, x4 = x5 = −x in (3), we get
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Putting x1 = x3 = x4 = x7 = x, x2 = −3x, x5 = x6 = −x in (3), we obtain

7g(−x
7 )− 6

[
4g

(−x
3

)
+ g

(
x
3

)]
+ 5

[
3g

(
x
5

)
+ 2g

(−3x
5

)
+ 2g

(−x
5

)]

−2g
(−x

2

)
+ 3

[
5g

(−x
3

)
+ 2g

(
x
3

)]− 2 [3g(−x) + 2g(x)]

= φ (x,−3x, x, x,−x,−x, x) .

(32)
It follows from (31) and (32) that

3
[
g(x) + g(−x)− g

(
x
3

)− g
(−x

3

)]− [
g(−x) + g

(
x
2

)− g
(−x

2

)]

= φ (x,−3x, x,−x,−x, x, x)− φ (x,−3x, x, x,−x,−x, x) . (33)

With x by −x in (33), we have

3
[
g(−x) + g(x)− g

(−x
3

)− g
(

x
3

)]− [
g(x) + g

(−x
2

)− g
(

x
2

)]

= φ (−x, 3x,−x, x, x,−x,−x)− φ (−x, 3x,−x,−x, x, x,−x) . (34)

It follows from (33) and (34) that

2
[(

g(x)− 3g
(

x
3

))
+

(
g(−x)− 3g

(−x
3

))]
+ 3 [g(x) + g(−x)]

= φ (x,−3x, x,−x,−x, x, x) + φ (−x, 3x,−x, x, x,−x,−x)

−φ (x,−3x, x, x,−x,−x, x)− φ (−x, 3x,−x,−x, x, x,−x)
def= Ψ2(x).

(35)
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Putting x1 = x4 = x6 = x7 = x, x2 = −3x, x3 = x5 = −x in (3), we obtain

7g(−x
7 )− 6

[
4g

(−x
3

)
+ g

(
x
3

)]
+ 5

[
g

(
x
5

)
+ g

(
3x
5

)
+ 2g

(−3x
5

)
+ 3g

(−x
5

)]

− [
2g

(
x
2

)
+ 2g

(−x
2

)
+ g(−x)

]
+ 3

[
2g (−x) + 2g

(−x
3

)
+ 2g

(
x
3

)
+ g(x)

]

−2 [g(−x) + g(−2x) + 2g(x)]

= φ (x,−3x,−x, x,−x, x, x) .

(36)
Letting x1 = x4 = x5 = x7 = x, x2 = −3x, x3 = x6 = −x in (3), we obtain

7g(−x
7 )− 6

[
4g

(−x
3

)
+ g

(
x
3

)]
+ 5

[
g

(
x
5

)
+ g

(
3x
5

)
+ 2g

(−3x
5

)
+ 3g

(−x
5

)]

− [
2g

(
x
2

)
+ 4g

(−x
2

)]
+ 3

[
2g (−x) + g

(−x
3

)
+ 4g

(
x
3

)]

−2 [g(−x) + g(−2x) + 2g(x)]

= φ (x,−3x,−x, x, x,−x, x) .

(37)
It follows from (36) and (37) that

3
[
g(x) + g

(−x
3

)− 2g
(

x
3

)]− [
g(−x)− 2g

(−x
2

)]

= φ (x,−3x,−x, x,−x, x, x)− φ (x,−3x,−x, x, x,−x, x) . (38)

With x by −x in (38), we have

3
[
g(−x) + g

(
x
3

)− 2g
(−x

3

)]− [
g(x)− 2g

(
x
2

)]

= φ (−x, 3x, x,−x, x,−x,−x)− φ (−x, 3x, x,−x,−x, x,−x) . (39)

It follows from (38) and (39) that

2 [g(x) + g(−x)]− 3
[
g

(
x
3

)
+ g

(−x
3

)]
+ 2

[
g

(
x
2

)
+ g

(−x
2

)]

= φ (x,−3x,−x, x,−x, x, x) + φ (−x, 3x, x,−x, x,−x,−x)

−φ (x,−3x,−x, x, x,−x, x)− φ (−x, 3x, x,−x,−x, x,−x)
def= Ψ3(x).

(40)
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Letting x1 = x2 = x3 = x4 = x6 = x, x5 = x7 = = −2x in (3), we obtain

7g(x
7 )− 12g

(
x
2

)
+ 5

[
3g

(−x
5

)
+ 4g

(
2x
5

)]− [
2g

(−x
2

)
+ g(x) + 4g

(
x
4

)]

+3 [2g(x) + g(−x)]− 2
[
3g(x) + 4g

(−x
2

)]

= φ (x, x, x, x,−2x, x,−2x) .

(41)
Putting x1 = x2 = x3 = x4 = x6 = x, x5 = x7 == −2x in (3), we get

7g(x
7 )− 12g

(
x
2

)
+ 5

[
3g

(−x
5

)
+ 4g

(
2x
5

)]− [
g

(−x
2

)
+ 6g

(
x
4

)]

+3g(x)− 2
[
3g(x) + 4g

(−x
2

)]

= φ (x, x, x,−2x, x, x,−2x) .
(42)

It follows from (41) and (42) that

3 [g(x) + g(−x)]− [
g

(−x
2

)− 2g
(

x
4

)
+ g(x)

]

= φ (x, x, x, x,−2x, x,−2x)− φ (x, x, x,−2x, x, x,−2x) . (43)

With −x in place of x in (43), we obtain

3 [g(−x) + g(x)]− [
g

(
x
2

)− 2g
(−x

4

)
+ g(−x)

]

= φ (−x,−x,−x,−x, 2x,−x, 2x)− φ (−x,−x,−x, 2x,−x,−x, 2x) . (44)

It follows from (43) and (44) that

5 [g(−x) + g(x)]− [
g

(
x
2

)
+ g

(−x
2

)]
+ 2

[
g

(
x
4

)
+ g

(−x
4

)]

= φ (x, x, x, x,−2x, x,−2x) + φ (−x,−x,−x,−x, 2x,−x, 2x)

−φ (x, x, x,−2x, x, x,−2x)− φ (−x,−x,−x, 2x,−x,−x, 2x)
def= Ψ4(x).

(45)

Letting x1 = 2x, x2 = x4 = x5 = x7 = −x, x3 == x6 = x in (3), we get

−6
[
4g

(
x
6

)
+ 2g

(−x
6

)
+ g

(−x
3

)]
+ 5

[
2g

(−x
5

)
+ g

(
2x
5

)]

− [
2g

(−x
2

)
+ 4g

(
x
4

)]
+ 3

[
2g

(
2x
3

)
+ 4g

(−x
3

)]

−2
[
2g

(
x
2

)
+ g(−x)

]

= φ(2x,−x, x,−x,−x, x,−x).

(46)
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Putting x1 = 2x, x2 = x4 = x6 = x7 = −x, x3 = = x5 = x in (3), we obtain

−6
[
4g

(
x
6

)
+ 2g

(−x
6

)
+ g

(−x
3

)]
+ 5

[
2g

(−x
5

)
+ g

(
2x
5

)]

− [
g

(−x
2

)
+ 3g

(
x
4

)
+ g

(−x
4

)]
+ 3

[
g

(
2x
3

)
+ 3g

(−x
3

)
+ g

(
x
3

)]

−2
[
2g

(
x
2

)
+ g(−x)

]

= φ(2x,−x, x,−x, x,−x,−x).

(47)

It follows from (46) and (47) that

3
[
g

(
2x
3

)
+ g

(−x
3

)− g
(

x
3

)]− [
g

(−x
2

)
+ g

(
x
4

)− g
(−x

4

)]

= φ(2x,−x, x,−x,−x, x,−x)− φ(2x,−x, x,−x, x,−x,−x). (48)

With x by −x in (48), we get

3
[
g

(−2x
3

)
+ g

(
x
3

)− g
(−x

3

)]− [
g

(
x
2

)
+ g

(−x
4

)− g
(

x
4

)]

= φ(−2x, x,−x, x, x,−x, x)− φ(−2x, x,−x, x,−x, x, x). (49)

It follows from (48) and (49) that

3
[
g

(
2x

3

)
+ g

(
−2x

3

)]
−

[
g

(x

2

)
+ T

(
−x

2

)]

= φ(2x,−x, x,−x,−x, x,−x) + φ(−2x, x,−x, x, x,−x, x)
−φ(2x,−x, x,−x, x,−x,−x)− φ(−2x, x,−x, x,−x, x, x).

With x
2 in place of x in the last equation, we conclude

3
[
g

(
x
3

)
+ g

(−x
3

)]− [
g

(
x
4

)
+ g

(−x
4

)]

= φ
(
x,−x

2 , x
2 ,−x

2 ,−x
2 , x

2 ,−x
2 ,

)
+ φ

(−x, x
2 ,−x

2 , x
2 , x

2 ,−x
2 , x

2 ,
)

−φ
(
x,−x

2 , x
2 ,−x

2 , x
2 ,−x

2 ,−x
2 ,

)− φ
(−x, x

2 ,−x
2 , x

2 ,−x
2 , x

2 , x
2 ,

)
def= Ψ5(x).

(50)

It follows from (45) and (50) that

5 [g(x)+g(−x)] + 6
[
g

(x

3

)
+g

(
−x

3

)]
−

[
g

(x

2

)
+ g

(
−x

2

)]
= Ψ4(x)+2Ψ5(x).

(51)
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It follows from (40) and (51) that

12 [g(x) + g(−x)] + 9
[
g

(
x
3

)
+ g

(−x
3

)]
= Ψ3(x) + 2Ψ4(x) + 4Ψ5(x)

i.e.,
−3

[(
g(x)−3g

(
x
3

))
+

(
g(−x) − 3g

(−x
3

))]
+ 15 [g(x) + g(−x)]

= Ψ3(x) + 2Ψ4(x) + 4Ψ5(x)

(52)
It follows from (35) and (52) that

13
[(

g(x)−3g
(x

3

))
+

(
g(−x) − 3g

(
−x

3

))]
=5Ψ2(x)−Ψ3(x)−2Ψ4(x)−4Ψ5(x).

(53)
It follows from (53) and (30) that

2
[
g(x)−3g

(x

3

)]
=

1
3
Ψ1(x)+

1
13

[5Ψ2(x)−Ψ3(x)−2Ψ4(x)− 4Ψ5(x)]

i.e.,

g(x)−3g
(x

3

)
=

1
78

[13Ψ1(x)+15Ψ2(x)−3Ψ3(x)−6Ψ4(x)−12Ψ5(x)]def=Ψ(x).

With x by 3x and divided by 3 the last equality turns to
1
3
g(3x)− g(x) =

1
3
Ψ(3x). (54)

We shall use induction on n to prove

1
3n

g(3nx)− g(x) =
n∑

k=1

Ψ(3kx)
3k

(∀n ∈ N). (55)

Firstly, (55) is true for n = 1, since (54). Secondly, we make the induction
hypothesis that (55) holds for a certain n = m− 1. Then we have

1
3m

g(3mx)− g(x) =
1
3

[
1

3m−1
g(3m−1(3x))− g(3x)

]
+

1
3
g(3x)− g(x)

=
1
3

m−1∑

k=1

Ψ(3k(3x))
3k

+
1
3
Ψ(3x) =

m∑

k=1

Ψ(3kx)
3k

,

which completes the induction proof. Define T (x) = lim
n→∞

g(3nx)
3n . Obviously,

T (x) = lim
n→∞

f(3nx)
3n . Combining (24) and (55), we have that T (x) exists and

T (x)− g(x) = η(x).

Substituting the definition of g into the last equality gives birth to

T (x)− f(x) + f(θ) = η(x).



132 Shuxiang Shan and Jian Wang

Finally, we verify the additivity of T . By the definition of T , we get

T (θ) = lim
n→∞

g(3nθ)
3n

= θ.

So T is a solution of Eq.(2) in view of (23). Therefore T (x) = T ∗(x) + T (θ) =
T ∗(x) by virtue of Theorem 1, where T ∗ is additive. We prove that T is
additive. ¤

Applying Theorem 2, we shall derive the Hyers-Ulam stability of Eq.(2)
which is closely connected with the β-homogeneity of the norm on F ∗-spaces.
At the same time, we allow pi (i = 1, 2, · · · , 7) to be different.

Let X be a linear space. A non-negative valued function ‖ · ‖ defined on X
is called an F -norm if it satisfies the following conditions:

(n1) ‖x‖ = 0 if and only if x = 0;
(n2) ‖ax‖ = ‖x‖ for all a, |a| = 1;
(n3) ‖x + y‖ ≤ ‖x‖+ ‖y‖;
(n4) ‖anx‖ −→ 0 provided an −→ 0;
(n5) ‖axn‖ −→ 0 provided xn −→ 0.
A space X with an F -norm is called an F ∗-space. An F -pseudonorm (‖x‖ =

0 does not necessarily imply that x = 0 in (n1)) is called β-homogeneous
(β > 0) if ‖tx‖ = |t|β‖x‖ for all x ∈ X and all t ∈ R. A complete F ∗-space is
said to be an F -space.

Corollary 1. Suppose that G is an F ∗-space and E a β−homogeneous F -
space (0 < β ≤ 1). Given εi, δ ≥ 0 and pi < β, if φ satisfies

‖φ(x1, x2, · · · , x7)‖ ≤δ+ε1‖x1‖p1 +ε2‖x2‖p2 +· · ·+ε7‖x7‖p7 (∀xi ∈ G), (56)

then there exists a unique additive mapping T : G → E such that

‖T (x)− f(x) + f(θ)‖ ≤ Aδ + ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G, where

A
def=

4
78β(3β − 1)

(
13β + 15β + 3β + 6β + 12β

)
,

B1
def=

4× 3p1

78β(3β − 3p1)

(
13β + 15β + 3β + 6β + 12β

)
,

B2
def=

4× 3p2

78β(3β − 3p2)

[
3p2 ×

(
13β + 15β + 3β

)
+ 6β +

12β

2p2

]
,

B3
def=

4× 3p3

78β(3β − 3p3)

(
13β + 15β + 3β + 6β +

12β

2p3

)
,
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B4
def=

2× 3p4

78β(3β − 3p4)

[
2×

(
13β + 15β + 3β +

12β

2p4

)
+

(
2p4 + 1

)
× 6β

]
,

B5
def=

2× 3p5

78β(3β − 3p5)

[
2×

(
13β + 15β + 3β +

12β

2p5

)
+

(
2p5 + 1

)
× 6β

]
,

B6
def=

4× 3p6

78β(3β − 3p6)

(
13β + 15β + 3β + 6β +

12β

2p6

)
,

B7
def=

4× 3p7

78β(3β − 3p7)

(
13β + 15β + 3β + 6β × 2p7 +

12β

2p7

)
.

When some pi is strictly less than 0, we may suppose that (56) holds for xi 6= θ.
And the domain of T is G\{θ} instead of G. Subscript i of this corollary is a
positive integer from 1 to 7.

If f(x) is continuous in G, then T (x) is linear.

Proof. Define g as above. Let any xi ∈ G ( i = 1, 2, · · · , 7 ).
Firstly, we prove the existence of T . According to (56), we get that

‖φ (3nx1, 3nx2, · · · , 3nx7) ‖ ≤ δ+ε13np1‖x1‖p1+ε23np2‖x2‖p2+· · ·+ε73np7‖x7‖p7 .

Since 0 ≤ pi < β ( i = 1, 2, · · · , 7 ), we have

lim
n→∞ ‖

φ (3nx1, 3nx2, · · · , 3nx7)
3n

‖ ≤ lim
n→∞

[
δ

3nβ
+

7∑

i=1

1
3n(β−pi)

εi‖xi‖pi

]
= 0.

Furthermore, by the method similar to the proof of Theorem 2, we infer from
(55) that

1
3n

g(3nx)− g(x) =
n∑

k=1

Ψ(3kx)
3k

holds for any n ∈ N, where Ψ is as above. It is clear that
∞∑

k=1

Ψ(3kx)
3k exits for

every x ∈ G. Indeed, from the above, we can get

g(3mx)
3m

− g(3nx)
3n

=
1
3n

[
g (3m−n(3nx))

3m−n
− f(3nx)

]

=
1
3n

m−n∑

k=1

Ψ(3n+kx)
3k

=
m∑

k=n+1

Ψ(3kx)
3k

.
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Combining (56) and β-homogeneity of the norm in E, we have

‖Ψ1(3kx)‖
= ‖φ

(
3kx,−3k+1x, 3kx,−3kx, 3kx,−3kx, 3kx

)

+φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx,−3kx, 3kx

)

−φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx, 3kx,−3kx

)

−φ
(
3kx,−3k+1x, 3kx,−3kx, 3kx, 3kx,−3kx

)
‖

≤ ‖φ
(
3kx,−3k+1x, 3kx,−3kx, 3kx,−3kx, 3kx

)
‖

+‖φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx,−3kx, 3kx

)
‖

+‖φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx, 3kx,−3kx

)
‖

+‖φ
(
3kx,−3k+1x, 3kx,−3kx, 3kx, 3kx,−3kx

)
‖

≤ 4

[
δ + ε13kp1‖x‖p1 + ε23(k+1)p2‖x‖p2 +

7∑

i=3

εi3kpi‖x‖pi

]
.

As in the above proof, we can get

‖Ψ2(3kx)‖ ≤ 4

[
δ + ε13kp1‖x‖p1 + ε23(k+1)p2‖x‖p2 +

7∑

i=3

εi3kpi‖x‖pi

]
,

‖Ψ3(3kx)‖ ≤ 4

[
δ + ε13kp1‖x‖p1 + ε23(k+1)p2‖x‖p2 +

7∑

i=3

εi3kpi‖x‖pi

]
,

‖Ψ4(3kx)‖ ≤ 4

[
δ +

3∑

i=1

εi3kpi‖x‖pi + ε63kp6‖x‖p6 + ε72p7 × 3kp7‖x‖p7

]

+2
5∑

i=4

εi (2pi + 1)× 3kpi‖x‖pi ,

‖Ψ5(3kx)‖ ≤ 4

[
δ + ε13kp1‖x‖p1 +

7∑

i=2

εi3kpi × 1
2pi
‖x‖pi

]
.

Furthermore, for any m > n, m, n ∈ N, we have
∥∥∥∥
g(3mx)

3m
− g(3nx)

3n

∥∥∥∥ =

∥∥∥∥∥
m∑

k=n+1

Ψ(3kx)
3k

∥∥∥∥∥ ≤
m∑

k=n+1

∥∥∥∥
Ψ(3kx)

3k

∥∥∥∥
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=
m∑

k=n+1

∥∥∥∥
1

3k×78

[
13Ψ1(3kx)+15Ψ2(3kx)−3Ψ3(3kx)−6Ψ4(x)−12Ψ5(3kx)

]∥∥∥∥

≤
m∑

k=n+1

1
3kβ278β2

[
13β2‖Ψ1(3kx)‖+ 15β2‖Ψ2(3kx)‖+ 3β2‖Ψ3(3kx)‖

]

+
m∑

k=n+1

1
3kβ278β2

[
6β2‖Ψ4(3kx)‖+ 12β2‖Ψ5(3kx)‖

]

≤
m∑

k=n+1

4× 13β2

3kβ278β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 15β2

3kβ278β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 3β2

3kβ278β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4×6β2

3kβ278β2

[
3∑

i=1

εi3kpiβ1‖x‖pi +ε63kp6β1‖x‖p6 +ε72p7β1×3kp7β1‖x‖p7

]

+
m∑

k=n+1

2× 6β2

3kβ278β2

[
5∑

i=4

εi

(
2piβ1 + 1

)
× 3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 12β2

3kβ278β2

[
ε13kp1β1‖x‖p1 +

7∑

i=2

εi3kpiβ1 × 1
2piβ1

‖x‖pi

]

=
m∑

k=n+1

4
3k(β2−p1β1)78β2

×
[
13β2 + 15β2 + 3β2 + 6β2 + 12β2

]
ε1 × ‖x‖p1

+
m∑

k=n+1

4ε2‖x‖p2

3k(β2−p2β1)78β2

[(
13β2 + 15β2 + 3β2

)
3p2β1 + 6β2 +

12β2

2p2β1

]

+
m∑

k=n+1

4
3k(β2−p3β1)78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p3β1

]
× ε3 × ‖x‖p3

+
m∑

k=n+1

ε4‖x‖p4

3k(β2−p4β1)78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p4β1

)
+2(2p4β1 +1)6β2

]

+
m∑

k=n+1

ε5‖x‖p5

3k(β2−p5β1)78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p5β1

)
+2(2p5β1 +1)6β2

]
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+
m∑

k=n+1

4ε6‖x‖p6

3k(β2−p6β1)78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p6β1

]

+
m∑

k=n+1

4× ε7‖x‖p7

3k(β2−p7β1)78β2

[
13β2 + 15β2 + 3β2 + 6β22p7 +

12β2

2p7β1

]
.

Hence,
{

g(3nx)
3n

}
is a Cauchy sequence of E because of pi < β (i = 1, 2, · · · , 7).

It converges to an element of E since E is complete. From (55), we infer
∞∑

k=1

Ψ(3kx)
3k

exists for every x ∈ G. Thus, by Theorem 2, T (x)= lim
n→∞

g(3nx)
3n = lim

n→∞
g(3nx)+f(θ)

3n

= lim
n→∞

f(3nx)
3n and it is additive. In addition, T (x)− f(x) + f(θ) =

∞∑
k=1

Ψ(3kx)
3k

follows from (55). Furthermore,

‖T (x)− f(x) + f(θ)‖

= ‖
∞∑

k=1

Ψ(3kx)
3k

‖

≤
∞∑

k=1

4
3kβ × 78β

×
[
13β + 15β + 3β + 6β + 12β

]
× δ

+
∞∑

k=1

4
3k(β−p1) × 78β

×
[
13β + 15β + 3β + 6β + 12β

]
× ε1 × ‖x‖p1

+
∞∑

k=1

4
3k(β−p2)×78β

×
[(

13β + 15β + 3β
)
× 3p2 + 6β +

12β

2p2

]
× ε2 × ‖x‖p2

+
∞∑

k=1

4
3k(β−p3) × 78β

×
[
13β + 15β + 3β + 6β +

12β

2p3

]
× ε3 × ‖x‖p3

+
∞∑

k=1

1
3k(β−p4)×78β

×
[
4

(
13β+15β + 3β+

12β

2p4

)
+2(2p4 +1)× 6β

]
ε4‖x‖p4

+
∞∑

k=1

1
3k(β−p5)×78β

×
[
4

(
13β+15β + 3β+

12β

2p5

)
+2(2p5 +1)× 6β

]
ε5‖x‖p5

+
∞∑

k=1

4
3k(β−p6) × 78β

×
[
13β + 15β + 3β + 6β +

12β

2p6

]
× ε6 × ‖x‖p6
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+
∞∑

k=1

4
3k(β−p7) × 78β

×
[
13β + 15β + 3β + 6β × 2p7 +

12β

2p7

]
× ε7 × ‖x‖p7

= Aδ + ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G.
Secondly, we prove the uniqueness of T . If U : G → E is another additive

mapping satisfying

‖U(x)− f(x) + f(θ)‖ ≤ Aδ + ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G, it follows from the last two inequalities that

‖U(x)− T (x)‖ =
1
nβ
‖U(nx)− T (nx)‖

=
1
nβ
‖U(nx)− f(nx) + f(θ)− T (nx) + f(nx)− f(θ)‖

≤ 1
nβ

[‖U(nx)− f(nx) + f(θ)‖+ ‖T (nx)− f(nx) + f(θ)‖]

≤ 2
nβ

(Aδ + ε1B1‖nx‖p1 + ε2B2‖nx‖p2 + · · ·+ ε7B7‖nx‖p7)

= 2
[
Aδ

nβ
+

ε1B1

nβ−p1

‖x‖p1 +
ε2B2

nβ−p2

‖x‖p2 + · · ·+ ε7B7

nβ−p7

‖x‖p7

]
.

Taking the limit as n → ∞, we get ‖U(x) − T (x)‖ → 0 since pi < β (i =
1, 2, · · · , 7). As a result, U(x) = T (x) for all x ∈ G.

Finally, we consider the linearity of T . If f(x) is continuous in G, then
Tn(x) = f(3nx)

3n is continuous in G for any n ∈ N. It can be seen that {Tn(x)}
uniformly converges to T (x) in each closed ball from the above proof. So T (x)
is continuous. It concludes T (x) is linear. Hence, the result holds. ¤

Theorem 3. The approximate remainder φ satisfies

lim
n→∞ 3nφ(3−nx1, 3−nx2, · · · , 3−nx7) = θ (∀xi ∈ G, i = 1, 2, · · · , 7) (57)

∞∑

k=1

3k−1Ψ(3−(k−1)x) = η(x) ∈ E (∀x ∈ G) (58)

if and only if the limit T (x) = lim
n→∞ 3n[f(3−nx) − f(θ)] exists for all x ∈ G

and T is additive, where Ψ is as above. Moreover,

T (x)− f(x) + f(θ) = η(x) (∀x ∈ G). (59)
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Proof. Let g(x) = f(x) − f(θ). Note that by virtue of (54) we conclude by
induction that

g(x)− 3ng(3−nx) =
n∑

k=1

3k−1Ψ(3−(k−1)x) (∀x ∈ G and n ∈ N).

¤

Corollary 2. Suppose that G is a β-homogeneous F ∗-space (0 < β ≤ 1) and
E an F -space. Given εi ∈ [0, +∞) (i = 1, 2, · · · , 7) and pi ∈ ( 1

β ,+∞) (i =
1, 2, · · · , 7), if φ satisfies

‖φ(x1, x2, · · · , x7)‖ ≤ ε1‖x1‖p1 + ε2‖x2‖p2 + · · ·+ ε7‖x7‖p7 (∀xi ∈ G) (60)

then there exists a unique additive mapping T : G → E such that

‖T (x)− f(x) + f(θ)‖ ≤ ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7 (∀x ∈ G)

where

B1
def= 20×3βp1

3βp1−3
, B2

def=
4× 3βp2

3βp2 − 3

(
3βp2+1 + 1 +

1
2βp2

)
,

B3
def= 4×3βp3

3βp3−3

(
4 + 1

2βp3

)
, B4

def=
2× 3βp4

3βp4 − 3

(
7 + 2βp4 +

2
2βp4

)
,

B5
def= 2×3βp5

3βp5−3

(
7 + 2βp5 + 2

2βp5

)
, B6

def=
4× 3βp6

3βp6 − 3

(
4 +

1
2βp6

)
,

B7
def= 4×3βp7

3βp7−3

(
3 + 2βp7 + 1

2βp7

)
.

Especially, T (x) is linear under the condition that f(x) is continuous.

Proof. Existence: Let g(x) = f(x)−f(θ) for any x ∈ G. We may assume that
F -norm ‖ · ‖ is non-decreasing. If not, by [8, Theorem 1.2.2 ], there exists a
norm ‖| · ‖| equivalent to the original norm ‖ · ‖(i.e. ∃ λ, µ such that λ‖| · ‖|
≤ ‖ · ‖ ≤ µ‖| · ‖|) and it is non-decreasing. Furthermore we choose the above
µ which is as small as possible. Then

‖φ(x1, x2, · · · , x7)‖ ≤ ε1‖x1‖p1 + ε2‖x2‖p2 + · · ·+ ε7‖x7‖p7

≤ µ
[
ε1‖|x1‖|p1 + ε2‖|x2‖|p2 + · · ·+ ε7‖|x7‖|p7

]
.

According to the conditions of Corollary 2, we conclude

‖φ(3−nx1, 3−nx2, · · · , 3−nx7)‖ ≤
7∑

i=1

εi3−nβpi‖xi‖pi .
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Since pi ∈ ( 1
β ,+∞) (i = 1, 2, · · · , 7),

lim
n→∞ ‖3

nφ(3−nx1, 3−nx2, · · · , 3−nx7)‖ ≤ lim
n→∞

7∑

i=1

εi3−n(βpi−1)‖x‖pi = 0.

From the proofs of Theorem 3, we get

g(x)− 3ng(3−nx) =
n∑

k=1

3k−1Ψ
(
3−(k−1)x

)
.

As in the proofs of Theorem 3 and Corollary 1, we can achieve that
∞∑

k=1

3k−1Ψ
(
3−(k−1)x

)

exists for every x ∈ G. Combining the definition of Ψ1(x) and (60), we obtain

‖Ψ1(3−(k−1)x)‖
= ‖φ

(
3−(k−1)x,−3−(k−2)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x

)

+ φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,−3−(k−1)x,3−(k−1)x

)

− φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x

)

− φ
(
3−(k−1)x,−3−(k−2)x, 3−(k−1)x,−3−(k−1)x,3−(k−1)x,3−(k−1)x,−3−(k−1)x

)
‖

≤ ‖φ
(
3−(k−1)x,−3−(k−2)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x

)
‖

+ ‖φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,−3−(k−1)x,3−(k−1)x

)
‖

+ ‖φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x

)
‖

+ ‖φ
(
3−(k−1)x,−3−(k−2)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,3−(k−1)x,−3−(k−1)x

)
‖

≤ 4

[
ε13−(k−1)βp1‖x‖p1 + ε23−(k−2)βp2‖x‖p2 +

7∑

i=3

εi3−(k−1)βpi‖x‖pi

]
.

As in the proof of the above, we may follow

‖Ψ2(3−(k−1)x)‖

≤ 4

[
ε13−(k−1)βp1‖x‖p1 + ε23−(k−2)βp2‖x‖p2 +

7∑

i=3

εi3−(k−1)βpi‖x‖pi

]
,
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‖Ψ3(3−(k−1)x)‖

≤ 4

[
ε13−(k−1)βp1‖x‖p1 + ε23−(k−2)βp2‖x‖p2 +

7∑

i=3

εi3−(k−1)βpi‖x‖pi

]
,

‖Ψ4(3−(k−1)x)‖

≤ 4




3∑
i=1
i=6

εi3−(k−1)βpi‖x‖pi + 2βp7 × 3−(k−1)βp7ε7‖x‖p7




+2
5∑

i=4

(2βpi + 1)εi3−(k−1)βpi‖x‖pi ,

‖Ψ5(3−(k−1)x)‖ ≤ 4

[
ε13−(k−1)βp1‖x‖p1 +

7∑

i=2

εi
1

2βpi
3−(k−1)βpi‖x‖pi

]
.

As a consequence,

‖T (x)− f(x)− f(θ)‖

= ‖
∞∑

k=1

3k−1Ψ
(
3−(k−1)x

)
‖ ≤

∞∑

k=1

3k−1‖Ψ
(
3−(k−1)x

)
‖

=
∞∑

k=1

3k−1‖ 1
78

[13Ψ1(3−(k−1)x) + 15Ψ2(3−(k=1)x)− 3Ψ3(3−(k−1)x)

− 6Ψ4(3−(k−1)x)− 12Ψ5(3−(k−1)x)]‖

≤
∞∑

k=1

3k−1
[
‖Ψ1(3−(k−1)x)‖+ ‖Ψ2(3−(k−1)x)‖+ ‖Ψ3(3−(k−1)x)‖

]

+
∞∑

k=1

3k−1
[
‖Ψ4(3−(k−1)x)‖+ ‖Ψ5(3−(k−1)x)‖

]

≤
∞∑

k=1

3−(k−1)(βp1−1) × 4× 5ε1‖x‖p1

+
∞∑

k=1

3−(k−1)(βp2−1) × 4×
[
3βp2+1 + 1 +

1
2βp2

]
ε2‖x‖p2

+
∞∑

k=1

3−(k−1)(βp3−1) × 4×
[
4 +

1
2βp3

]
ε3‖x‖p3
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+
∞∑

k=1

3−(k−1)(βp4−1) × 2×
(

7 + 2βp4 +
1

2(βp4−1)

)
ε4‖x‖p4

+
∞∑

k=1

3−(k−1)(βp5−1) × 2×
(

7 + 2βp5 +
1

2(βp5−1)

)
ε5‖x‖p5

+
∞∑

k=1

3−(k−1)(βp6−1) × 4×
[
4 +

1
2βp6

]
ε6‖x‖p6

+
∞∑

k=1

3−(k−1)(βp7−1) × 4×
(

3 + 2βp7 +
1

2βp7

)
ε7‖x‖p7

= ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7 .

Uniqueness: The proof of uniqueness is similar to the proof of Theorem 2,
so we omit it.

Linearity: As in the proof of Corollary 1, it can be followed that T (x) is
linear under the assumption that f(x) is continuous. ¤

Finally, we investigate the case of β2 < pi < 1
β1

( 0 < β1, β2 ≤ 1, i =
1, 2, · · · , 7 ).

Corollary 3. Suppose that G is a β1-homogeneous F ∗-space and E a β2-
homogeneous F -space. Given εi ≥ 0, β2 < pi < 1

β1
and pi 6= β2

β1
( i =

1, 2, · · · , 7 ), if φ satisfies

‖φ(x1, x2, · · · , x7)‖ ≤ ε1‖x1‖p1 + ε2‖x2‖p2 + · · ·+ ε7‖x7‖p7 (61)

(∀xi ∈ G, i = 1, 2, · · · , 7 ),

then there exists a unique additive mapping T : G → E such that

‖T (x)− f(x)+ f(θ)‖ ≤ ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7 ( ∀x ∈ G).

When pi <
β2

β1
( i = 1, 2, · · · , 7 ), we have

B1
def=

4× 3p1β1

78β2(3β2 − 3p1β1)

(
13β2 + 15β2 + 3β2 + 6β2 + 12β2

)
,

B2
def=

4× 3p2β1

78β2(3β2 − 3p2β1)

[
3p2 ×

(
13β2 + 15β2 + 3β2

)
+ 6β2 +

12β2

2p2β1

]
,

B3
def=

4× 3p3β1

78β2(3β2 − 3p3β1)

(
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p3β1

)
,
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B4
def=

2×3p4β1

78β2(3β2 − 3p4β1)

[
2
(

13β2 + 15β2 + 3β2 +
12β2

2p4β1

)
+

(
2p4β1 + 1

)
6β2

]
,

B5
def=

2×3p5β1

78β2(3β2 − 3p5β1)

[
2!
(

13β2 + 15β2 + 3β2 +
12β2

2p5β1

)
+

(
2p5β1 + 1

)
6β2

]
,

B6
def=

4× 3p6β1

78β2(3β2 − 3p6β1)

(
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p6β1

)
,

B7
def=

4× 3p7β1

78β2(3β2 − 3p7β1)

(
13β2 + 15β2 + 3β2 + 6β2 × 2p

β1
7 +

12β2

2p7β1

)
.

When pi >
β2

β1
( i = 1, 2, · · · , 7 ), we have

B1
def= 20×3β1p1

3β1p1−3β2
, B2

def=
4×3β1p2

3β1p2−3β2

(
3β1p2+1+1+

1
2β1p2

)
,

B3
def= 4×3β1p3

3β1p3−3β2

(
4+ 1

2β1p3

)
, B4

def=
2× 3β1p4

3β1p4−3β2

(
7 + 2β1p4 +

2
2β1p4

)
,

B5
def= 2×3β1p5

3β1p5−3β2

(
7 + 2β1p5 + 2

2β1p5

)
, B6

def=
4× 3β1p6

3β1p6 − 3β2

(
4 +

1
2β1p6

)
,

B7
def= 4×3β1p7

3β1p7−3β2

(
3 + 2β1p7 + 1

2β1p7

)
.

Especially, T (x) is linear under the condition that f(x) is continuous.

Proof. Let g(x) = f(x)− f(θ) for any x ∈ G.

At first, we prove the case of pi <
β2

β1
( i = 1, 2, · · · , 7 ).

Firstly, we prove the existence of T . According to (61), we get that

‖φ (3nx1, 3nx2, · · · , 3nx7) ‖
≤ ε13np1β1‖x1‖p1 + ε23np2β1‖x2‖p2 + · · ·+ ε73np7β1‖x7‖p7 .

Since pi <
β2

β1
( i = 1, 2, · · · , 7 ), we have

lim
n→∞ ‖

φ (3nx1, 3nx2, · · · , 3nx7)
3n

‖ ≤ lim
n→∞

7∑

i=1

1
3n(β2−piβ1)

εi‖xi‖pi = 0.

Furthermore, by Corollary 1 we have

1
3n

g(3nx)− g(x) =
n∑

k=1

Ψ(3kx)
3k
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holds for any n ∈ N, where Ψ is as above. It is clear that
∞∑

k=1

Ψ(3kx)
3k exits for

every x ∈ G. Indeed, from Corollary 1, we can get

g(3mx)
3m

− g(3nx)
3n

=
m∑

k=n+1

Ψ(3kx)
3k

.

Combining (61) and β1-homogeneity of norm in G, we have

‖Ψ1(3kx)‖
≤ ‖φ

(
3kx,−3k+1x, 3kx,−3kx, 3kx,−3kx, 3kx

)
‖

+ ‖φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx,−3kx, 3kx

)
‖

+ ‖φ
(
−3kx, 3k+1x,−3kx, 3kx,−3kx, 3kx,−3kx

)
‖

+ ‖φ
(
3kx,−3k+1x, 3kx,−3kx, 3kx, 3kx,−3kx

)
‖

≤ 4

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]
.

As in the above proof, we can get

‖Ψ2(3kx)‖ ≤ 4

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]
,

‖Ψ3(3kx)‖ ≤ 4

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]
,

‖Ψ4(3kx)‖ ≤ 4

[
3∑

i=1

εi3kpiβ1‖x‖pi+ε63kp6β1‖x‖p6+ε72p7β1×3kp7β1‖x‖p7

]

+2
5∑

i=4

εi

(
2piβ1 + 1

)
× 3kpiβ1‖x‖pi ,

‖Ψ5(3kx)‖ ≤ 4

[
ε13kp1β1‖x‖p1 +

7∑

i=2

εi3kpiβ1 × 1
2piβ1

‖x‖pi

]
.

Furthermore, for any m > n, m, n ∈ N, we have

∥∥∥∥
g(3mx)

3m
− g(3nx)

3n

∥∥∥∥ =

∥∥∥∥∥
m∑

k=n+1

Ψ(3kx)
3k

∥∥∥∥∥ ≤
m∑

k=n+1

∥∥∥∥
Ψ(3kx)

3k

∥∥∥∥
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=
m∑

k=n+1

∥∥∥∥
1

3k78

[
13Ψ1(3kx)+15Ψ2(3kx)−3Ψ3(3kx)−6Ψ4(x)−12Ψ5(3kx)

]∥∥∥∥

≤
m∑

k=n+1

1
3kβ278β2

[
13β2‖Ψ1(3kx)‖+ 15β2‖Ψ2(3kx)‖+ 3β2‖Ψ3(3kx)‖

]

+
m∑

k=n+1

1
3kβ278β2

[
6β2‖Ψ4(3kx)‖+ 12β2‖Ψ5(3kx)‖

]

≤
m∑

k=n+1

4× 13β2

3kβ2 × 78β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 15β2

3kβ2 × 78β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 3β2

3kβ2 × 78β2

[
ε13kp1β1‖x‖p1 + ε23(k+1)p2β1‖x‖p2 +

7∑

i=3

εi3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4×6β2

3kβ2×78β2

[
3∑

i=1

εi3kpiβ1‖x‖pi +ε63kp6β1‖x‖p6 +ε72p7β1×3kp7β1‖x‖p7

]

+
m∑

k=n+1

2× 6β2

3kβ2 × 78β2

[
5∑

i=4

εi

(
2piβ1 + 1

)
× 3kpiβ1‖x‖pi

]

+
m∑

k=n+1

4× 12β2

3kβ2 × 78β2

[
ε13kp1β1‖x‖p1 +

7∑

i=2

εi3kpiβ1 × 1
2piβ1

‖x‖pi

]

=
m∑

k=n+1

4
3k(β2−p1β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 + 12β2

]
× ε1 × ‖x‖p1

+
m∑

k=n+1

4× ε2 × ‖x‖p2

3k(β2−p2β1) × 78β2

[(
13β2 + 15β2 + 3β2

)
× 3p2β1 + 6β2 +

12β2

2p2β1

]

+
m∑

k=n+1

4
3k(β2−p3β1)×78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p3β1

]
× ε3 × ‖x‖p3

+
m∑

k=n+1

ε4 × ‖x‖p4

3k(β2−p4β1)×78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p4β1

)
+2(2p4β1 +1)6β2

]

+
m∑

k=n+1

ε5 × ‖x‖p5

3k(β2−p5β1)×78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p5β1

)
+2(2p5β1 +1)6β2

]
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+
m∑

k=n+1

4× ε6 × ‖x‖p6

3k(β2−p6β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p6β1

]

+
m∑

k=n+1

4× ε7 × ‖x‖p7

3k(β2−p7β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 × 2p7 +

12β2

2p7β1

]
.

Hence,
{

g(3nx)
3n

}
is Cauchy in E because of pi < β2

β1
( i = 1, 2, · · · , 7 ). It

converges to an element of E since E is complete. From (55), we infer

∞∑

k=1

Ψ(3kx)
3k

exists for every x ∈ G. Thus by Theorem 2,

T (x) = lim
n→∞

g(3nx)
3n

= lim
n→∞

g(3nx) + f(θ)
3n

= lim
n→∞

f(3nx)
3n

and it is additive. In addition, T (x) − f(x) + f(θ) =
∞∑

k=1

Ψ(3kx)
3k follows from

(55). Furthermore,

‖T (x)− f(x) + f(θ)‖ = ‖
∞∑

k=1

Ψ(3kx)
3k

‖

≤
∞∑

k=1

4× ε1 × ‖x‖p1

3k(β2−p1β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 + 12β2

]

+
∞∑

k=1

4× ε2 × ‖x‖p2

3k(β2−p2β1) × 78β2

[(
13β2 + 15β2 + 3β2

)
× 3p2β1 + 6β2 +

12β2

2p2β1

]

+
∞∑

k=1

4× ε3 × ‖x‖p3

3k(β2−p3β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p3β1

]

+
∞∑

k=1

ε4 × ‖x‖p4

3k(β2−p4β1)×78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p4β1

)
+2(2p4β1 +1)× 6β2

]

+
∞∑

k=1

ε5 × ‖x‖p5

3k(β2−p5β1)×78β2

[
4

(
13β2 +15β2 + 3β2 +

12β2

2p5β1

)
+2(2p5β1 +1)× 6β2

]

+
∞∑

k=1

4× ε6 × ‖x‖p6

3k(β2−p6β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 +

12β2

2p6β1

]
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+
∞∑

k=1

4× ε7 × ‖x‖p7

3k(β2−p7β1) × 78β2

[
13β2 + 15β2 + 3β2 + 6β2 × 2p7β1 +

12β2

2p7β1

]

= ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G.
Secondly, we prove the uniqueness of T . If U : G → E is another additive

mapping satisfying

‖U(x)− f(x) + f(θ)‖ ≤ ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G, it follows from the last two inequalities that

‖U(x)− T (x)‖ =
1

nβ2
‖U(nx)− T (nx)‖

=
1

nβ2
‖U(nx)− f(nx) + f(θ)− T (nx) + f(nx)− f(θ)‖

≤ 1
nβ2

[‖U(nx)− f(nx) + f(θ)‖+ ‖T (nx)− f(nx) + f(θ)‖]

≤ 2
nβ2

(ε1B1‖nx‖p1 + ε2B2‖nx‖p2 + · · ·+ ε7B7‖nx‖p7)

= 2
[

ε1B1

nβ2−p1β1

‖x‖p1 +
ε2B2

nβ2−p2β1

‖x‖p2 + · · ·+ ε7B7

nβ2−p7β1

‖x‖p7

]
.

Taking the limit as n → ∞, we get ‖U(x) − T (x)‖ → 0 since pi < β2

β1
( i =

1, 2, · · · , 7 ). As a result, U(x) = T (x) for all x ∈ G.
Linearity: If f(x) is continuous in G, then Tn(x) = f(3nx)

3n is continuous in G
for any n ∈ N. It can be seen that {Tn(x)} uniformly converges to T (x) in each
closed ball from the above proof. So T (x) is continuous. It concludes T (x) is
linear. Then, we give the proofs about the case of pi >

β2

β1
( i = 1, 2, · · · , 7 ).

Existence: Similar to Corollary 2, we may assume that F -norm ‖ · ‖ of E is
non-decreasing. According to the conditions of Corollary 3, we conclude

‖φ(3−nx1, 3−nx2, · · · , 3−nx7)‖ ≤
7∑

i=1

εi3−nβ1pi‖xi‖pi .

Since pi >
β2

β1
( i = 1, 2, · · · , 7 ),

lim
n→∞ ‖3

nφ(3−nx1, 3−nx2, · · · , 3−nx7)‖ ≤ lim
n→∞

7∑

i=1

εi3−n(β1pi−β2)‖x‖pi = 0.
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From the proofs of Theorem 3, we get

g(x)− 3ng(3−nx) =
n∑

k=1

3k−1Ψ
(
3−(k−1)x

)
.

As in the proofs of pi < β2

β1
( i = 1, 2, · · · , 7 ), we can achieve that

∞∑

k=1

3k−1Ψ
(
3−(k−1)x

)

exists for every x ∈ G. Combining the definition of Ψ1(x) and (60), we obtain

‖Ψ1(3−(k−1)x)‖
= ‖φ

(
3−(k−1)x,−3−(k−2)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x

)

+φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,−3−(k−1)x,3−(k−1)x

)

−φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,−3−(k−1)x

)

−φ
(
3−(k−1)x,−3−(k−2)x,3−(k−1)x,−3−(k−1)x,3−(k−1)x,3−(k−1)x,−3−(k−1)x

)
‖

≤ ‖φ
(
3−(k−1)x,−3−(k−2)x, 3−(k−1)x,−3−(k−1)x, 3−(k−1)x,−3−(k−1)x, 3−(k−1)x

)
‖

+‖φ
(
−3−(k−1)x,3−(k−2)x,−3−(k−1)x, 3−(k−1)x,−3−(k−1)x,−3−(k−1)x, 3−(k−1)x

)
‖

+‖φ
(
−3−(k−1)x, 3−(k−2)x,−3−(k−1)x, 3−(k−1)x,−3−(k−1)x, 3−(k−1)x,−3−(k−1)x

)
‖

+‖φ
(
3−(k−1)x,−3−(k−2)x, 3−(k−1)x,−3−(k−1)x, 3−(k−1)x, 3−(k−1)x,−3−(k−1)x

)
‖

≤ 4

[
ε13−(k−1)β1p1‖x‖p1 +ε23−(k−2)β1p2‖x‖p2 +

7∑

i=3

εi3−(k−1)β1pi‖x‖pi

]
,

As in the proofs of the above, we may follow

‖Ψ2(3−(k−1)x)‖

≤ 4

[
ε13−(k−1)β1p1‖x‖p1 + ε23−(k−2)β1p2‖x‖p2 +

7∑

i=3

εi3−(k−1)β1pi‖x‖pi

]
,

‖Ψ3(3−(k−1)x)‖

≤ 4

[
ε13−(k−1)β1p1‖x‖p1 + ε23−(k−2)β1p2‖x‖p2 +

7∑

i=3

εi3−(k−1)β1pi‖x‖pi

]
,
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‖Ψ4(3−(k−1)x)‖ ≤ 4




3∑
i=1
i=6

εi3−(k−1)β1pi‖x‖pi + 2β1p73−(k−1)β1p7ε7‖x‖p7




+2
5∑

i=4

(2β1pi + 1)εi3−(k−1)β1pi‖x‖pi ,

‖Ψ5(3−(k−1)x)‖ ≤ 4

[
ε13−(k−1)β1p1‖x‖p1 +

7∑

i=2

εi
1

2β1pi
3−(k−1)β1pi‖x‖pi

]
.

As a consequence,

‖T (x)− f(x)− f(θ)‖ = ‖
∞∑

k=1

3k−1Ψ
(
3−(k−1)x

)
‖

≤
∞∑

k=1

3(k−1)β2‖Ψ
(
3−(k−1)x

)
‖

=
∞∑

k=1

3(k−1)β2‖ 1
78

[13Ψ1(3−(k−1)x) + 15Ψ2(3−(k−1)x)− 3Ψ3(3−(k−1)x)

− 6Ψ4(3−(k−1)x)− 12Ψ5(3−(k−1)x)]‖

≤
∞∑

k=1

3(k−1)β2

[
‖Ψ1(3−(k−1)x)‖+ ‖Ψ2(3−(k−1)x)‖+ ‖Ψ3(3−(k−1)x)‖

]

+
∞∑

k=1

3(k−1)β2

[
‖Ψ4(3−(k−1)x)‖+ ‖Ψ5(3−(k−1)x)‖

]

≤
∞∑

k=1

3−(k−1)(β1p1−β2) × 4× 5ε1‖x‖p1

+
∞∑

k=1

3−(k−1)(β1p2−β2) × 4×
[
3β1p2+1 + 1 +

1
2β1p2

]
ε2‖x‖p2

+
∞∑

k=1

3−(k−1)(β1p3−β2) × 4×
[
4 +

1
2β1p3

]
ε3‖x‖p3

+
∞∑

k=1

3−(k−1)(β1p4−β2) × 2×
(

7 + 2β1p4 +
2

2β1p4

)
ε4‖x‖p4

+
∞∑

k=1

3−(k−1)(β1p5−β2) × 2×
(

7 + 2β1p5 +
2

2β1p5

)
ε5‖x‖p5
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+
∞∑

k=1

3−(k−1)(β1p6−β2) × 4×
[
4 +

1
2β1p6

]
ε6‖x‖p6

+
∞∑

k=1

3−(k−1)(β1p7−β2) × 4×
(

3 + 2β1p7 +
1

2β1p7

)
ε7‖x‖p7

= ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7 .

Uniqueness: If H : G → E is an another additive mapping satisfying

‖H(x)− f(x) + f(θ)‖ ≤ ε1B1‖x‖p1 + ε2B2‖x‖p2 + · · ·+ ε7B7‖x‖p7

for all x ∈ G, it follows from the last two inequalities that

‖H(x)− T (x)‖ = nβ2‖U(
x

n
)− T (

x

n
)‖

=
1

nβ2
‖U(

x

n
)− f(

x

n
) + f(θ)− T (

x

n
) + f(

x

n
)− f(θ)‖

≤ 1
nβ2

[
‖U(

x

n
)− f(

x

n
) + f(θ)‖+ ‖T (

x

n
)− f(

x

n
) + f(θ)‖

]

≤ 2
nβ2

(ε1B1‖x

n
‖p1 + ε2B2‖x

n
‖p2 + · · ·+ ε7B7‖x

n
‖p7)

= 2ε1B1n
(β2−p1β1)‖x‖p1 + 2ε2B2n

(β2−p2β1)‖x‖p2

+ · · ·+ 2ε7B7n
(β2−p7β1)‖x‖p7 .

Taking the limit as n → ∞, we get ‖H(x) − T (x)‖ → 0 since pi > β2

β1
( i =

1, 2, · · · , 7 ). As a result, H(x) = T (x) for all x ∈ G.
Linearity: If f(x) is continuous in G, then Tn(x) = 3nf(3−nx) is continuous

in G for any n ∈ N. It is easy to see that {Tn(x)} uniformly converges to T (x)
in each closed ball from the above proof. As a result, T (x) is continuous. It
concludes T (x) is linear. ¤

Remark 1. Let G, E, εi, δ, pi be as in Corollary 3 and pi < β2

β1
( i =

1, 2, · · · , 7 ). If φ satisfies

‖φ(x1, x2, · · · , x7)‖ ≤ δ + ε1‖x1‖p1 + ε2‖x2‖p2 + · · ·+ ε7‖x7‖p7

(∀xi ∈ G, i = 1, 2, · · · , 7) then there exists a unique additive mapping T : G →
E such that

‖T (x)−f(x)+f(θ)‖ ≤ Aδ+ε1B1‖x‖p1+ε2B2‖x‖p2+· · ·+ε7B7‖x‖p7 ( ∀x ∈ G).

A
def= 4

78β2 (3β2−1)

(
13β2 + 15β2 + 3β2 + 6β2 + 12β2

)
and Bi ( i = 1, 2, · · · , 7 ) are

the same as the corresponding part of Corollary 3.
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Remark 2. Let G, E be as in Corollary 3 and f as in Theorem 4. Then

‖φ(x1, x2, · · · , x7)‖2 ≤ 58β2

(
‖x1‖

β2
β1
1 + ‖x2‖

β2
β1
1 + · · ·+ ‖x7‖

β2
β1
1

)

for any xi ∈ G, ( i = 1, 2, · · · , 7 ), but

sup




‖f(x)− T (x)‖2

‖x‖
β2
β1
1

: x ∈ R\{0}





= ∞

for each additive mapping T : G → E.
Rassias and S̆emrl [12] have constructed a function

f : R→ R(f(x) def= x log2(1 + |x|))
to show that the functional inequality

‖f(x + y)− f(x)− f(y)‖ ≤ γ(‖x‖+ ‖y‖)
does not have Hyers-Ulam stability. By virtue of their method, we give a
counterexample.

Theorem 4 The function f : R→ R defined by f(x) def= x log2(1+ |x|) satisfies
the inequality

|φ(x1, x2, · · · , x7)| ≤ 58(|x1|+ |x2|+ · · ·+ |x7|) ( ∀xi ∈ R, i = 1, 2, · · · , 7)

but

sup
{∣∣∣∣

f(x)− T (x)
x

∣∣∣∣ : x ∈ R\{0}
}

= ∞
for each additive mapping T : R→ R.

we can apply the same argument as in [5].

Remark 3. Let f be as of Theorem 4.
(i) If G = (R, ‖·‖1) with the Euclidean metric ‖·‖1 = |·| and E = (R, ‖·‖2)

with the β-homogeneous norm ‖ · ‖2 = | · |β, then

‖φ(x1, x2, · · · , x7)‖2 ≤ 58β
(
‖x1‖β

1 + ‖x2‖β
1 + · · ·+ ‖x7‖β

1

)

(∀xi ∈ G, ı = 1, 2, · · · , 7), but

sup

{
‖f(x)− T (x)‖2

‖x‖β
1

: x ∈ R\{0}
}

= ∞

for each additive mapping T : G → E.



The additive approximation on a seven variable Jensen equation 151

(ii) If G = (R, ‖ · ‖1) with the β-homogeneous norm ‖ · ‖1 = | · |β and
E = (R, ‖ · ‖2) with the Euclidean metric ‖ · ‖2 = | · |, then

‖φ(x1, x2, · · · , x7)‖2 ≤ 58
(
‖x1‖

1
β

1 + ‖x2‖
1
β

1 + · · ·+ ‖x7‖
1
β

1

)

(∀xi ∈ G, i = 1, 2, · · · , 7), but

sup




‖f(x)− T (x)‖2

‖x‖
1
β

1

: x ∈ R\{0}


 = ∞

for each additive mapping T : G → E.
(iii) If G = E = (R, ‖ · ‖) with the β-homogeneous norm ‖ · ‖ = | · |β, then

‖φ(x1, x2, · · · , x7)‖ ≤ 58β(‖x1‖+‖x2‖+· · ·+‖x7‖) (∀xi ∈ G, i = 1, 2, · · · , 7),

but

sup
{∥∥∥∥

f(x)− T (x)
x

∥∥∥∥ : x ∈ R\{0}
}

= ∞
for each additive mapping T : G → E.
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