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Abstract. We investigate the Hyers-Ulam stability of a 7-variate Jensen type functional
equation, getting the corresponding error formulas in which the B-homogeneity of the F-
norm is closely associated with the approximate remainder ¢. Finally, we make sure p;’s
area in which the Hyers-Ulam stability is affirmative or negative where p; fort =1,2,-.-,7
can be different.

1. INTRODUCTION

Throughout this paper, let G be a linear space and let E be a real or
complex Hausdorff topological vector space. Let N and R denote the set of
positive integers and of real numbers, respectively. We assume f be a mapping
from G into E. We take the following equations:
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as a Jensen equation and a 7-variable Jensen type functional equation, respec-
tively. We define the approximate remainder ¢ by
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forall x; e G,i =1,2,---,7.
In 1940, Ulam [14] raised the following problem:

Let G be a group and let E be a metric group with the metry d(-,-). Given
€ >0, does there exist a § >0 such that if a function h: G — FE satisfies the
inequality

d(h(zy), h(x)h(y)) <o
for all z,y € G. Then there exists a homomorphism H: G — FE with
d(h(z),H(x))<e for all z€G?

For Banach spaces Hyers [2] firstly solved this question in 1941. In 1978,
Rassias [9] generalized the result of Hyers significantly. The result was further
generalized by Rassias [10], Rassias and Semrl [11], Gavruta [1]. Since then,
the stability problems of Jensen equations have been extensively investigated
by a number of mathematicians ( [18], [5], [6] and [7]).

Trif [13] studied the stability of the Hyers-Ulam-Rassias of the 3-variable
Jensen type functional equation
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under the assumption that G and E are a real normed linear space and a real
Banach space, respectively.

Wang [18] investigated the stability of the Hyers-Ulam of the 4-variable
Jensen type functional equation

4f(x+y—£z+w>+2f<z—;w>+2f<x42—w>+2f(x—2|—y>
y+z
+2f< ! )

:3f(y+z—|—w>+3f<x+2+w>+3f(x+3§+w>

3 <Jr+g+z>

under the assumption that G and E are a real linear space and a certain kind
of F*-space, respectively.

In this paper, using approximate remainder we study the Hyers-Ulam sta-
bility of Eq.(2), where G, E are a real linear space and a certain kind of
F*-space, respectively. At first we solve Eq.(2), then we work out some the-
orems associated with the Hyers-Ulam stability of Eq.(2). At last, we give
p;’s area in which the Hyers-Ulam stability is affirmative or negative where p;
(1=1,2,---,7) can be different.

2. SoLuTIONS OF EQ.(2)

From now on, we denote by G a real linear space, by E a real Hausdorff
topological vector space if there is no special case. In this section we claim
that Eq.(2) is equivalent to Eq.(1). It is well known that if G and E are real
linear spaces, a function f: G — E satisfying f(6) = 0 is a solution of Eq.(1)
if and only if it is additive.

Theorem 1. A function f: G — E satisfies Eq.(2) for all x; € G( i =
1,2,---,7) if and only if there exist a constant element C € E and a unique
additive mapping T: G — E such that

flx)=T(x)+C (Vzeq).

Proof. Sufficiency: The sufficiency is so obvious that we shall omit it.
Necessity: Set C = f(0) and T(x) = f(z) — C for each z € G. Then
equalities T'(f) = 0 and
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hold for all z; e G (i =1,2,---,7).
Next we shall prove the additivity of T. Let x € G. Substitutions of
Tl =T3=2,T3 =24 =—T,T5 =Tg=x7 =0 in (4) yield

~12[T (=) + T ()] +5[T(=5) +T(5)] —2[T(-3) + T (3)]
+6 [T (=3) +T(3)] -2[T(-3) +T(3)]
=0.
(5)
Taking 1 = 23 = x5 = x,29 = x4 = 6 = —x,z7 = 0 in (4) gets
BT (=5)+T ()] +5[T(=35)+T(5)] -2[T(-F) + T (3)]
+6 [T (=3)+T(3)] —2[T(-3) + T (3)]
=0.
(6)
Subtracting (6) from (5) gives
6|7 (-5)+7(5)| =0 ies T(-5) =7 (5)-
Replacing 62 by « in the last equality, we obtain
T(—z) = —T(). (7)
substituting 1 = x9 = z,x3 = —2x, 24 = x5 = ¥¢ = x7 = 0 in (4), we get

—6[T(5) +20 (=5)| +5 [T (=5) + T ()] +5[T(-5) + T (5)]

~[T(-5)+T(3)] - [( 5)+T(5)] +3[T(-5) +T(5)]
[T (-%) +T(])] —2[T (2) + T (~)]
=40.
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Combining (7) and (8), we get

13-

With 3z in place of x in the above equality, we get

T (g) - %T(a;). 9)

So we have T (%) = iT (z). Substituting 1 =xs=x3=124 =2, 15 = —4x, 6 =
z7=01in (4), we have

5
ST AT )] [T (5) 4T
+3[T(z) + T(—z)] + 3| T
3

Applying (7) and (9) to (10), we get

3[7(@) - 31 (g)} + Z [T(32) — 3T(x)] + 5 [T (35”) 3T (?)} —9. (11)

Setting 1 = x9 =x3 =z, x4 = =3z, x5 = x6 = x7 = 0 in (4), we get

—[T(=3) +T ()] - [T (%) +T (%) (=5)+7(3)] @2
+3[T(x) + T(—2)] +3 [T (-2)+T ()] +3[T (-%) + T (%)]
—2[T(z) + T(—x)] -2 [T(x) + T (-3) + T (%)] = 6.

Applying (7) and (9) to (12), we conclude

-3 [T(x) 37 (g)] +[T(3x) — 3T(2)] + 5 [T (5> 3T (g)] — 6. (13)
It follows from (11) and (13) that
T(3z) — 37(z) = —24 [T(x) 37 (g)} . (14)
By substituting (14) into (13), we have

r($) (@) =T (@) o
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Substitutions of 21 = x9 =23 =z, x5 = —3x, x4 = x6 = x7 = 0 in (4) give

T[T (%) +T(F) +T(-%)]
—[T(—%)+T(%)]—[T( F) 2 () +T(-5) + T (-3)]

2] +3[2T(—2) + T(2) + T (&) + T (
—4[T(z)+T (-3)+T(%)] =0

wig
~—
[a—
—
—_
=2}
~

Applying (7) and (9) to (16), we get

6 [T(x) 3T (%)] +10 [T (35"”> 3T (‘75”)] + g [T(3z) — 3T (3z)] = 6.
Applying (14) and (15) to (17), we get "
T (z) — 3T (%) =0, ie, T (g) - %T(:c) (18)

and so T(%) = %T (%) = %T(a:). By setting v1 = 29 = 23 = 14 = x5 =
x, xg = —bx, x7 =0 in (4), we have

=6 [7'(
- BT (=) + T (5

BY 45T (L)) +5[4T (-2) + T (&) +T(x) + T (-%)]
. ) ]
+3 [3T(2) + T'(—2) + T (—7%)

\
+
[\]
N
8

5]
—2[4T(x) + T(—22)+ T (-%)+T (%)) =0
(19)
Applying (7), (9) and (18) to (19), we get
5[0 -5 (5)] =6, e, T(F) = %T(m). (20)
Put x1 =2, 29 =23 =--- =27 =0 in (4), then

7T(§) - 36T(%) + 25T(§) - 4T(%) + 9T(§) - 4T(g) =0.  (21)

Applying (7), (9), (18) and (20) to (21), we have

()~ T() =6, de, T(E)= %T(x). (22)
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Substitutions of T'(%) = %T(JJ), T(§) = éT(a:), T(%) = %T(g;), T(%) =
%T(l‘), T(3)= %T(az) in (7) imply

7 7 7 7 7
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If we take x1 =z, zo =y, z3=—x —y, x4 = x5 = x5 = x7 = O in the above
equality, we get T' (z +vy) = T (x) + T (y) for arbitrary z, y € G. Obviously,
T is additive. [l

3. HYERS-ULAM-RASSIAS STABILITY OF EQ.(2)

We shall study the Hyers-Ulam stability of Eq.(2).

Theorem 2. If the approzimate remainder ¢ satisfies

lim ¢(3”:L“1, 3n$2, cee 3n$7)

n— 00 3n
then T'(z) = lim uta 5 ) exists for all x € G and T is additive. Moreover,

T(z) = f(x) + f(0) = n(x) (Vzeq). (25)

=0 (Vo eG,i=1,2--,7) (23

(z) e E (Vze@), (24)

o

T (z) lof % [13W(z) + 15y (z) — 3Ws(x) — 6W4(x) — 12W5(2)],

Uy (x) def ¢ (v,—3x,z,—x,x,—x,2)+ ¢ (—x, 3z, —x,x, —x,—X,T)
—¢(—z,3z,—z,x,—z,x,—x) — ¢ (¢, -3z, 2, —x,z,2,—T),
Uy (x) gb(x —3z,x,—x,—x,r,2) + ¢ (—x,3x, —x,x, T, —T, —T)
—¢(z,-3z,z,x,—x, —x,2) — ¢ (—z, 3z, —x, —x, T, 2, —T),
Us(x) dof qb( —z,x,—z,x,z) + ¢ (—z,3x,x,—x,r,—x, —T)
—¢ (z, —z,z,x,—x,2) — ¢ (—x, 3z, x, —x, —T, T, —T),
Uy (x) ; ¢ (z,x,z,x, 2x,x,2x) + ¢ (—x, —x, —x, —2, 22, —T,21)

—¢ (v, x,x, —2x,2,x,—22) — ¢ (—x, —2, —2, 22, —T, —T,2T) ,
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Proof. 1t is enough to show the necessity. Define g(x) = f(x) — f(0), then
g(8) = 6. The approximate remainders ¢4, ¢ of Eq(2) with respect to g, f
respectively are equal. We represent them as ¢. Let any x € G. Putting
X1 =T3 =T5 =7 =2, Ty = —3x, T4 = Tg = —x in (3), we get

To(-9) 6o (~5) + (5)] +5[20 () + (%) + 49 ()]
—19(3)+39(=3)]+3[39 (=5) +9 (=) + 39 ()] -2 [29(~2) +g(z)]
=¢(v,-3x,z,—x,0,—2,T).
(26)
Setting 1 = x3 = x5 = w6 =, x9g = —3x, x4 = ¥y = —z in (3), we obtain
79(=7) =649 (=5) +9 (5)] +5[20(5) + 9 (=7F) + 49 (=5)]
—[29 (3) +49 (=3)] +3 [9 (=5) + 29 (=) + 49 (§)] -2 [29(—=) + g(2)]

=¢(z,-3x,z,—x,z,,—).

(27)
It follows from (26) and (27) that
3[29(=5) —9(35) 9 ()] +[9(3) +9(-3)]
=¢(x,—3z,z,—z,x, —x,x) — ¢ (zv,—3x,x,—x,,0,—T). (28)

With z by —z in (28), we have

3[20(3) —9(=%) —g@)] +[9(5) +9(-5)]

=¢(—z,3x,—z,x,—x,x,—x) — ¢ (—z,3x, —x,x,—T, —x,T) . (29)

It follows from (28) and (29) that
3[(9(=) =39 (5)) — (9(=2) =39 (=3))]
=¢(z,-3x,z,—z,z,—x,2) + ¢ (—x,3x, —x,x, —x, —,T)
—¢(—z,3z,—x,z,—x,z,—x) — ¢ (¢, -3z, 2, —x, T, T, —T) (30)

C ().
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Setting 1 = x3 =x¢ =27 =x, x9 = —3x, x4 = x5 = —z in (3), we get

) ]
l9(3) +9(=2) +9(=3)] +
23g(—x) +2¢9(x)] (31)

=¢(x,-3x,z,—x,—x,T,2).

Putting 1 =23 =24 =27 =, v2 = —3x, x5 = g = —x in (3), we obtain

T9(~%) —6[dg (=) +9(5)] +5[39 () +29 (%) +29 (~%)]
—29 (%) +3[59 (%) +29(%5)] —2[39(—x) + 2g(x)]

=¢(v,—3x,z,x,—x,—2,T).

(32)
It follows from (31) and (32) that
3lg(2) +9(=2) =g (5) —9(=5)] = lo(=2) +9(3) —9(=3)]
=¢(z,-3z,z,—x,—z,x,2) — ¢ (v, -3z, 2,2, —x,—x,T). (33)
With z by —z in (33), we have
3lo(=2) +9(2) —9(=5) —9 (3)] ~ lo(@) +9(~3) 9 ()]
=¢(—x, 32, —z,x,2,—x,—2) — ¢ (—x,3x, —x,—T, T, T, —T). (34)
It follows from (33) and (34) that
2 [(9(x) =3¢ (%)) + (9(=2) = 39 (=%))] +3lg(x) + g(~2)]
=¢(x,-3z,2,—x,—z,x,2) + ¢ (—x, 3z, —x, 2,2, —x, —)
—¢(x,-3z,z,2,—x,—x,2) — ¢ (—x,3x, —x, —x, T, T, —T) (35)

def
= Uy(x).
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Putting z; =24 =26 =27 =2, v2 = —3x, v3 = x5 = —x in (3), we obtain

T9(~%) —6[4g (=5) +9(5)] +5[9 (%) +9 (%) +29(-%) +39(-%)]
—[29(5) +29(=%) +9(-=2)] +3[29(-2) + 29 (-5) + 29 (§) +9(2)]
—2[g(—z) + g(—2x) + 2g(z)]

=¢(z, -3z, —z,x,—x,2,T).

(36)
Letting 1 = x4 = x5 =27 =2, x9 = —3x, x3 = ¢ = —z in (3), we obtain

T9(—%)—6[49(=5) +9(5)] +5[9(5) +9 (%) +29 (=) +39(-3%)]
—[29(3) +49(-5)] +3[29(-2) +g(-5) +49(3)]
—2[g(—z) + g(—2z) + 29(z)]

= d) (.T, —31', —X,T,T, —ZL’,LU) .

(37)
It follows from (36) and (37) that
3y >+9( 5) —29(3)] = lo(=2) — 29 (-3)]
= ¢ (z,—3z,—x,z,—z,z,2) — ¢ (r,-3x,—x,r, 2, —T,x). (38)
With z by —z in (38), we have
3lg(—=x) +9(5) =29 (=3)] — l9(x) =29 (3)]
=¢(—z,3z,z,—z,z,—x,—x) — ¢ (—x,3z,x,—x, —T, T, —T). (39)
It follows from (38) and (39) that
2[g(x) +9(=2)] =3[9 (5) +9(=5)] +2[9(5) +9(-3)]
= qﬁ(x,—?)x, —z,z,—x,z,x) + ¢ (—x,3x,x, —x,x, —T, —IT)
—¢ (z, -3z, —x,z,z,—x,x) — ¢ (—z,3z,x,—x, —x, T, —T) (40)

E Uy )
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Letting 1 = x9 =23 =24 =126 =, T5 = x7 == —2z in (3), we obtain
T9(3) =129 (3) +5[39 (=%) +49 (¥)] - [20(=3) + 9() + 49 (%)]
+3[29(x) + g(—2)] — 2 [39(z) + 49 (—5)]

=¢(v,x, 2,2, —2x,2,—2T).

(41)
Putting 1 =29 =23 =24 =26 =, x5 = x7 == —2x in (3), we get
79(3) =129 (5) +5[39 (=5) + 49 (%)] - [9(-3) + 69 (3)]
+3g(x) — 2 [3g(2) + 49 (- %)] (42)
=¢ (v, x,z, 22, 2,2, —2x).
It follows from (41) and (42) that
3[g(z) +g(=2)] = [9 (%) — 29 (%) + g(=)]
=¢(z,x,z,x,—2z,2,—22) — ¢ (x,r,x, -2z, 2,0, —2) . (43)
With —z in place of = in (43), we obtain
3lg(—z) +g(2)] = [9(5) — 29 (=) + 9(~2)]
=¢(—z,—x,—x,—x,2x,—x,22) — ¢ (—x,—x, —1, 2T, —T, —T,2T) . (44)
It follows from (43) and (44) that
5lg(=2) +9(@)] - [9(3) +9(-3)] +2[g () +9(-7)]
=¢(z,z,z,z,—2x,2,—22) + ¢ (—x, —x, —x, —x, 20, —, 2X)
—¢(z,z,z, -2z, 2,2, —22) — ¢ (—x, —x, —2, 22, —, —T,2T) (45)
= 0 (o).
Letting 1 = 2x, x9 = x4 = x5 =27 = —x, x3 == ¢ = z in (3), we get
—6[49 (§) +29(=§) +9(=5)] +5[20 (-3) + 9 (¥)]
—[29 (—*) + 49 ()] +3[20 (%) +49 (-5)]
~2[29(3) +9(-2)] (46)

= (;5(2337 —T, T, =L, =T, T, _:’U)
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Putting x1 =2z, 20 = x4 =16 =27 =

—x, x3 == x5 =z in (3), we obtain
—6[49 () +20 (=5) +9(=3)] +5[20 (=5) + 9 (¥)]
—l9(=3)+39(5) +9(=3)] +3[9(5) +39(=3) + 9 (5)]
~2[2 (%) + 9(~2)] 47)
= ¢(2z, —z,x, —x, T, —T, —T).

It follows from (46) and (47) that

3la(F)+9(=5) -9 -l9(-5) +9(3) -9 (-9)]

=o¢2x,—z,x,—x,—x,2,—) — O(20, —x, T, —T, T, —T, —T). (48)

With z by —z in (48), we get

3la(=5)+9(8) —9(=5)] -9 (3) +9(-1) —9(5)]

=¢(—2x,z,—x,x,x,—x,x) — ¢(—2z,x,—T, T, —T,T,T). (49)

It follows from (48) and (49) that

H) )] -b) -7 ()]

_¢(2$ -z, —T,T, )+¢( 2$7$7 —Z,T,T, —Z’,l‘)
—¢(2x,— x,x,—x,r,—x,—c) — ¢(—2x,x,—x, T, —T, T, T).
With § in place of z in the last equation, we conclude
3[9(35) +9(=5)] —[9(5) +9(-9)]
e iR b velmioRRERE)
65555 -5-5) -4 (w5 -£5-551)
L ws()

It follows from (45) and (50) that

sla@) o2 +6 9 (5) +a (5)] |9 (3) +9(-5)] = wat@)+205(2).
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It follows from (40) and (51) that
12[g(z) + g(—=2)] +9[g (§) + 9 (—5)] = Ua(x) +2Py(z) + 4U5(x)

T S3[(g(0)~% (2) + ((—2) — % (<2)]+ 15 [g(x) + g(—)
= Us(x) 4+ 2Uy(x) + 4U5(x)

(52)
It follows from (35) and (52) that
13[(9(0) =3 (5)) + (o(=2) = 3 (=5 ))] = 5%2(0) — Va(o) = 204 ()~ 45 x).
(53)
It follows from (53) and (30) that
2[g(x)-3¢ (3] = §w1<z)+ % [52(2) — Us(z) 204 (2) — 4T3 ()]
- T 1 def
g(x)-3g (5)2%[13\1/1(3:)“5%(3;)—3\1/3(95)—6\114(3;)—12\1/5(95)] Xy ().

With z by 3z and divided by 3 the last equality turns to

50(32) — g() = 3 (30). (54)

3
We shall use induction on n to prove
1 "L (3
0(3) — g = > T e ) (55)
k=1

Firstly, (55) is true for n = 1, since (54). Secondly, we make the induction
hypothesis that (55) holds for a certain n = m — 1. Then we have

1 m 1 1 el 1

2 g(B3") —g(z) = gm-19(3" 7 (32)) = 9(32) | + 59(32) — g(2)

3m 3
B 1"‘2‘:1 U(34(32)) Lo — Zm: W(35x)
- 3 k=1 3k 3 - k=1 3k ’

which completes the induction proof. Define T'(z) = lim %. Obviously,
n—oo

T(z) = lim 13"2)  Combining (24) and (55), we have that T'(z) exists and
n—oo

371
T(x) —g(x) = n(z).
Substituting the definition of g into the last equality gives birth to

T(x) = f(x) + f(0) = n(x).
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Finally, we verify the additivity of T'. By the definition of T', we get

7(0) = 1m 2C0) _g

n—oo 3N

So T is a solution of Eq.(2) in view of (23). Therefore T'(x) = T%(z)+1(0) =
T*(x) by virtue of Theorem 1, where T™* is additive. We prove that T is
additive. O

Applying Theorem 2, we shall derive the Hyers-Ulam stability of Eq.(2)
which is closely connected with the §-homogeneity of the norm on F*-spaces.
At the same time, we allow p,; (i =1,2,---,7) to be different.

Let X be a linear space. A non-negative valued function || - || defined on X
is called an F-norm if it satisfies the following conditions:

(n1) |lz|| =0 if and only if x = 0;
n2) |ax| = ||z|| for all a, |a| = 1;
n3) |z +yl < llzl + llyl;
n4) |lapx|| — 0 provided a,, — 0;
n5) |lax,|| — 0 provided z,, — 0.

A space X with an F-norm is called an F*-space. An F-pseudonorm (||z|| =
0 does not necessarily imply that z = 0 in (nl)) is called -homogeneous
(B > 0) if ||tz| = |t|®|z| for all z € X and all t € R. A complete F*-space is
said to be an F-space.

N N SN N

Corollary 1. Suppose that G is an F*-space and E a —homogeneous F'-
space (0 < B < 1). Given ;,6 >0 and p; < B3, if ¢ satisfies

[o(z1, 22, -+, w7)[| <+erfle [P +eallal[P2+- - - Fer|lze][P” (Vai € G), (56)
then there exists a unique additive mapping T: G — E such that
1T (x) — f(z) + (O] < Ad + e1 B[z || + e2Bol|a[|2 + - - - + e Br||l||P7
for all x € G, where

def 4
A2 (13ﬂ 15% + 3% + 6° 125> :
e (13 15+ 3746
e 4 x 3P
p, df__4xSm (135+155+3ﬂ+65+125),
788(30 — 3P1)
of  4x3P 1268
p, f __4x3% [3pz>< (135+155+35)+65+},
788(38 — 3P2) o>
of  4x3P 128
p, df __4x3% (13ﬂ+155+3ﬁ+65+>,
788 (35 — 3Ps) 2P
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9 % 3P 128
B, ¥ X% [zx <135+15f@+3ﬁ+> + (2p4+1) ><6’1 :
785(38 — 3P4) 2P

2 % 3P 128

By X7 [zx <135+15f@+3ﬁ+> + (2p5+1) ><6’1 :
785(38 — 3s) 2P

4 x 3Ps 126

Bg ¥ __~~° <135+15ﬂ+3ﬁ+65+>,

785(38 — 3Ps) 2Ps

def 4 x 3pP7 <

128
137 + 157 + 37 + 6° ><2P7+>.
785(38 — 3Pr)

2P7

By

When some p; is strictly less than 0, we may suppose that (56) holds for x; # 6.
And the domain of T is G\{0} instead of G. Subscript i of this corollary is a
positive integer from 1 to 7.

If f(z) is continuous in G, then T'(x) is linear.

Proof. Define g as above. Let any z; € G (i =1,2,---,7).
Firstly, we prove the existence of T. According to (56), we get that

16 (3" w1, 3" g, -+, 3"w7) || < 54e13"1 |2y |1 +23"P2 | ag|[P2 - - -+e73™P7 a7 [P

Since 0 <p, <f (i=1,2,---,7), we have

. ¢ (3711:17 377,1,27 e 53nx7) . _
lim || 2 I'< lim 3n6 + Z e iy cillzill | =o.

n—oo

Furthermore, by the method similar to the proof of Theorem 2, we infer from
(55) that

9(8"2) — g(a) = 3 L)

371
k=1

\11(3 x)

holds for any n € N, where V is as above. It is clear that E exits for
k=

every x € (G. Indeed, from the above, we can get

g@mx)  g@B"x) 1 [g(3™"(3"x)) n
”\113"+k w3
IR

k=1 k=n+1
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Combining (56) and S-homogeneity of the norm in E, we have
W1 (3%2)|
= ¢ <3kx, —3ktly 3ky, —3Fg 3k, —3Fg, Sk:c>
+¢ (—ka, 3htly, —3kg, ka, —3Fz, —3F gz, 3’“:1:)
—¢ (—3’%, 3k+1m, —3kx, 3’%, —3k:):, 3’%, —3kx>
—¢ <3k$, —3F 1y 3k, —3F g, 3k, 3k, —3’“:10) I
<|l¢ (3’%, —3ktly 3ky, —3Fg, 3k, —Sk:c,3kx) I
+||o (—Ska:, 3y, —3ky, 3Fx, -3k, —3F s, 3kx) I
+||@ (—3km, 3Ftly, —3ky, 3k, —3ky, 3y, —31%) I

+||o (3kx, —3k 1y 3k, —3Fg 3y 3k a, —3kx) [

<4

7
8+ 13" ||z||Pr + eo3F VP2 || ||P2 4 Z€i3kpi||x”pi] '
i=3
As in the above proof, we can get

7
105 (352) | < 4 |6+ 21371 a7 + £o30+ 00 g2+ Z‘fﬁm”x”m] |
L 1=3

i 7
105 (3%2) | < 4|6+ 13 1|27 + e3¢ VPz |z P2 + Zsz'3kpillxllpi] )
=3

3
[Wa(35 )| < 4|6+ 3™ |||t + £63"Po||z|Ps + £7277 x 3kp7Hg:Hp7]
=1

5
42 i (27 + 1) x 3Kz |7,
=4

w5 (3%2)| < 4

7

_ 1 _

8+ 213" ||+ ) g3 x %yyx”pz] :
1=2

Furthermore, for any m > n, m,n € N, we have

g(3mx) g3 x)|| T U(3ka) < || w(3k)
gm  3n - Z 3k = Z 3k
k=n+1 k=n+1




m
k=n+1

m

<y
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k=n+1

m
+ >
k=n+1

<y

1
g |11 (3 50, (35 2) -3 (35 0) 604 (2)-1205(3"2) | H
1
ET [13ﬂ2\|‘1’1(3k$)ﬂ + 1572 Ty (3F2) || + 362H\I/3(3k:1:)||}
1 B2 k B2 k
S [ 104+ 12% w5 (352 |

4X13ﬁ2 kp13 (k+1)p2f8 ’ kp; 3 .
e o ) R e R S L T

k=n+1 i—3
m B 7 -
4 x 15%

+ Z 3kﬁ2 78132 Elgkplﬁl ||pr1 + 523(l€+1 P20 H$Hpg + Z 513]6}71[31 Hxnpl
k=n+1 i—3 ]
m B -

4 x 3P , |

+ Z TN 613kp1/31||pr1 + 523<k+1)p2’31Hpr2 + ZEinpZﬁﬁHprl
k=n+1 L i—3 ]

4% 652

3
5o [Z eiB'Wl||:c||Pi+»s@3kmﬂ1||x||p6+572p751><3’w751uxnp1
i=1

5

T 2% 6% k
4 Z e &; <2Pzﬂl + 1) % 3kpib1 |||
k=n+1 Li=4
m i 7
4 x 127 _ 1
Z T 513kp161||pr1 + Zgi?)kplm % T |z |p1]
k=n+1 L =2
- i ___* [13% 4 15% 4+ 3% 4 6% 112% | &) x |Jo|
ot 3k(ﬁ2—p151)78ﬂ2
Aoz B2 B2 B2\ g2 B 127
- = - 1 2
+ Z 3k(ﬁ2 p2P31)78062 (13 1SS )3 O P23,

3
>
>

4 1252
g B2 B2 B2 =2 D
P _13 +15% 4+ 3% + 6% + ZMI] X e3 X ||z]|?s

€4 ||$||p4 B2 B2 B2 127 D4 B2
319(52 P455?8/32 _ 1372 +15"2 + 3 +2 B +2(2P1P14+1)6

55||$||p5 B2 B2 B2 127 D53 B2
3W2 W@g@ _ 13724157 4+ 3 +2 - +2(2P5714-1)6
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deg||z][Ps B2 B2 B2 B2 127
+ Z 3"0(62 p6B1) 78062 137+ 157 37 +6 +2p651

4 x exl|z[/Pr B2 B2 B2 B2 9p 12%
+ Z I 13% 4+ 157 437 + 6%2 4~ ).

Hence, {g(?)):x) } is a Cauchy sequence of E because of p; < § (i =1,2,---,7).

It converges to an element of E since F is complete. From (55), we infer

>, U(3kx)
Z 3k
k=1
exists for every x € G. Thus, by Theorem 2, T'(z) = lim (g 2 = lim w
= Tim £87) and it is additive. In addition, T(z) — f(z) + f(6) = > Litae)
follows from (55). Furthermore,
1T (e ) - f( ) FO)l

k:

o0
B 158 1 38 4 6B 1 198
<kz wx?&@, x 137 4157 + 37 467 +12°] x5
4
. S— ST C R T 125}>< % |||
+; 3k(B—p,) x 785 { TS O e x [l
oo
4 128
I N <13ﬂ+155+35)><3p2 6° + | x &9 x ||z|P2
;3k(ﬁp2)x7g,@ [ * +2p2 g2 x |||

+§:$ X 135+15ﬂ+35+6"+g X g5 % ||z||P3
— 3k(6-p3) x 788 9P;

X

o0
1 127
> x[4( 1374157 4 374 = ) 4-2(2Pa+1) x 6° Pa
+k PN [( 157+ 34 +2(2P1+1) x 67| e4|z||

5

o0
1 128
41(13%+15° & D B p
+k§1 YR X[ < 37+15" + 37+ o )+2(2 54+1) x 67| e5||x||s

- 4 198
—  x |13P 1159 430 467 + = Po
+; 3k(B—pe) % 788 8 { + T 9Ps x &6 Iz
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> 4 128
N S 3 B aB o @By opr 4 12 P
+k§1 ) e x |13° 4+ 15”7 +3° + 6 x 2P7 + o X e7 X ||z||

= A + g1 Br||z||Pr + eoBal|z |2 + - - - + e7 By ||x||P7

for all z € G.
Secondly, we prove the uniqueness of T. If U: G — FE is another additive
mapping satisfying

U () = f(x) + fO)]| < Ad + er B[z ||P + e2Balx||P> + - - + 7 Br |||
for all z € G, it follows from the last two inequalities that
|U(z) = T(z)| = %HU(HI) — T(na)]|
= %HU(M) = f(n@) + f(0) = T(nz) + f(nz) - f(O)]]
< %[IIU(W) = f(nz) + fO) + [T (nx) - f(nz) + f(O)]]

2
< W(Aé + 1B ||nx||Pr 4+ eaBa||nz||P2 + - - - 4+ e7Br||nz||P7)

A5 ElBl 8232 €7B7
— 92 P S P2 + o+
77/6 ’)’Lﬁfpl ||$H ’I’Lﬂip2 HxH ’I’Lﬁip7

Taking the limit as n — oo, we get |[U(x) — T'(x)|| — 0 since p, < B (i =
1,2,---,7). Asaresult, U(z) =T (x) for all z € G.
Finally, we consider the linearity of T'. If f(x) is continuous in G, then

To(x) = f(g:m) is continuous in G for any n € N. It can be seen that {T),(x)}

uniformly converges to T'(z) in each closed ball from the above proof. So T'(z)
is continuous. It concludes T'(x) is linear. Hence, the result holds. O

Theorem 3. The approximate remainder ¢ satisfies

lim 3"¢(3 "x1,3 "xg,--- ,3 "x7) =0 (Vr; €G,i=1,2,---,7) (57)

n—oo

d 3@ W) =) e B (Vo eG) (58)
k=1
if and only if the limit T(x) = lim 3"[f(37"x) — f(0)] exists for all x € G

and T is additive, where ¥ is as above. Moreover,

T(x) = f(x) + f(0) = n(z) (Vzeq). (59)
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Proof. Let g(xz) = f(x) — f(#). Note that by virtue of (54) we conclude by
induction that
g(z) —3"g(37"x) = Z 3F=1g(3~(FYg) (Ve e G and n € N).
k=1
O

Corollary 2. Suppose that G is a [3-homogeneous F*-space (0 < < 1) and
E an F-space. Given g; € [0,400) (1 = 1,2,---,7) and p; € (%,—l—oo) (1 =
1,2,---,7), if ¢ satisfies

[¢(z1, @2, -, 27)[| < exfle || + eal|we||P> + - - - + e7llar||P7 (Vo; € G)  (60)
then there exists a unique additive mapping T: G — E such that
[T(z) — f(z) + f(O)|| < erBil[z]|"r +eaBa|[x]|”2 + - - +erBrllz[P7  (Vz € G)

where
B def %’ By def ;1;2351’; (36p2+1 1 251p2> ’
B; % (7+23Ps + 25%5) . By m <4+ 2[31%) ,

def 4x3PP7 ( 8 1 )
B & 4x3% 20p7 4 L)
7 3ﬂp7_3 3 + + 25177

Especially, T(x) is linear under the condition that f(x) is continuous.

Proof. Existence: Let g(z) = f(x)— f(0) for any x € G. We may assume that

F-norm || - || is non-decreasing. If not, by [8, Theorem 1.2.2 |, there exists a
norm ||| - ||| equivalent to the original norm || - ||(i.e. 3 A, p such that Al|| - |||
< |- <plll-]||) and it is non-decreasing. Furthermore we choose the above

i which is as small as possible. Then
[¢(x1, @2, -+ w7)[| < ezl + eaf|walP2 + - - + evllar |7
< p|ealllzallfPr + eall|lz2ll[P2 + - 4 el a7ll[7| -

According to the conditions of Corollary 2, we conclude

7
163" 1,3 "wa, -+ .3 ar)|| < Y &3 a7
i=1
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Since p; € (%,4—00) (t=1,2,---,7),
7
lim [|3"¢(3 "x1,3 "xa, -+, 3 "ag)|| < lim Y 370Dz )P = 0.
=1

From the proofs of Theorem 3, we get

g(z) —3"g(37 "x) = Zn:Bk’l\Il (3’(]“*1):5) .

k=1

As in the proofs of Theorem 3 and Corollary 1, we can achieve that

i gk-1g (3—(k—1)x)

k=1

exists for every x € G. Combining the definition of ¥y (z) and (60), we obtain
W1 (3~ Va)|
H¢( (h=1), _g=(h= 2)x73—(k—1)x’_3—(k—l)x’3—(k—1)x7_3—(k—1)$,3—(k—1)x)
@f)( 3~ U) p g(k2) . _g—(k-1) ) 3~(k1) ;. _3~(k1) . _g3(-1) ), (k1) )
_ ¢< k1) g 3k2) . g~k 3=(k1) . 3(k-1) . g3—(k-1) 3—<k—1>x)
_(;5( 1)y, _g—(k2) (k1) _g—(k-1) . 3~(k) . 3~(-1) ), g3—(k-1) )H
< H(b(3—(k—1)x’_3—(k—2)x’3—(k—1)x’_3—(k D g 3~ _3~(k1) . 3(k-1) )H
+ ||q5(—341671)3:,3{’“72)x,—?f(k*l)x,?f(k*l)x,—3*(1“1)x,—S%kfl)x,S%kfl)x> I
+ ||<b(—3_(k_1)33,3_(k_2)33,—3_(’“_1)x,3_(k_1)x,—3_(k_1):n,3_(k_l):v,—3_(k_1)a:> I

+||¢>< 1)y, _gk2) . 3~(k1), _3~(k) . 3~() pp g(k1) . g—(k-) )H

7
<4 lglg(kl)ﬁplnx”pl +€237(k72)5p2Hpr2 + Zgig(kl)ﬁpi”mei] )
i=3

As in the proof of the above, we may follow

w2 (37 a)|

7
- [813(“””1 ol + 2236 s Z€i3<’“1>ﬂpir\x\|p"] |
=3
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(k—
W33~ ¢ V)|
i 7
< 4 e 37 R0 |1 4 £93~ (F=2)8Ps || 5|72 + Z€i37(k71)5pi [Eale
L =3
124 (3~ *Va))|

<4

w

Z —(k-1) ﬁpZHx”m 2/3177 X 3*(/?71)517757“1,‘“1”7

=1
1=6

5

+2 302 4 1)eim D o,

H\I, ( (k1) )H <4 [513 (k= lﬁlev’Ule +ZEZ

1=4
7

k— i i
2Bp s chHp]'

As a consequence,

AN

HT( ) — f(z) = fO)]

H Z?ﬁ (370 0a) | < 23’“ I (30 0a))

> 3’“‘1!!%[13\111(3—““—1)3:) +15W5(37 " Va) — 305(37 " Va)
k=1

6W,4(3~*Dg) — 12053~ ¢ D))

S35 030 a) | + [ wa(3- 4 Va)| + | wa(37 ¢ Da)|
» 3kt [”\1’4(3_(’“_1)%)“ + ||‘1’5(3_(k_1)$)“]
k=1

oo
23—(k—1)(ﬁp1—1) X 4 x beql|z||Pr

o

1
Z 3=(k=1(Br2—1) o 4 % [3ﬁp2+1 +1+ ] gal|x|P2
k=1 2

1
23 (k=1)(Bps—1) w 4 % |:4+ 2/3:| 53HprB
k=1
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k=1
00

1
4 ZS (k=1)(Bps—1) & 9 « 7—1—25175—1- 1)>55||~"3”p5

_ 1
+ 23 (B0 5 2 (7+2f’p4+ 1)>84||x||p4
k=1 (

o

+ ZS (k=1)(Bps—1) » 4 x [4—1— ]ﬂi”xup6

k=1
00

o B 1
4 23 (k=1)(Bp,—1) X 4 % (3 + 25177 + 25p7> 57Hpr7
k=1

= abBiz|" + e2Baz|P> + -+ - + 7 Br x|
Uniqueness: The proof of uniqueness is similar to the proof of Theorem 2,
so we omit it.

Linearity: As in the proof of Corollary 1, it can be followed that T'(z) is
linear under the assumption that f(x) is continuous. O

Finally, we investigate the case of By < p; < é (0 < B1,02 < 1,1 =
1,2, ,7).

Corollary 3. Suppose that G is a B1-homogeneous F*-space and E a [a-
homogeneous F'-space. Given ¢; > 0, fa < p; < % and p; # % (i =
1,2,---,7), if ¢ satisfies

[¢(z1, 22, -, 27)[| < erl|a|[Pr + eaf|wa|[P2 + - - - + e[|z ||P7 (61)
(Vo € Gi=1,2,---,7),

then there exists a unique additive mapping T : G — E such that
[T (x) = f(z)+ f(O)|| < erBil[z]|"r +e2Ba|[x]|”> +- - - +e7Brl|lz||PT (Vz € G).

When p; < 2 (i=1,2,---,7), we have

b1
4 x 3p1h
B <2 (13% + 15% 4 3% + 6% + 1),
7802(3P2 — 31’161
A 5 3P 1272
p, ®__ X9 32 x (137 4+ 15% +3%) 1+ 6%+
7852 3ﬁ2 _ 31’261 2p2P1

4 3p3ﬂl 1262
R —a 13% 4 15% 4 3% 4+ 6% 4+ ,
7802(3P2 — 3p361 P3P
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%3Pl 1962
B4 def X 13/62 + 1562 + 3ﬁ2 + + (21)461 + 1)6/62 ,
7802(3P2 — 3paPr) op4f1
D50 B
Bs def 2% 3PsP1 1352 N 1552 +3,@2 4 127 12°P2 n (21)551 + 1)652 ’
7802 (302 — 3p5ﬁ1 P51
def 4 % 3p6ﬁ1 12ﬁ2
B 1382 4 1502 4 372 662
6 7852 (302 — 3PP + + + s |’
def 4 x 3prh 3 61 1952
1302 11 552 302 4 P2 « 9Py .
4 7802 (302 — 3p7ﬁ1 + + x + op7 01
Whenpl>ﬁ2 (i=1,2,---,7), we have
Bip
def 9030171 def 4x37tP2 Bipo+1 1
B = B = —-— 1Pg 1
L™ 36ipy 36y 2 361p2_3062 (3 + +261p2 ’
Bip 2
def 4x3P1P3 < 1 ) def 2 x 371Pa B1p4
B3 N 3%1P3 _362 4+ 2B1p3 ’ B4 o 351?4 _362 T+2 t b, 2511’4

Bs def 9x3P1ps <

B1p
3P1P5 3682 P1ps 3P1ps _ 352 2B1pg

def 4x3P1r7 Bip )
By LA (34 ghn 4 L)
Especially, T(x) is linear under the condition that f(x) is continuous.
Proof. Let g(x) = f(x) — f(0) for any = € G.
At first, we prove the case ofpi<% (i=1,2,---,7).
Firstly, we prove the existence of T. According to (61), we get that
¢ (3" 1,32, -+, 3"27) ||

< e13"P1 P |z |[Pr + 2937201 || ||P2 + -+ 4 £73"P7PY g P

Sincepi<% (i=1,2,---,7), we have

7

. ¢(3n$153nx25"' 73n‘r7) 1 . ||Pi —
lim || I < nlgl;oz sy cilleill”™ = 0.

n—oo 3n

Furthermore, by Corollary 1 we have




The additive approximation on a seven variable Jensen equation 143

o0 k
holds for any n € N, where W is as above. It is clear that % exits for

k=1

every x € G. Indeed, from Corollary 1, we can get
g(3"z) g(3"r) _ ~ ¥(3'z)

gm - 3n Z 3k

k=n+1

Combining (61) and (;-homogeneity of norm in G, we have
191 (3%2)|
<|l¢ (3’“:[:, —3M g, 8%, —3Fx, 3%, —3x, 3%) |
+ ¢ (—3’%, 3k+ly —3Fx, ke, —3Fx, —3Fz, 3%) I
+ ¢ (—3kx,3k+1x, 32, 3%, —3Fx, 3%, —3’%) [

+ |l <3km, —3k 1y 3kp —3Fg 3P, 3ky, —3’“3:) I

7
<4 [513’“p1ﬂ1 ][Pr + a3 FDP2BL ||| |P2 N " g 3kpil qupi] :
1=3
As in the above proof, we can get

7
[05(352)]) < 4 |13 05 2|1 1 30+ 0Pt e 4 37 c bt ‘w”pzl |
L 1=3

r 7

105 (3%2)|| < 4 |£13 1% |z|[Pr 4 230 HDP5 | [P2 4y 7 e3hPilh lelpi] ,
L i=3

(3

“\114(3%)” <4 Zgigkpiﬁl Hx‘|pi+€63kp6/61Hx”p6+€72p7ﬁl « kP [k

Li=1

5
_,_2252. <2Pi/81 + 1) « 3kpif1 ||x”pi7
1=4

W5 (3%2)] < 4

7
1
Al + 3 e x ||xup] .
1=

Furthermore, for any m > n, m,n € N, we have

g(3mx) g3 x)|| T U(3ka) < || w(3k)
gm  3n - Z 3k = Z 3k
k=n+1 k=n+1
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m

-2

=n-+
m

=S

k=n+1

m
p>
k

Shuxiang Shan and Jian Wang

3k78 [

130 (3F2) 415U, (3% 2)—3W5 (3% 2)—6 W, (2)—12W5 (352 )]H

1

S | 132101650+ 15% [0 (340) | + 3% | wa(3%)

1

S [ 104+ 12% w5 (352 |

4 x 13% 7
W [813]@151 ||;U||p1 + 523(k+1)p251 ||Jj”p2 + Z Eigkpiﬁl ”prZ]

k= i=3
m r 7 -
4 x 157 ‘ ,
+ Z W 813]617151 Hprl + 523(164*1)117251 ||x||p2 + Z Eigkplﬁl ||$le
k=n+1 L i—3 ]
m r -
4 x 3052 | ,
+ Z W 813kp151”l'||p1 +523(k+1)102ﬂ1||x”p2 _’_Zgi?)kpzﬂlanpz
k=n+1 L i—3 ]
m 3
4 % 672 _ ,
+ Y FEen [Z 3P [P+ 237584 [z Po - ep 277 ||:c|r”7]
k=n+1 i=1
m [ 5
2 x 6% , . _
+ Z T w755 £; (szﬁﬁ + 1) % 3 m&Hprz
k=n+1 li=4
m i 7
4 x 1202 k 1
- 6 . k 7 03
+ Y s |3l + Y a3 x ||p]
k=n+1 L =2
= 4
= B2 B2 B2 B2 B2 p
kz 3k (Ba—p15y) 7805 [13% +15% 4 3% + 6% 4 12%| x &1 x |2}
n
4 X g9 X ||z||P2 1202
13052 B2 ﬂz) D23, B2
+ Z 3K 78 ( S A R L vy

3
>
+i

4 1252
B2 B2 B2 B2 4, —2 .
3k(B2—p3B) 78062 _13 ST A S AT 21’351} x €3 Xz
€4 X ||pr4 B2 B2 B2 127 D48 B2
319(62 PBTsh | 1372+15"2 + 3 —|-2 B, +2(2P17141)6
€5 X Hpr5 B2 B2 B2 127 D50 B2
3’9(32 P Ts% | 1372+15"2 + 3 —|-2 ") +2(2P57141)6
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4 x gg x ||z||Ps B2 B2 B2 B2 12%
+ Z 3kﬂ2 —psB1) % 7862 137+ 157 37 +6 +2p651

4 x g7 x ||z||P7 B2 B2 B2 B2 2 12%
7
+ Z G x 757 1372 41572 4372 4 672 x 2 * |

Hence, {M} is Cauchy in E because of p, < % (i=1,2,---,7). It

3n
converges to an element of E since F is complete. From (55), we infer
2. W(3Fx)
Z 3k
k=1

exists for every x € G. Thus by Theorem 2,

T(xz) = lim 9(3"x) — lim 9(3"x) + f(6) ~ lim f(3"x)

and it is additive. In addition, T'(z) — f(z) + f(8) = > Y& follows from
k=1
(55). Furthermore,

1T () — f(z) + f(0)

[e.e]

p
< Z 4xer X Hx” ! [1352+15ﬁ2+3ﬁ2 —|—6'62—}—1262}
k=1

(/62 _plﬁl) X 78ﬁ2

(o)
4 X g9 X 2
+Z €2 Hl'H [(1352 + 1552 + 3ﬂ2> « 3}7251 + 652 +

1252
3k(B2—p2B) 7862 ]

P23,

[e.e]

4 x g3 X ||x||Ps Ba Bo | aBe | @b
+Z 3k‘ (B2—p3B) X 78ﬂ2 AR

1252
9op33; }

eq X [lzPs G2y 1rBa o afa, 127 pify 8
+Z3kﬁ2 RN 4 (13724157 + 3%+ —— | +2(271+1) % 6

2p4 1

192062
+Z & x |l [4 <13ﬁ2+1552 +3%

P53 B2
3k B2—=ps1) 78052 P55 > FALZTAL) X6 }

. 4 xeggx ||x||Pe
+> [1352 +15% 4+ 3% 4 6% +

1262
— 3k(B2—peBy) « 7862 :l

P63
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+§: 4 x g7 x ||z||P 1352 4 15P2 4 362 +6ﬂ2 « 9P75, 4+ = 127
3k B2—p7B1) x 7802 9p76,

= elBlllaﬁllp1 +eaBafjx][2 + - - + er Br[x]Pr

for all x € G.
Secondly, we prove the uniqueness of T. If U: G — FE is another additive
mapping satisfying
1U(z) = f(z) + fO) < erBullz|Pr + e2Ba|z|[2 + - - + &7 Br||z[|*7

for all x € G, it follows from the last two inequalities that

|U(z) = T(2)| = % |U(nz) = T(nx)|

_ E%;HLMnx)——f(nx)+-f() T(nz) + f(nz) - f(0)]

1
< 5 [U(nz) = f(nz) + f(O)]| + | T(nx) — f(nz) + f(0)]]]
2
< %(51]51”7%”101 + e2Bo||nx||P2 + - - - 4 7 Br|Inx||P7)
_ _abBr ﬂ P _erBr
= 2 nﬁ2—p151‘|$” ' nB2—p26; H ” ‘t + nﬁ2—p7/@1”x” ’

Taking the limit as n — oo, we get |U(z) — T'(z)|| — 0 since p; < gf (i=
1,2,--+,7). As aresult, U(z) = T(z) for all z € G.

Linearity: If f(x) is continuous in G, then T, (x) = ! (gzz) is continuous in G
for any n € N. It can be seen that {7}, (=)} uniformly converges to T'(z) in each
closed ball from the above proof. So T'(z) is continuous. It concludes T'(x) is

linear. Then, we give the proofs about the case of p; > % (i=1,2,---,7).

Existence: Similar to Corollary 2, we may assume that F-norm || - || of E is
non-decreasing. According to the conditions of Corollary 3, we conclude

7
|63 1,3 "z, -+ 37 )| < D7 &30Py

=1
Sincepz>gi (i=1,2,---,7),
lim [|3"¢(3 21,3 "xa, -+, 3 "ar)|| < lim ZE 3n(Bipi= ) | P — 0,
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From the proofs of Theorem 3, we get

n

g(x) —3"g(3"x) = ZBk_llll <3_(k_1)x> .

k=1

As in the proofs of p; < % (i=1,2,---,7), we can achieve that

i 3k—1yy (37(1@71)37)

k=1

exists for every « € G. Combining the definition of ¥;(x) and (60), we obtain

19, (3~ V)|
||<f>< (h=1), _g~k2) (k1) _3~(k=1) ;. 3~(-1) . _ g~(k-1) . (k1) )

+¢( 3= U1)  g(k2)p, _g—(k1) 3~k 3 ~(k-1)p, _ 3(k-1), g—(k= 1))
_¢< 1) g g(k2) . _ g~k 3~{k) 3 ~(k1) pp g(k-1) . g—(k-1) )
¢(3—(1c 1):1: _g—(k= 2)333 —(k— 1)96 g~k 1)$3—(k 1):63_04; 1):6 _3- k1))||

< |l¢ (3{’“71)95,—3%]“72):6, 3~y g~y g=(k=1)y 3= (k=1)p 3*(16*1)37)”

+H¢<—3_(k_l)a:,3_(k_2):n, 37kl gkl 3kl gkl 3_(k_1)$)||

+H¢( 1)y, g(k2) _g~(k1) g—(kl)y, _g~(k-1), 3~(k-1) —3*(’“*%)]]

16 (374, —3(k 2y, 3y, gty 3ty 3y _g=(mhg))

7
<4 [513—(k—1)ﬁlpl [|||P1 + 23~k 2B1P2 || 1 ||P2 +Z ;3 (k-1)Brpi ”x|pz] ’
i=3

As in the proofs of the above, we may follow

w2 (3~ Da))|

7
< 4 |37 BBy || ||Pr 4 293~ B2z |z ||P2 + ZEZ.?)_(k?_l)Blpi”pri ’
=3 i

[W5(3~F D))

< 4 |37 BBy | ||Pr 4 93~ (B 2)51p2‘|x”p2+253 (k=181 || p||Pi |
1=3 .
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3
||\p4(3—(k—1)x)|| <4 Zgig—(k—l)ﬂmuxnpi + 261p73—(k—1)ﬁ1p757Hx||p7

i=1
1=6

5
F2 (0P 4 Dey B o,
=4

7
|5(3~ ) | < 4 [513—<’f—1>%||x||p1 sz
1=

_— g=(k=1) Blszprz] ]

As a consequence,

I7(2) - f() rfuz?f/ tw (37¢Vz) |
> st (376 0g) |

k=1

8

IN

= ng 1)52” (1391 (37 k=D z) + 1505 (3= * D) — 3w5(37 V)

— 6\1!4(3 k=D z) — 12053~ *=D )]

< 303008 [0y (37 D) | + s34 Da))| + |ws(3~ V)|
k=1

£y a3 )| 4 (3 Va)| |

IN

¢ TN I I T4 T

3=k=DBp1=B2) 5 4 % 5ey ||2||Pr

1
4= (k=1 (Bipy—B2) 5 4 ¢ [3ﬁlp2+1 F14 ] EE
2/6 Py

3—(16—1)(51273—@ w4 x

} sl

3= (b=D)(Bips—52) 9 5 (7 4 20P1 4 2 eqz||P4
281p4

2
" 23—(k—1)(ﬁ1p5—52 x 2 x [ 7+ 2%Ps + > es||z[|Ps
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o0 1
—(k=1)(B1pg—P2)
+ E 3 6 X4X[4+2ﬁ1p6

] sl
k=1

o

1

£y 3 Dm6) g (3 + 201pr 4 25%) erllz|P7
k=1

= abBiz|" +eaBollx||”2 + - - - + &7 Brllz|P7.
Uniqueness: If H: G — FE is an another additive mapping satisfying
[H(x) = f(x) + f(O)|| < e1Billx]["t + eaBa|[z|[” + - - - + e7 Br||=[|*7

for all x € G, it follows from the last two inequalities that

|H (@) = T(@)l| = n*|U(5) - T()]
= SI0E) = 1E) 450 -TE) + £5) - £
< = [IWE) = 1)+ 1OI+ITC) - 15 + 1 @]
2
<

X X X
= (e B2 |71 Bol|Z||P2 4 ... B-|| = ||P7
B |P + 2Byl S|P 4+ 1Byl =)

= 25131n(62_p1’61)||$|\p1 + 262327?(’62_1?261)”43”])2
+ - 4 267 BB P | P

Taking the limit as n — oo, we get ||H(x) — T'(z)|| — 0 since p, > % (i=
1,2,---,7). Asaresult, H(x) =T (z) for all z € G.

Linearity: If f(x) is continuous in G, then T),(z) = 3" f(37"x) is continuous
in G for any n € N. It is easy to see that {T},(x)} uniformly converges to T'(z)
in each closed ball from the above proof. As a result, T'(x) is continuous. It
concludes T'(z) is linear. O

Remark 1. Let G, E, ¢;, §, p; be as in Corollary 3 and p; < % (1=
1,2,---,7). If ¢ satisfies

[¢(@1, @2, -+, 27)[| < 0 +exl|m]|Pr + eallwaP> + - - - + 7w |7
(Vx; € G,i=1,2,---,7) then there exists a unique additive mapping T': G —
FE such that
1T ()~ f(2)+f(O)| < Ad+erBal|z||+eaBa|z||P2+- - -+er Brllx]|P” (Vo € G).

def 4

A= m(13ﬂ2+1552+352+652+1252) and B; (i =1,2,---,7) are

the same as the corresponding part of Corollary 3.
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Remark 2. Let G, E be as in Corollary 3 and f as in Theorem 4. Then
B2 B2 B2
l¢(a1, @, -+ 7)]|2 < 587 (Hfﬁl”fl +lzallft -+ ||ﬂf7||1ﬂl)

for any x; € G,(i=1,2,---,7), but

[

for each additive mapping 7': G — F.
Rassias and Semrl [12] have constructed a function

sup =00

FiR = R(f(z) © 2logy(1 + |z]))

to show that the functional inequality

1z +y) = f(@) = FW)Il < (=]l + [lyl)

does not have Hyers-Ulam stability. By virtue of their method, we give a
counterexample.

Theorem 4 The function f: R — R defined by f(x) ey xlogy(1+|x|) satisfies
the inequality

’¢<1‘171’27--' 71.7)’ < 58(|Z’1‘ + ’1‘2| +eeet ’1’7|) (Vl’z ER, i = 1727"' 77)
f(z) —T(x

but
sup{ . ()‘:xGR\{O}}:oo
for each additive mapping T: R — R.

we can apply the same argument as in [5].

Remark 3. Let f be as of Theorem 4.
(i) IfG = (R,|-||1) with the Euclidean metric ||-||; = |-| and E = (R, ||-]|2)
with the S-homogeneous norm || - || = | - |%, then

lo@s, @, s @r)lls < 58% (laallf + aall] +- - + )

(Va; € G,ii=1,2,---,7), but
. { If@) = T@)l R\{O}} .

[l

for each additive mapping 7': G — FE.
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(i) If G = (R,| - |j1) with the S-homogeneous norm || - ||; = |- |? and

E = (R, |- ||]2) with the Euclidean metric || - || = | - |, then

1 1 1
|61, a2, - 27) < 58 (Hm\lf T leall} -+ uw)
(Vo € G, i=1,2,--,7), but

ap W@ =T@l ol

[EIH

for each additive mapping 7': G — F.
(iii) If G =E = (R,]-||) with the 3-homogeneous norm || - || = | -|%, then

p(z1, 22, -+, 27)|| < 58°(|laa||+ |22l +- - +|z7l]) (Vo € Gri=1,2,---,7),

but
-T
sup{ 7“%) . (2) cx € R\{O}} = 0
for each additive mapping 7': G — FE.
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