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Abstract. Some results about the existence of multiple positive solutions for a singular

three-point boundary value problem system are obtained by using the fixed point index.

1. INTRODUCTION

In this paper, we study the existence of multiple positive solutions of the
three-point boundary value problem system

a4+ Aay (t) f1(2(t), y(t) =0, 0<t <1,
y" + Aaa(t) f2(2(t),y(t)) =0, 0<t<1,
2(0) = 0= z(1) — arz(m),
y(0) =0 =y(1) — azy(n2),
where A > 0 is a parameter, aj,as : (0,1) — (0,00) are continuous, fi :
(0,00) x [0,00) — (0,00) is continuous, fa : [0,00) X (0,00) +— (0,00) is
continuous, ay,as € [0,1), n1,m2 € (0,1).

The multi-point boundary value problems for ordinary differential equations
arise in different areas of applied mathematics and physics. During the last
ten years finding solutions, especially positive solutions, to the multi-point
boundary value problems has been actively pursued and significant progress
has taken place, see [1,4,6,11,12,13,14,16] and the references therein.

In recent years, there were some papers considered the existence of solutions
for the two-point boundary value problem system, see [3,8,9] and the refer-
ences therein. For example, Agarwal and O’Regan [9] studied the two-point

(1.1y)
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boundary value problem system

u” + f(t,0(t) =0,
v+ g(t,u(t)) =0, a.e. t € [0,1],
au(0) — B1u/(0) = 0, yu(l) + 612/(1) = 0,
azv(0) — Bav'(0) = 0, y2v(1) + d20'(1) = 0.

(1.2)

By using Leray-Schauder theory, Agarwal and O’Regan obtained some exis-
tence results for solutions for the two-point boundary value problems system
(1.2).

However, to the author’s knowledge, there is fewer papers considered the
existence of multiple positive solutions for multi-point boundary value prob-
lems system. To cover up this gap, by using the fixed point index method we
will give some existence results for multiple positive solutions for the system
(1.15). The system (1.1)) is a singular boundary value problem system since
the nonlinearity aq(t)fi(z,y) is allowed to have singularity at ¢ = 0,1 and
z = 0, and ax(t) f2(z,y) is allowed to have singularity at ¢t = 0,1 and y = 0.
Singular differential boundary value problems arise in the fields of gas dynam-
ics, Newtonian fluid mechanics, nuclear physics, the theory of boundary layer,
nonlinear optics and so on. The readers may refer [2,5,7,15] for some recent
results on singular differential boundary value problems.

Lastly, we should point out that, the system (1.1,) can arise from the study
of positive radial solutions of some elliptic boundary value problems system
in an annulus Ry < |z| < Ry in RN, N > 2, namely, the following systems:

Au+ Aai(|z]) f1(u,v) =0, R < |z| < Ra,
Av + Aaz(|z|) fa(u,v) = 0, Ry < |z| < Ra,
U(R1) = ”U(Rl) =0,

U(RQ) — alu(Rg) = U(RQ) - OéQU(R4) = 0,

(1.35)

where R; < Rg < Ro, R1 < R4 < Ry. Therefore, the results of this paper can
apply to the study the existence of positive solutions of the system (1.3y). To
the author’s knowledge, no one has studied the existence of positive solutions
for the systems (1.3)).

2. SEVERAL LEMMAS
Let us list some condiltions to be used in this paper.
(Hy) v = / s(1 —s)(ai(s) + az(s))ds < oo.
() filey) = 0() + ha(ey), (5.9) € (0,00) % [0, 00),

f2(x7y) = 92(y) + h2(x>y)7 ('%3/) € [0,00) X (0700)7
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where ¢1, g2 € C((0,00), (0,00)) are non-increasing,
hi,he € C([0,00) x [0,00),[0,00)), and there exists Ry > 0 such that

T od Yo d
AR L in (/ s +/ 5y s,
(z,9)€DRry Jaqz 91(8) gy 92(8)
where D, = {(z,y) € [0,00) x [0,00)|x +y = Ro}.

Let E = C]0,1] be the usual real Banach space with the norm |z| =

m[gul(] |z(t)|, and P = {x € E|x(t) > 0 for t € [0,1]}. Then P is a cone of E.
te

Let EA = E x E. For any (z,y) € E®, let

Gz, o)l = Mzl + llyll
Then E? is a real Banach space with the norm ||(-,-)|. For i = 1,2, let

Qi = {x € Pla(t) = ||z[lei(t) for ¢ € [0,1]},

where )
—mt7 t 6 [0’ 777/]7
ei(t) = 2—omi — oy
: il —aing) = A —ai)t] 1]
) 1y *

2—aum — o
Then @ and Qs are cones of E, and Q® = Q; x Q2 is a cone of E2.
Now for i=1,2, let us define the linear operator K; : P — P by

4 1 1
— [ Gy, s)ai(s)z(s)ds, t =mn;,
m 1- 041771/0 01

(K;z)(t) = 1 G[O m](ta s)ai(s)z(s)ds + (K; m)l( i) — ; t € [0,m]
[ Gt an(s)ao)ds + () =2,

i i
t € [mi, 1],

where

_J 1-t)s, 0<s<t<1,
G[O,l}(us)_{ t(l—S), OStSSSL

n s, 0<s<t<m;,

)

(1-
Glom(t,8) = { t(l—nlts), 0<t<s<u;

(1— ,L) (1—t)(8— Z’), igsgtﬁl,
Gyt 8) = { (1— Zi)_l(t —n;)(1 —ns), Zz <t<s<l.

Let N be the set of all positive integers. For each n € N and i = 1,2, let
us define the operators Fj, : PA P, Ay, - P2 Pand A, : P2 — P2 by

Fin(z,y)(t) = fi(z(t) + 0~ y(#)),t € [0,1], (z,y) € P,
an(x,y)() f2( () ()+n 1),t€[0,1],($,y)EPA,
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Aln(‘ruy) = KlFln(ifay)yA%(l}y) - KQFZn(wvy)a (xuy) S PA?
and
An(%y) = (Aln(x7y)’A2n(m’y))v (ﬂf,y) € PA: (21)

respectively.
For each R > 0 and i = 1,2, let

Hi(R) = sup{hi(z, )0 <2 < R+1,0 <y < R+ 1},

H;(R)

i(R) =14+ ————

pilR) 9i(R+1)

In the same way as the proof of Lemma 8 of [15], we have the following
Lemma 2.1.

Lemma 2.1. Suppose that (Hy) holds. Then

1 2
lim t/t (1—2s) Zai(s)ds =0

+
t—0 im1

and

¢ 2
li 1—1¢ i(s)ds = 0.
tfiaf( )/0 sga(s) s

By direct computation, we have the following Lemma 2.2.

Lemma 2.2. Suppose that (Hy) holds, and h € P. Then for i=1,2, w;(t) is a
solution of the three-point boundary value problem

{ w! + a;(t)h(t) =0, 0<t<l,
w,(O) =0= wi(l) — aiwi(m)

if and only if w;(t) = (K;h)(t) fort € [0,1].

Remark 2.1. For the proof of Lemma 2.2, the readers can also refer Theorem
5 and 7 of [16].

Lemma 2.3. Suppose that (Hy) holds. Then K; : P — @Q; is a completely
continuous operator fori=1,2.

Proof. We only show that K; : P — ()1 is a completely continuous operator.
In the same way, we can show that Ko : P — ()2 is a completely continuous
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operator. For any = € P, let y(t) = (Kyz)(t) for t € [0,1]. It follows from
Lemma 2.2 that y € C[0, 1] satisfies
{ y'(t) + a1 (t)z(t) = 0, 0<t<l,
y(0) = 0=y(1) = cry(m).

Thus, y is a concave function on [0,1]. Since the graph of the function y passes
through three points (0,0), (m1,y(n1)) and (1, a1y(m)), then

1—og 1—am
— t t 0

y(t) <
ay@h% te [7717 1]
I—aim+1—-o
1 y(m), te[0,m]
< -
= 1
7y(771)> te [7711 1}
m
and so
m(l—m)
y(m) > —lHyH-

2—am —«
Since y is a concave function, we have for ¢ € [0, 1],
t m — t

y(t) =y m+ = —0)

t m — t

n*y(m) + ; y(0)

A ! (2.2)
—y(m)

m
inynt
2—aim — o

v

Y

and for ¢ € [n, 1],

y() =yl

1
= y(m)

1
m[(l —am) — (1 —a1)i
2—aim—o

By (2.2) and (2.3), we see that K7 : P — Q.
Now we shall show that K; is a completely continuous operator. The con-
tinuity and the boundedness of K can be easily obtained. Let 2 C P be a

> lyll-
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bounded set of P and L a positive number such that ||z|| < L and ||Kiz|| < L
for all x € Q. For any € > 0, by (H;) there exists §; > 0 such that
o1
Glom(s,8)ai(s)ds < e. (2.4)

Since Go,,1(t, s) is uniformly continuous on [0,71] x [0,7:], then there exists
0 < § < e such that for any t1,t2 € [0,11) with |t; —ta] <6

/6 " Gloum(£1:5) — Gioup (F2, 8)|ar (s)ds < <. (2.5)
Using the fact that G[O,m](t, s) < G[Om](s,s) for (¢,s) € [0,m1] x [0,m], by
(2.4) and (2.5) we have for t1,t2 € [0,m1] with [t; — ta] < 9,
[(Kaz)(t2) — (Kiz)(t)] < (Klgi)(m)nfl\tz — t1]
‘L /0 Gioum (12 5) — Cloumy (2, ) ar (s)ds

01
< Ly ta — 1| + 2L/ Glom (8, 8)ai(s)ds
0

m

+L/5 ’G[O,m](tlv S) — G[O,m}(t% s)]al(s)ds
1

< Lyt +3)e

Thus, K1(2) is equicontinuous on [0,7;]. Similarly, K;(€2) is equicontinuous
on [, 1]. According to Ascoli-Arzela Theorem, K1 () C C]0, 1] is a relatively
compact set, and so K7 : P +— ()7 is a completely continuous operator. The
proof is completed. O

By Lemma 2.3, we have the following Lemma 2.4.

Lemma 2.4. Suppose that (Hy) holds. Then A, : P® — Q® is a completely
continuous operator for each positive integer n.

Lemma 2.5. Suppose that (Hy) and (Hsz) hold, A > 0, Ry > 0. More-
over, for each n € N, \A, has at least one fixed point (xy,y,) such that
|(n, yn)|| < Rx. Then the set {(xn,yn)|n € N} is a relatively compact set.

Proof. Let zg(t) =1 for t € [0, 1]. Then we have for every positive integer n,
T (t) = AK1F1n (2, yn ) (£) > Ag1(Rx + 1) (K120)(t) =: 2a1(2),t € [0,1], (2.6)

Un(t) = MK Fan (s yn) (1) = Aga(Ro + 1)(K2z0)(t) = 2na(t).t € [0,1). (2.7)
Let us define the function Fj by

Fi(t) = /tl(l —s)ai(s)ds,t € (0,1].
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Obviously, F; € C(0,1], F1(1) = 0, and F}is non-increasing on (0, 1]. For each
positive integer n, by Lemma 2.2, we have
{ —z"(t) = Xar (t) fr(zn(t) + 0L yn(t), 0<t<1, (2.8)
2n(0) =0 = z,(1) — a1y (M) ‘
and
{ —y;{(t) = Aa?(t)f2($n(t)’yn(t) + n_1)7 0<t< 17 (2 9)
yn(o) =0= yn(l) - a2yn(772) .
By (2.8), we see that z,, is a strictly concave function on (0,1). Then there
exists unique t,1 € (0,1) such that 2}, (tp1) = 0 and 2, (tn1) = ||| By (H2)
and (2.8), we have

—,(t) < Aar(t)g1(zn(t))p1(Ry), t € (0,1).
Integrate from ¢, to t(t € (¢,1,1)) to obtain

—,(t) '
m < )\pl(R)\) /tn1 al(s)ds. (210)

Then integrate from ¢, to 1 to obtain

v sy 4 ds = A1 (Ry)Fu(t 211
/xn(l) 91(s) = Pl(m)/tnl( — s)ai(s)ds = Ap1(R))Fi(tn1) (2.11)

On the other hand, by (2.6), we have when oy € (0,1),

/fﬁn“nﬂ ds _ an(tw1) = zn(1)
w)  91(8) T gi(za(l))
_ mn(tnl) - O‘lxn(nl)

Tp(1
el (212)

Tp(1
Zn%l(l)({ Z)al)

g1(z2x1(1))

zn(tn1) [ESA
/ ds / ds (2.13)
ey 91(8) " Jo q1(s)
By (2.11)-(2.13), we have

>0

and when oy = 0,

1. z/\1<771)(1_a1) llzxill g
Fi(tp) > [Ap1(Ry)]™ min{ g1(za1(1)) ’/o 91(3)}. (2.14)

Let Bo1 € (0,1) be such that

Fy(Bo1) = [Ap1(Ra)] ™" min{

o)1 —ay) Il gs
e i
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Then (2.14) implies that t,1 < [p;. Similarly, there exists ag1 € (0, 1) such
that t,1 > «o1-

*od
Now let us define the function I : [0,00) — [0,00) by I(x) = / (S) for
0 918

x € [0,00). For any t1,ts € [Bo1,1], t1 < t2, by (2.10), we have

za(t1)  Jg t2 ! S
Tt~ Tee) = [ [l

< Mp1(R /d/ ap(7)dr
t1

< )\pl(R)\)(/t (ta — s)ay(s)ds
Fts — 1) /tl a1(s)ds)

a0%2
< )\pl(RA)(/t (1 —s)ai(s)ds

1 1—(t2—t1)
+—(t2 — tl)/ sai(s)ds)
a1 o

01

This and the inequalities of Lemma 2.1 imply that the set I({x,|n € N}) is
euicontinuous on [Bo1,1]. It is easy to see that I~!, the converse function of
I, is uniformly continuous on [0, I(Ry)]. Therefore, the set {z,|n € N} is
euicontinuous on [Bo1, 1]. Similarly, {z,|n € N} is equicontinuous on [0, ap1].
From (2.6), we have for ¢ € [ao1, So1]

Bo1
(0] < Agr(_min 2 (8)) + Hi(Ry)) / ax (s)ds.

te[ao1,601] ao1

Thus {z,|n € N} is equicontinuous on [ag1,Bo1]. Then, by Ascoli-Arzela
Theorem, we see that {z,|n € N} C C|0,1] is a relatively compact set.
Similarly, by (2.7) and (2.9), we can show that {y,|n € N} C C0,1] is also
a relatively compact set. Therefore, {(zy,yn)|n € N} is a relatively compact
set. The proof is completed. O

3. MAIN RESULTS

Theorem 3.1. Suppose that (Hy) and (Hz) hold. Moreover,

h
lim M = oo uniformly respect to x € [0, 00),
Yy—00 y
h
lim M > a uniformly respect to y € [0,00),

r—00 €T
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where a is a positive number. Then there exists \* > 0 such that the system
(1.1)) has at least two positive solutions for 0 < A < A*.

Proof. Let the operator A, be defined by (2.1) for each positive integer n.
Take 0 < R}, < Ry be such that

T od Yo d
AR A inf (/ s +/ 5y
(m,y)GDR6 alzx gl(S) sy 92(5)

Let the positive number A\* be such that

A(Ro) A(Ryp) )
2[p1(Ro) + p2(Ro)ly" 2[p1(R) + p2(1g)]y
Let A\p € (0, \*) be fixed. Now we shall show that

(z,y) # proAn(z,y),¥n € N, (2,y) € 9Br, N Q> p € [0, 1], (3.1)

where Br, = {(z,y) € P?|||(z,9)|| < Ro}. In fact, if not, then there exist
no € N, uo € (0,1] and (xo, yo) € 0Br, N QA such that

A* < min{

(z0,Y0) = HoAoAn, (T, Yo)- (3:2)
From (Hz), we see that
zo(m) = poAoK1F1ny (20, yo) (1) = torogi(Ro + 1)(K1z0)(m) > 0,
Yo(n2) = toAoK2Fon, (w0, Y0)(n2) = poroga(Ro + 1)(K220)(n2) > 0,
where zo(t) =1 for t € [0, 1]. Then we have for ¢ € [0, 1],
zo(t) > [[zllex(t) > 0, yo(t) > [[y[le2(t) > 0. (3.3)
By (3.2) and Lemma 2.2, we have
{ () + poroar (t) fi(zo(t) +ng ' yo()) =0, 0<t <1, (3.4)
20(0) =0 = zo(1) — arwo(m)
and
{ Y (t) + poroaz(t) fa(wo(t), yo(t) +ng ) =0, 0<t<1, (3.5)
Y0(0) = 0 = yo(1) — azyo(n2)

By (3.4), we see that x( is a strictly concave function on [0, 1], and there exists
t1 € (0,1) such that z((¢t1) = 0,20(t1) = ||zo]|- By (3.4), and (Hz), we have

—zg(t) < Xoar(t)g1(zo(t))p1(Ro), t € (0,1). (3.6)
Integrate from t(¢t € (0,¢1)) to t; to obtain

(1)

91 (@o(D) < >\001(Ro)/t ay(s)ds
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Then integrate from 0 to t; to obtain

zo(t1) g t1 Xop1(Ro)y
—— <A R / sai(s)ds < ————. 3.7
ngﬁ) or(Ro) | sar(s) o (3.7)

In the same way as the proof of (2.11), by (3.6), we can show that

zo(t1) S 1
/ ds )\opl(Ro)/ (1— s)ay(s)ds < 2021 B0y g )

o1y 91(s) t t
By (3.7) and (3.8), we have
lzoll g zo(t1) Jg
< < 2Xop1(Ro)y (3.9)
/ouIOH g1(s) /xo(l) g1(s)

By (3.5), we can show that

/Ilyoll ds 2opa( Fo) (3.10)
< 2A0p2(Ho)7- :
azlyoll 92(5)

By (3.9) and (3.10), we have

ool g lvoll g
Alf) = /mm oM /oz2y0|| s) = Polrfio) (o)

and so N
)\O > (RO) )
27(p1(Ro) + p2(Ro))
which is a contradiction. This implies that (3.1) holds. Then we have for each
positive integer n,

i(AoAn, B, N Q%, Q%) = 1. (3.11)
Similarly, we can show that
i(AoAn, Bpy NQ%,Q%) = 1. (3.12)

Let [a, 5] € (0,1), and

6
m:/GmmmmwM@w

B
Y2 = / G[0,1] (12, s)az(s)e1(s)ds.
@
Then, for My, > max{(Xoy1) ", 4(A§1172a) "'}, there exists R} > 0 such that
h(z,y) = Myy,y > Ry, >0 (3.13)

and )
ho(x,y) > 50T, % > R\,,y>0. (3.14)
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Let ¢g = min{ min e;(¢), min es(t)}, n1 > ¢; ' and
’ {opin 1 (0), miny ea(t)}, m > 6

Ry, > max{4n1R’Ao (Noaye) L, 2R’)\OCO_1,4mR')\O, Ry}.
Let (U1, Us) € Q2\{6,0}. Now we shall show that
(x’y) 7£ )‘OAn(‘T7y) + :u(\pla \112)3 (l’,y) € aBRAO N QA,:U’ > 07” € N. (315)

In fact, if not, assume that for some (zg,y0) € 8BRAO NQ>, nyg € N and
Ho 2 07

(20, Y0) = XoAny (20, y0) + 0(V1, ¥a).

Since ||(zo,%0)|| = R»,, then we have one of these two cases:

R
(1) ||zo|| > 2)‘0. Since xg € @1, then we have

zo(t) = [[xollex(t) =

R}\o . /
t) > Ryt e,
5 tg[ﬂ;%]el()_ o [, O]

By (3.14), we have

1
loll > o(m) = Ao /0 Gio.) (2. 8)az(s) Falo(s). yo(s) + g V)dls + o)
1
> Ao/O Glo.11(n2, 8)az(s) f2(zo(s), yo(s) + ng ' )ds

1 B
phoa [ Gl s)aa(s)an(s)ds

1
> 5 llzoll Aoy

v

2 fA0ar2
/
Ry, .
(2) llyoll > - Since yg € @2, then we have

R .
1o(0) 2 lollea(t) = =3* min ea(t) = Rt € o, ]




164 Xu Xian and Wang Bingjin

By (3.13), we have
1
lzol| > xo(m) = )\0/ Gloa)(m, 8)ai(s) fr(zo(s) + 15" yo(s))ds + poW1(m)
0

1
> o /0 Gio.q(m1. 8)as () fi (w0(s) +ng L, yo(s))ds

1
> S AoMy, Yol

>

Now, from the arguments of (1) and (2), we have

zo(t) > ||lzoller(t) > niR), tg[li%] e1(t) > R} .t € [, 3],

yo(t) > [lyolle2(t) > ni Ry, tg[lciyn e2(t) = Ryt € [a, B].

Al
Then, by (3.13) and (3.14), we have

B
llzoll > xo(m) > )\0/ Glo1)(m1, s)ar(s)hi(zo(s) +ng" yo(s))ds (3.16)

(03
> Xo My llyollm

1
loll = wo(n) = Ao / Gio11 (12, 8)a2(s) falo(s), v (s) + ng V)ds
3 0
> Xo / Gio.1) (2, 8)az(s)ha(o(s), yols) + ny ) ds (3.17)

2 oallzolly2
From (3.16) and (3.17), we have

1
ol > AoMx,1 - §>\OCL’Y2H$0H > 2||zo]|,

which is a contradiction. This implies that (3.15) holds. From the properties
of the fixed point index, we have

i(AoAn, Br,, NQ*,Q%) =0,¥n € N. (3.18)
It follows from (3.11) and (3.18) that
i(MoAn, (Br,\Br,) N Q>, Q%) = —1,¥n € N.

Thus, the operator \gA, has at least one fixed point (zn1,yn1) such that
|(n1,yn1)|| < Ry,- From Lemma 2.5, {(zp1,yn1)|n € N} is a relatively
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compact set. Without loss of generality, we may assume that (z,1,yn1) —
(x1,41) as n — oo. By Lemma 2.2, we have for each positive integer n

{ x%l(t) + )\oal(t)fl(xnl(t) + n_l,ynl(t)) = 0, 0<t< 1, (3 19)
2n1(0) =0 =2zp1(1) — cuzpi(m), '
and

{ Y () + Noaz(t) fa(zn1 (t), yn1(t) +n7 1) =0, 0<t <1, (3.20)
Yn1(0) = 0 = yn1(1) — a2yn1(m2), )

By (3.19), we have for t € (0 1)
xnl( = l’nl %)xnl(%)
(7

/ ds / X0 (7) f1(@a1 (7) + 0L g (7))dr,

Thus, {2/,;(3)|n € N} is a bounded set. Without loss of generality, assume

that 33;11(5) — a1 as n — o00. Then, using the Lebesgue dominant Theorem,

we have

r1(t) = wl(%) +(t— %)al

—/1 ds [S Xoa1 (7) f1(z1(7),y1(7))dr, t € (0,1).

A direct computation shows

0 (t) + Moar () fi(zo(t), yo(t)) = 0,¢ € (0,1). (3.21)
By (3.19), we have

.’Bl(O) =0= 1'1(1) — 0413:1(771). (3.22)
Similarly, by (3.20) we can show that
{ Yy (t) + Xoaz(t) f2(z1(t),y1(t)) =0, 0<t<1, (3.23)
y1(0) = 0 =y1(1) — azy1(n2) '

By(3.21)-(3.23), we see that (x1,y1) is a positive solution of (1.1),).

By (3.12), we see that for every n € N A\gA, has at least one fixed point
(Tn2,Yn2) such that ||(zn2,yn2)| < Rj. It follows from Lemma 2.5 that
{(zn2,yn2)|n € N} is a relatively compact set. Without loss of generality,
assume that (zn2,yn2) — (r2,y2) as n — oo. In the same way as above, we
can show that (x2,ys2) is also a positive solution of (1.1y,). Since Ag € (0, Ay)
is arbitrarily given, then the conclusion holds. This completes the proof. [

In a similar way, we have the following Theorem 3.2.
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Theorem 3.2. Suppose that (H1) and (Hz) hold. Moreover,

h
lim M > a uniformly respect to x € [0, 00),
Yy—00 y
h
lim M = oo uniformly respect to y € [0, 00),
Tr—00 €T

where a is a positive number. Then there exists \* > 0 such that the system
(1.1)) has at least two positive solutions for 0 < A < A\*.

Example 3.1. Consider the following three-point differential equation sys-
tems

M1 —t) T @ ar i 412 =0, 0<t<l;

Y FATIL -0 (@2 42 yP by ) =0, 0<E<T (394
2(0) = 0 = a(1) - Fa(})

y(0) =0 =y(1) = 2z(3)

Let gi(2) = 2% ga(y) = y~% a(t) = 7501 =) Taa(t) = 5 (1~ 1)77,
hi(z,y) = z3 + y% + 9%, ho(x,y) = 23 + 22 + y?>. Then all conditions of
Theorem 3.1 are satisfied. According to Theorem 3.1, the system (3.24)) has
at least two positive solutions for sufficiently small A > 0.
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