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Abstract. An eigenfunction F of the curl operator is a non-zero vector valued function

satisfying ∇×F = λF. It must also be a solution of the Helmholz equation ∇2F + λ2F = 0

and must be solenoidal, i.e. ∇·F = 0. In this paper the eigenfunctions corresponding to λ 6= 0

and having one zero component are completely determined for open convex regions. This

involves arbitrary analytic functions of a complex variable. Finally, six linearly independent

solutions L = 〈L1, L2, 0〉, L⊥ = 〈−L2, L1, 0〉, M = 〈0, M2, M3〉, M⊥ = 〈0,−M3, M2〉, N =

〈N1, 0, N3〉, and N⊥ = 〈N3, 0,−N1〉 are found and their linear combination F = α1L +

α2L⊥ + α3M + α4M⊥ + α5N + α6N⊥ is also an eigenfunction.

1. Introduction

While teaching a course in vector analysis a question arose about how can
you characterize vector fields F with ∇× F parallel to F. A second question
concerned finding interesting examples of F with ∇ × F orthogonal to F.
This was in connection with an illustration of differences in behavior between
G × F, the cross product of a vector G with F and ∇ × F the curl of F.
In fluid dynamics vector fields with ∇ × F parallel to F are called Beltrami
fields. Such fields satisfy ∇ × F = φF for a scalar function φ. In the case
when φ equals a constant λ or ∇ × F = λF we have a Trklian -Viktor Trkal
(1888-1956), Czech physicist and mathematician who worked in theoretical
quantum physics- field where λ is an eigenvalue and F is an eigenfunction of
the curl operator. Such fields occur in electromagnetic wave propagation ([4],
[6]).
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Suppose that ∇ × F = λF where λ is a constant. In case λ = 0, we
have ∇ × F = 0 and F is conservative. Then if F has continuous partial
derivatives in an open connected set there exists a scalar potential function φ
such that F = ∇φ. In the remaining non-zero case, λ 6= 0, we have div curl of
F = λdiv F = λ∇ · F = 0, so ∇ · F = 0 and F must be solenoidal. Moreover,

∇× (∇× F) = λ∇× F = λ2F = ∇(∇ · F)−∇2F .

But ∇ · F = 0 since F is solenoidal so ∇2F + λ2F = 0. Thus F is a vector
valued solution of Helmholtz’s equation. Helmholtz’s equation comes from
the wave equation (1/c2)utt = ∇2u. If we separate variables via u(x, y, z, t) =
cosω(t− t0)v(x, y, z) then

(1/c2)utt = −(ω/c)2 cosω(t− t0)v = cosω(t− t0)∇2v .

So it follows that ∇2v = −(ω/c)2v or with λ = ω/c,

∇2v + λ2v = 0 (Helmholtz’s equation).

In this article vector potential functions for solenoidal fields F will be
found and Trklian fields F with λ 6= 0 and one component zero will be com-
pletely determined for open convex regions. This will involve a arbitrary
analytic function of a complex variable. Finally, for λ 6= 0, six linearly in-
dependent solutions L = 〈L1, L2, 0〉, L⊥ = 〈−L2, L1, 0〉, M = 〈0,M2, M3〉,
M⊥ = 〈0,−M3,M2〉, N = 〈N1, 0, N3〉, and N⊥ = 〈N3, 0,−N1〉, are found so
that F = α1L+ α2L⊥+ α3M+ α4M⊥+ α5N+ α6N⊥ is a Trklian field where
αi, i = 1, . . . , 6, are arbitrary real constants.

2. Vector potentials for solenoidal vector fields

Let F = 〈L,M, N〉 and suppose that ∇·F = Lx +My +Nz = 0 on an open
connected set where F has continuous partial derivatives. Let us first find a
vector potential Π = 〈Π1, Π2, 0〉 with a zero third component. Take the curl
of Π to obtain

∇×Π =
〈
−∂Π2

∂z
,
∂Π1

∂z
,
∂Π2

∂x
− ∂Π1

∂y

〉

so if we have ∇×Π = F we should have

L = −∂Π2

∂z
, M =

∂Π1

∂z
, and N =

∂Π2

∂x
− ∂Π1

∂y
.

This leads us to a solution

Π =
〈∫ z

z0

M(x, y, t)dt,−
∫ z

z0

L(x, y, t)dt +
∫ x

x0

N(s, y, z0)ds, 0
〉

.
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Clearly −∂Π2
∂z = L, ∂Π1

∂z = M , and

∂Π2

∂x
− ∂Π1

∂y
= −

∫ z

z0

Lx(x, y, t)dt + N(x, y, z0)−
∫ z

z0

My(x, y, t)dt

=
∫ z

z0

Nz(x, y, t)dt + N(x, y, z0)

= N(x, y, z)−N(x, y, z0) + N(x, y, z0) = N .

Thus, ∇×Π = F. If R = R(x, y, z) is an arbitrary potential then Π +∇R =
〈Π1 + Rx, Π2 + Ry, Rz〉 is the most general vector potential. (See [1], p. 216.)

There is nothing special about the second component being zero. If we want
the first component to be zero then

P =
〈

0,

∫ x

x0

N(t, y, z)dt,−
∫ x

x0

M(t, y, z)dt +
∫ y

y0

L(x0, s, z)ds

〉

is a vector potential for F and if we want the 2nd component to be zero then

Q =
〈
−

∫ y

y0

N(x, t, z)dt +
∫ z

z0

M(x, y0, s)ds, 0,

∫ y

y0

L(x, t, z)dt

〉

is also a vector potential for F.
Since Trklian vector fields must be solenoidal and since solenoidal vector

fields have vector potentials with one zero component it is natural to try to
find all Trklian vector fields with one zero component.

3. Trklian vector fields with one zero component and λ 6= 0.

Let L = 〈L1, L2, 0〉 be a Trklian vector field with a zero third component
and with twice continuous partial derivatives on an open convex set. Then

∇× L =
〈
−∂L2

∂z
,
∂L1

∂z
,
∂L2

∂z
− ∂L1

∂z

〉
= 〈λL1, λL2, 0〉 = λL

and

∇ · L = 0
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gives us
∂L1

∂z
= λL2 (1)

∂L2

∂z
= −λL1 (2)

∂L2

∂x
− ∂L1

∂y
= 0 (3)

∂L1

∂x
+

∂L2

∂y
= 0 . (4)

In (1) take another partial derivative with respect to z to obtain

∂2L1

∂z2
= −λ2L1 or

∂2L1

∂z2
+ λ2L1 = 0

and in (2) take another partial derivative with respect to z to obtain

∂2L2

∂z2
= −λ2L2 or

∂2L2

∂z2
+ λ2L2 = 0 .

The general solutions of these equations are given by

L1 = v(x, y) cos(λ(z − z0)) + u(x, y) sin(λ(z − z0))

and
L2 = A(x, y) cos(λ(z − z0)) + B(x, y) sin(λ(z − z0)) .

Now from (1) we have

∂L1

∂z
= λu(x, y) cos(λ(z − z0))− λr(x, y) sin(λ(z − z0))

= λA(x, y) cos(λ(z − z0)) + λB(x, y) sin(λ(z − z0))

and by the linear independence of cos(λ(z − z0)) and sin(λ(z − z0)) it follows
that A = u and B = −v. Thus,

L1 = v cos(λ(z − z0)) + u sin(λ(z − z0))

and
L2 = u cos(λ(z − z0))− v sin(λ(z − z0)) .

From (2) we have ∂L2
∂z = −λv cos(λ(z− z0))−λu sin(λ(z− z0)) = −λL1 which

doesn’t give us anything new. Now from (3) we have

(ux − vy) cos(λ(z − z0)) + (−vx − uy) sin(λ(z − z0)) = 0.

Then the linear independence of cos(λ(z − z0)) and sin(λ(z − z0)) gives us
ux = vy and vx = −uy or ux + ivx = −i(uy + ivy) = vy − iuy which are the
Cauchy-Riemann equations for u and v. We have

L = 〈v cos(λ(z − z0)) + u sin(λ(z − z0)), u cos(λ(z − z0))− v sin(λ(z − z0)), 0〉
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which has twice continuous partial derivatives on an open convex set. For each
value of z the resulting plane of intersection with the open convex set is an open
convex set. The Cauchy-Riemann equations hold on this set so f(x + iy) =
u(x, y) + iv(x, y) is analytic with f ′(x + iy) = ux + ivx = −i(uy + ivy) =
vy − iuy (See [2] and [5]). But observe now that L2 + iL1 = (u + iv)eiλ(z−z0)

or Re((u + iv)eiλ(z−z0)) = L2 and Im((u + iv)eiλ(z−z0)) = L1.
The vector field L is suppose to be solenoidal. Let us check that our solution

is solenoidal. We have
∂L1

∂x
+

∂L2

∂y
= (vx + uy) cos(λ(z − z0)) + (ux − vy) sin(λ(z − z0)) = 0

since ux = uy and vx = −uy by the Cauchy-Riemann equations for u and v.
Let us check that L satisfies Helmholtz’s equation. Putting our L into

Lxx + Lyy + Lzz + λ2L this equals

〈(vxx + vyy) cos(λ(z − z0)) + (uxx + uyy) sin(λ(z − z0)),

(uxx + uyy) cos(λ(z − z0))− (vxx + vyy) sin(λ(z − z0)), 0〉
−λ2L + λ2L = 0

since both u and v are harmonic functions.
Thus, L =

〈v cos(λ(z − z0)) + u sin(λ(z − z0)), u cos(λ(z − z0))− v sin(λ(z − z0)), 0〉
is the general solution of ∇ × L = λL with λ 6= 0 and L = 〈L1, L2, 0〉 where
L2 + iL1 = f(x + iy)eiλ(z−z0) = (u + iv)eiλ(z−z0) and f(x + iy) is an arbitrary
analytic function of x + iy. Observe that ||L|| =

√
L2

1 + L2
2 =

√
u2 + v2 = |f |

. In L if “λ” is replaced with “−λ” we obtain

〈v cos(λ(z − z0))− u sin(λ(z − z0)), u cos(λ(z − z0)) + v sin(λ(z − z0)), 0〉
subtract L from this vector and divide by “2” to obtain
P = 〈u,−v, 0〉 sin(λ(z − z0)). Add L and this vector and divide by “2” to
obtain Q = 〈v, u, 0〉 cos(λ(z − z0)). Now, P ·Q = 0 so P & Q are orthogonal.
If we take the cross product of P and Q then

P×Q = (u2 + v2) sin(λ(z − z0)) cos(λ(z − z0))〈0, 0, 1〉
= |f |2 sin(λ(z − z0)) cos(λ(z − z0))〈0, 0, 1〉

which is orthogonal to the xy-plane. Taking the curl of P and Q we obtain
∇×P = λQ and ∇×Q = λP. We have L = P+Q so ∇×L = λQ+λQ = λL
and we also have ∇ × (P −Q) = λ(P −Q) = (−λ)(P −Q). The vectors P
and Q are orthogonal to their curls and the vectors P±Q are parallel to their
curls. Moreover, both P and Q are solutions of Helmholtz’s equation and both
are solenoidal.
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The vector field L⊥ = 〈−L2, L1, 0〉 is orthogonal to L = 〈L1, L2, 0〉. Taking
the curl and divergence of L⊥ we get

∇× L⊥ =
〈

∂L1

∂z
,
∂L2

∂z
,
∂L1

∂x
+

∂L2

∂y

〉

= 〈−λL2, λL1, 0〉 = λL⊥

and

∇ · L⊥ = −∂L2

∂x
+

∂L1

∂y
= 0

because L satisfies (1), (2), (3), and (4). Thus, L and L⊥ are orthogonal
eigenfunctions of the curl operator which lie in the xy-plane. L⊥ = 〈−L2, L1, 0〉
and L1 − iL2 = −i(L2 + iL1) = −if(x + iy)eiλ(z−z0) = −(u + iv)eiλ(z−z0)

where f(x+ iy) is the arbitrary analytic function of x+ iy corresponding to L.
f(x+iy) and −if(x+iy) are orthogonal to each other in the complex plane and
|f(x + iy)| = |−if(x + iy)| = |f | = ‖L‖ = ‖L⊥‖. For L⊥ the corresponding
P⊥ and Q⊥ are P⊥ = 〈v, u, 0〉 sinλ(z − z0) and Q⊥ = 〈−u, v, 0〉 cosλ(z − z0).

Then L⊥ = P⊥ +Q⊥, ∇×P⊥ = λQ⊥, ∇×Q⊥ = λP⊥, ∇× (P⊥±Q⊥) =
±(P⊥ ±Q⊥), and

P⊥ ×Q⊥ = |f |2 sinλ(z − z0) cos λ(z − z0)〈0, 0, 1〉 .
Moreover, both P⊥ and Q⊥ are solutions of Helmholtz’s equation and solenoidal.

There is nothing special about the third component being zero. If M =
〈0,M2, M3〉 is a Trklian vector field with a zero first component and with
twice continuous partial derivatives on an open convex set then we have

M3 + iM2 = g(y + iz)eiλ(x−x0) = (l + im)eiλ(x−x0)

where g(y + iz) = l(y, z) + im(y, z) is an analytic function of y + iz and

M = 〈0,m cos(λ(x−x0))+ l sin(λ(x−x0)), l cos(λ(x−x0))−m sin(λ(x−x0))〉
is the general solution of ∇ × M = λM with λ 6= 0 and M = 〈0,M2, M3〉.
Here we have ‖M‖ =

√
m2 + l2 = |g|. In this case if

R = 〈0, l,−m〉 sin(λ(x− x0)) and

S = 〈0,m, l〉 cos(λ(x− x0))

then R · S = 0 so R and S are orthogonal and

R× S = (l2 + m2) sin(λ(x− x0)) cos(λ(x− x0))〈1, 0, 0〉
= |g|2 sin(λ(x− x0)) cos(λ(x− x0))〈1, 0, 0〉
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which is orthogonal to the yz-plane. Again we have

∇×R = λS
∇× S = λR

∇×M = ∇× (R + S) = λM and

∇× (R− S) = (−λ)(R− S) .

Thus, P and Q are orthogonal to their curls and the vectors P±Q are parallel
to their curls. Again both P and Q are solutions of Helmholz’s equation and
both are solenoidal.

The vector field M⊥ = 〈0,−M3, M2〉 is orthogonal to M and is another
eigenfunction of the curl operator which lies in the yz-plane. We have M2 −
iM3 = −i(M3+iM2) = −ig(y+iz)eiλ(x−x0) = −i(`+im)eiλ(x−x0) where g(y+
iz) is the analytic function corresponding to M. As above we have |g| = ‖M‖ =
‖M⊥‖. For M⊥ the corresponding R⊥ and S⊥ are R⊥ = 〈0,m, `〉 sinλ(x−x0)
and S⊥ = 〈0,−`, m〉 cosλ(x − x0). Then M⊥ = R⊥ + S⊥, ∇ ×R⊥ = λS⊥,
∇× S⊥ = λR⊥,

∇× (R⊥ ± S⊥) = ±λ(R⊥ + S⊥), and

R⊥ × S⊥ = |q|2 sinλ(x− x0)λ(x− x0)〈1, 0, 0〉 .
Moreover, both R⊥ and S⊥ are solutions of Helmholtz’s equation and are
solenoidal.

If N = 〈N1, 0,M3〉 is a Trklian vector field with a zero second component
and with twice continuous partial derivatives on an open convex set then we
have

N1 + iN3 = h(z + ix)eiλ(y−y0) = (r + is)eiλ(y−y0)

where h(z + ix) = r(z, x) + is(z, x) is an analytic function of z + ix and

N = 〈r cos(λ(y − y0))− s sin(λ(y − y0)), 0, s cos(λ(y − y0)) + r sin(λ(y − y0))〉
is the general solution of ∇×N = λN with λ 6= 0 and N = 〈N1, 0, N3〉. Here
we have ‖N‖ =

√
r2 + s2 = |h|. In this case if

T = 〈−s, 0, r〉 sin(λ(y − y0))

and
W = 〈r, 0, s〉 cos(λ(y − y0))

then T ·W = 0 so T and W are orthogonal and

T×W = (r2 + s2) sin(λ(y − y0)) cos(λ(y − y0))

= |h|2 sin(λ(y − y0)) cos(λ(y − y0))〈0, 1, 0〉
which is orthogonal to the zx-plane. Again we have ∇×T = λW, ∇×W =
λT, ∇×N = ∇× (T + W) = λN, and ∇× (T−W) = −λ(T−W). Thus,
T and W are orthogonal to their curls and the vectors T ±W are parallel
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to their curls. Again both T and L are solutions of Helmholtz’s equation and
both are solenoidal.

The vector field N⊥ = 〈N3, 0,−N1〉 is orthogonal to N and is another
eigenfunction of the curl operator which lies in the zx-plane. We have

N3 − iN1 = −i(N1 + iM3) = −ih(z + ix)eiλ(y−y0) = −i(r + is)eλ(y−y0)

where h(z + ix) is the analytic function corresponding to N. As above we
have |h| = ‖N‖ = ‖N⊥‖. For N⊥ the corresponding T⊥ and W⊥ are T⊥ =
〈r, 0, s〉 sinλ(y−y0) and W⊥ = 〈s, 0,−r〉 cosλ(y−y0). Then N⊥ = T⊥+W⊥,
∇×T⊥ = λW⊥, ∇×W⊥ = λT⊥, ∇× (T⊥ ±W⊥) = (±λ)(T⊥ ±W⊥), and

T⊥ ×W⊥ = |h|2 sinλ(y − y0) cosλ(y − y0)〈0, 1, 0〉 .
Moreover, both T⊥ and W⊥ are solutions of Helmholtz’s equation and are
solenoidal.

4. The linear independence of the vectors L, L⊥, M, M⊥, N, &
N⊥ If f ′, g′, and h′ are non-zero and continuous.

If φ(ξ + iη) is analytic in an open connected set D and if φ′(ξ + iη) is
non-zero and continuous on D then the mapping ξ + iη → φ(ξ + iη) is locally
one-to-one (See [3], Theorem 4.6.1, p. 91).

Proposition. Suppose that the functions f(x + iy), g(y + iz), and h(z + ix)
are analytic and have continuous non-zero derivatives on an open convex set.
Then the corresponding L = 〈L1, L2, 0〉, L⊥ = 〈−L2, L1, 0〉, M = 〈0,M2,M3〉,
M⊥ = 〈0,−M3,M2〉, N = 〈N1, 0, N3〉, and N⊥ = 〈N3, 0,−N1〉 with

L2 + iL1 = f(x + iy)eiλ(z−z0) = (u + iv)eiλ(z−z0),

L1 − iL2 = −if(x + iy)eiλ(z−z0) = −i(u + iv)eiλ(z−z0),

M3 + iM2 = g(y + iz)eiλ(x−x0) = (` + im)eiλ(x−x0),

M2 − iM3 = −ig(y + iz)eiλ(x−x0) = −i(` + im)eiλ(x−x0),

N1 + iN3 = h(z + ix)eiλ(y−y0) = (r + is)eiλ(y−y0),

and
N3 − iN1 = −ih(z + ix)eiλ(y−y0) = −i(r + is)eiλ(y−y0)

are linearly independent if λ 6= 0.

Proof. Set

α1L + α2L⊥ + α3M + α4M⊥ + α5N + α6N⊥ = 0,
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where αi, i = 1, . . . , 6, are real constants. Then we have the following equa-
tions:

α1L1 − α2L2 + α5N1 + α6N3 = 0,

α1L2 + α2L1 + α3M2 − α4M3 = 0,

and

α3M3 + α4M2 + α5N3 − α6N1 = 0 .

Take the following partial derivatives:

α1
∂2L1

∂y∂z
− α2

∂2L2

∂y∂z
+ α5

∂2N1

∂y∂z
+ α6

∂2N3

∂y∂z
= 0,

α1
∂2L2

∂z∂x
+ α2

∂2L1

∂z∂x
+ α3

∂2M2

∂z∂x
− α4

∂2M3

∂z∂x
= 0,

and

α3
∂2M3

∂x∂y
+ α4

∂2M2

∂x∂y
+ α5

∂2N3

∂x∂y
− α6

∂2N1

∂x∂y
= 0 .

We start with



0
0
0


 = α1




v cos(λ(z − z0)) + u sin(λ(z − z0))
u cos(λ(z − z0))− v sin(λ(z − z0))

0




+ α2



−u cos(λ(z − z0)) + v sin(λ(z − z0))
v cos(λ(z − z0)) + u sin(λ(z − z0))

0




+ α3




0
m cos(λ(x− x0)) + ` sin(λ(x− x0))
` cos(λ(x− x0))−m sin(λ(x− x0))




+ α4




0
−` cos(λ(x− x0)) + m sin(λ(x− x0))
m cos(λ(x− x0)) + ` sin(λ(x− x0))




+ α5




r cos(λ(y − y0))− s sin(λ(y − y0))
0

s cos(λ(y − y0)) + r sin(λ(y − y0))




+ α6




s cos(λ(y − y0)) + r sin(λ(y − y0))
0

−r cos(λ(y − y0)) + s sin(λ(y − y0))


 ,
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and obtain




0
0
0


 = α1



−λvy sin(λ(z − z0)) + λuy cos(λ(z − z0))
−λux sin(λ(z − z0))− λvx cos(λ(z − z0))

0




+ α2




λuy sin(λ(z − z0)) + λvy cos(λ(z − z0))
−λvx sin(λ(z − z0)) + λux cos(λ(z − z0))

0




+ α3




0
−λmz sin(λ(x− x0)) + λ`z cos(λ(x− x0))
−λ`y sin(λ(x− x0))− λmy cos(λ(x− x0))




+ α4




0
λ`z sin(λ(x− x0)) + λmz cos(λ(x− x0))
−λmy sin(λ(x− x0)) + λ`y cos(λ(x− x0))




+ α5



−λrz sin(λ(y − y0))− λsz cos(λ(y − y0))

0
−λsx sin(λ(y − y0)) + λrx cos(λ(y − y0))




+ α6



−λsz sin(λ(y − y0)) + λrz cos(λ(y − y0))

0
λrx sin(λ(y − y0))− λsx cos(λ(y − y0))


 .

From the Cauchy-Riemann equations we have

f ′(x + iy) = ux + ivx = −i(uy + ivy) = vy − iuy,

g′(y + iz) = `y + imy = −i(`z + imz) = mz − i`z,

and

h′(z + ix) = rz + isz = −i(rx + isx) = sx − irx .

That gives us




0
0
0


 = α1



−λux sin(λ(z − z0))− λvx cos(λ(z − z0))
−λux sin(λ(z − z0))− λvx cos(λ(z − z0))

0




+ α2



−λvx sin(λ(z − z0)) + λux cos(λ(z − z0))
−λvx sin(λ(z − z0)) + λux cos(λ(z − z0))

0
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+ α3




0
−λ`y sin(λ(x− x0))− λmy cos(λ(x− x0))
−λ`y sin(λ(x− x0))− λmy cos(λ(x− x0))




+ α4




0
−λmy sin(λ(x− x0)) + λ`y cos(λ(x− x0))
−λmy sin(λ(x− x0)) + λ`y cos(λ(x− x0))




+ α5



−λrz sin(λ(y − y0))− λsz cos(λ(y − y0))

0
−λrz sin(λ(y − y0))− λsz cos(λ(y − y0))




+ α6



−λsz sin(λ(y − y0)) + λrz cos(λ(y − y0))

0
−λsz sin(λ(y − y0)) + λrz cos(λ(y − y0))


 ,

which can be rewritten as


0
0
0


 = −λ




1 0 1
1 1 0
0 1 1




×



(α1ux + α2vx) sin λ(z − z0) + (α1vx − α2ux) cos λ(z − z0)
(α3`y + α4my) sin λ(x− x0) + (α3my − α4`y) cos λ(x− x0)
(α5rz + α6sz) sin λ(y − y0) + (α5sz − α6rz) cos λ(y − y0)


 .

The matrix 


1 0 1
1 1 0
0 1 1




has a determinant 2 so it is invertible. The scalar λ is non-zero and hence we
must have

(α1ux + α2vx) sinλ(z − z0) + (α1vx − α2ux) cosλ(z − z0) = 0,

(α1`y + α2my) sin λ(x− x0) + (α1my − α2`y) cos λ(x− x0) = 0,

and

(α1rz + α2sz) sin λ(y − y0) + (α1sz − α2rz) cosλ(y − y0) = 0 .

Since the sine and cosine functions are linearly independent we must have the
following:

(
α1 α2

−α2 α1

)(
ux

vx

)
=

(
0
0

)
,

(
α3 α4

−α4 α3

)(
`y

my

)
=

(
0
0

)
,
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and (
α5 α6

−α6 α5

) (
rz

sz

)
=

(
0
0

)
.

Multiplying each of these coefficient matrices by its adjoint we obtain the
following results:

(α2
1 + α2

2)
(

ux

vx

)
=

(
0
0

)
,

(α2
3 + α2

4)
(

`y

my

)
=

(
0
0

)
,

and

(α2
5 + α2

6)
(

rz

sz

)
=

(
0
0

)
.

But this is equivalent to having

(α2
1 + α2

2)f
′(x + iy) = 0,

(α2
3 + α2

4)g
′(x + iy) = 0,

and
(α2

5 + α2
6)h

′(x + iy) = 0.

Since the derivatives are non-zero on an open convex set we must have all the
constants equal to zero. Thus the functions L,L⊥,M,M⊥,N, and N⊥ are
linearly independent. ¤

Now if F = α1L+α2L⊥+α3M+α4M⊥+α5N+α6N⊥ where αi, i = 1, . . . , 6,
are arbitrary constants then∇×F = λF . So all vectors in span{L,L⊥,M,M⊥,
N,N⊥} are eigenvectors of the curl operator.

Remark. If α1 and α2 are arbitrary constants then α1L + α2L⊥ = 〈α1L1 −
α2L2, α1L2 + α2L1, 0〉 and

(α1L2 + α2L1) + i(α1L1 − α2L2)

= α1(L2 + iL2) + α2(L1 − iL2)

= α1(u + iv)eiλ(z−z0) − iα2(u + iv)eiλ(z−z0)

= (α1 − iα2)(u + iv)eiλ(z−z0)

= (α1 − iα2)(u + iv)eiλ(z−z0)

= (α1 − iα2)f(x + iy)eiλ(z−z0)

where L2 + iL1 = f(x + iy)eiλ(z−z0). Thus if L corresponds to f(x + iy) then
α1L + α2L⊥ corresponds to (α1 − iα2)f(x + iy)eiλ(z−z0).
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Likewise α2M + α4M⊥ corresponds to (α3 − iα4)g(y + iz)eiλ(x−x0) where
M corresponds to g(y + iz)eiλ(x−x0) and α5N + α6N⊥ corresponds to (α5 −
iα6)h(z + ix)eiλ(y−y0) where N corresponds to h(z + ix)eiλ(y−y0).
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