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Abstract. An eigenfunction F of the curl operator is a non-zero vector valued function
satisfying V x F = AF. It must also be a solution of the Helmholz equation V?F + \?F = 0
and must be solenoidal, i.e. V-F = 0. In this paper the eigenfunctions corresponding to A # 0
and having one zero component are completely determined for open convex regions. This
involves arbitrary analytic functions of a complex variable. Finally, six linearly independent
solutions L = (L1, L2,0), L, = (—La, L1,0), M = (0, M2, M3), M, = (0, —Ms, M2), N =
(N1,0,N3), and N = (N3,0,—N;p) are found and their linear combination F = oy L +

a2 +asM 4+ asM | + asN 4 agN | is also an eigenfunction.

1. INTRODUCTION

While teaching a course in vector analysis a question arose about how can
you characterize vector fields F with V x F parallel to F. A second question
concerned finding interesting examples of F with V x F orthogonal to F.
This was in connection with an illustration of differences in behavior between
G x F, the cross product of a vector G with F and V x F the curl of F.
In fluid dynamics vector fields with V x F parallel to F are called Beltrami
fields. Such fields satisfy V x F = ¢F for a scalar function ¢. In the case
when ¢ equals a constant A or V x F = AF we have a Trklian -Viktor Trkal
(1888-1956), Czech physicist and mathematician who worked in theoretical
quantum physics- field where A is an eigenvalue and F is an eigenfunction of
the curl operator. Such fields occur in electromagnetic wave propagation ([4],

[6])-
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Suppose that V x F = AF where ) is a constant. In case A = 0, we
have V x F = 0 and F is conservative. Then if F has continuous partial
derivatives in an open connected set there exists a scalar potential function ¢
such that F = V¢. In the remaining non-zero case, A # 0, we have div curl of
F=MNdivF=)MV-F=0,s0 V-F =0 and F must be solenoidal. Moreover,

Vx(VxF)=AWxF=MF=V(V-F)-V?F.

But V- F = 0 since F is solenoidal so V2F + A?F = 0. Thus F is a vector
valued solution of Helmholtz’s equation. Helmholtz’s equation comes from
the wave equation (1/c?)uy; = V2u. If we separate variables via u(z,y, 2,t) =
cosw(t — tg)v(x,y, z) then

(1/c*)ugy = —(w/c)? cosw(t — to)v = cosw(t — to) Vv .
So it follows that V2v = —(w/c)?v or with A = w/c,
V20 4 A0 = 0 (Helmholtz’s equation).

In this article vector potential functions for solenoidal fields F will be
found and Trklian fields F with A # 0 and one component zero will be com-
pletely determined for open convex regions. This will involve a arbitrary
analytic function of a complex variable. Finally, for A # 0, six linearly in-
dependent solutions L = (Lj,L9,0), L, = (=L, L1,0), M = (0, My, M3),
ML = <0, —Mg,M2>, N = <N1,0,N3>, and NL = <N3,0, —N1>, are found so
that F = oL+ asL | +asM + asM | + asN + agN | is a Trklian field where
a;, t =1,...,6, are arbitrary real constants.

2. VECTOR POTENTIALS FOR SOLENOIDAL VECTOR FIELDS

Let F = (L, M, N) and suppose that V-F = L, + M, + N, = 0 on an open
connected set where F has continuous partial derivatives. Let us first find a
vector potential IT = (II, I, 0) with a zero third component. Take the curl
of IT to obtain

oll, OIl; o0Ily oIl
II=(— _
v < 0z’ 0z Oxr Oy >
so if we have V x IT = F we should have
81'[2 8H1 81'[2 aHl
L=—"2 M=—" dN=—12-—.
0z’ 9. " Ox oy

This leads us to a solution

= ([ artepti - [ Deanies [ N dso).
20 20 Zo
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Clearly — %2 = I, 941t = M/, and

oll, Ol

a. T a4 = Lx ' Y N s I - M, ' I
5 By /ZO (z,y,t)dt + N(z,y, 20) /ZO y(x,y,t)dt

z
:/ Nz($7yat)dt+N(37aZ/720)
20
= N(:U,y,z) - N(az,y,zo) +N(.§C,y,ZO) =N.
Thus, VxII =F. If R = R(x,y, z) is an arbitrary potential then II + VR =
(Il + Ry, 11 + Ry, R.) is the most general vector potential. (See [1], p. 216.)

There is nothing special about the second component being zero. If we want
the first component to be zero then

T x )
P= <0,/ N(t,y,z)dt,—/ M(t,y,z)dt+/ L(;Uo,s,z)ds>
x0 xo Yo

is a vector potential for F and if we want the 24 component to be zero then

y z y
Q= <— N(z,t,z)dt +/ M (x,yo, s)ds, 0,/ L(x,t, z)dt>
20 Yo

Yo

is also a vector potential for F.

Since Trklian vector fields must be solenoidal and since solenoidal vector
fields have vector potentials with one zero component it is natural to try to
find all Trklian vector fields with one zero component.

3. TRKLIAN VECTOR FIELDS WITH ONE ZERO COMPONENT AND A 75 0.

Let L = (Ly, L2,0) be a Trklian vector field with a zero third component
and with twice continuous partial derivatives on an open convex set. Then

) 0Ly 0L, 0L, 0Ly
VXL_<_82’ 9z 8z 0z

> = (AL, A\Ls,0) = AL

and
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gives us
oL,
— =L 1
o 2 (1)
0Ly
—= =)L 2
5. 1 (2)
0Ly 0Ly
22— 3
ox oy (3)
OL; 0Ls
Wt 4
ox + oy (4)
In (1) take another partial derivative with respect to z to obtain
9%L, 9 DLy | o
8Z2:—AL10TW+)\L1:O
and in (2) take another partial derivative with respect to z to obtain
92L, 9 Ly
W:—ALQOI‘ 822 +)\L2:0

The general solutions of these equations are given by
Ly = v(z,y) cos(A(z — 20)) + u(z,y) sin(A(z — 2p))
and
Ly = A(z,y) cos(A(z — 20)) + B(x,y) sin(A(z — z9)) -
Now from (1) we have
0L,

5 = Au(z,y) cos(A(z — 29)) — Ar(z,y) sin(A(z — 2p))

= MA(xz,y) cos(A(z — 20)) + AB(x, y) sin(A(z — 2p))
and by the linear independence of cos(A(z — zp)) and sin(A(z — zp)) it follows
that A = v and B = —v. Thus,
Ly =wvcos(A(z — 20)) + usin(A(z — 2p))
and
Ly = ucos(A(z — 29)) — vsin(A(z — 2p)) .
From (2) we have % = —Avcos(A(z — 20)) — Ausin(A(z — z9)) = —AL; which
doesn’t give us anything new. Now from (3) we have
(uz — vy) cos(A(z — 20)) + (—ve — uy) sin(A(z — 2z9)) = 0.

Then the linear independence of cos(A(z — 2p)) and sin(A(z — 2g)) gives us
Uy = vy and vy = —Uy Or Uy + 10, = —i(uy + ivy) = vy — iu, which are the
Cauchy-Riemann equations for v and v. We have

L = (vcos(A(z — 20)) + usin(A(z — 20)),ucos(A(z — 20)) — vsin(A(z — 2p)),0)
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which has twice continuous partial derivatives on an open convex set. For each
value of z the resulting plane of intersection with the open convex set is an open
convex set. The Cauchy-Riemann equations hold on this set so f(z + iy) =
u(z,y) + i(z,y) is analytic with f'(z + iy) = ugy + vy = —i(uy + ivy) =
v, — iuy, (See [2] and [5]). But observe now that Lo +iL; = (u + iv)e*(*7%0)
or Re((u + iv)e*#=%0)) = Ly and Im((u 4 iv)e**=20)) = L.

The vector field L is suppose to be solenoidal. Let us check that our solution
is solenoidal. We have

oL oL
871:1 + 873/2 = (vz + uy) cos(A(z — 20)) + (g — vy) sin(A(z — 2z9)) =0
since u, = uy and v, = —u, by the Cauchy-Riemann equations for v and v.

Let us check that L satisfies Helmholtz’s equation. Putting our L into
Lyy +Lyy +L.. + A2L this equals

(Vg + vyy) cos(A (2 — 20)) + (Uga + uyy) sin(A(z — 20)),
(Uga + Uyy) cOS(A(2 — 20)) — (Vaz + Vyy) sin(A(z — 20)), 0)
~ML+ ML =0
since both u and v are harmonic functions.
Thus, L =
(veos(A(z — 20)) + usin(A(z — 29)),ucos(A(z — 20)) — vsin(A(z — zp)),0)
is the general solution of V x L = AL with A # 0 and L = (Lj, La,0) where
Lo +iLy = f(x + iy)e*=20) = (u 4 iv)e***=%0) and f(x + dy) is an arbitrary

analytic function of = + 4y. Observe that ||L|| = /L3 + L} = VuZ + v2 = | f|
. In L if “\” is replaced with “—\” we obtain

(veos(A(z — 29)) — usin(A(z — z0)),ucos(A(z — 20)) + vsin(A(z — 2g)), 0)

subtract L from this vector and divide by “2” to obtain

P = (u,—v,0)sin(A(z — 29)). Add L and this vector and divide by “2” to
obtain Q = (v, u, 0) cos(A(z — 20)). Now, P-Q = 0so P & Q are orthogonal.
If we take the cross product of P and Q then

P x Q = (u? +v?)sin(A(z — 20)) cos(A(z — 20))(0,0,1)
= | fPP sin(A(z — z0)) cos(A\(z — 20)){0,0, 1)

which is orthogonal to the xy-plane. Taking the curl of P and Q we obtain
VxP=XQand VxQ =\P. Wehave L=P+Qso VxL =XQ+AQ = AL
and we also have V x (P — Q) = AP — Q) = (=A\)(P — Q). The vectors P
and Q are orthogonal to their curls and the vectors P 4+ Q are parallel to their

curls. Moreover, both P and Q are solutions of Helmholtz’s equation and both
are solenoidal.
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The vector field L = (—Lg, L1,0) is orthogonal to L = (L1, Lo, 0). Taking
the curl and divergence of L | we get

_ /OLy 0Ly OL1  OLs
VXLL_<82’8Z’3$ 8y>
= (=ALg,AL1,0) = AL
and
0Lo 0L4
. L = —— —
V-L; oz + By 0

because L satisfies (1), (2), (3), and (4). Thus, L and L, are orthogonal
eigenfunctions of the curl operator which lie in the xy-plane. L = (—Lo, L1,0)
and Ly — iLy = —i(Ly + iLy) = —if(x + iy)e?E=20) = —(u + v)e?==20)
where f(x+1iy) is the arbitrary analytic function of x + iy corresponding to L.
f(z+iy) and —i f(z+iy) are orthogonal to each other in the complex plane and
|f(z+iy)| = |—if(x +iy)| = |f] = ||L|| = ||LL||. For L, the corresponding
P, and Q are P; = (v,u,0)sin A\(z — z9) and Q = (—u,v,0) cos A\(z — z).

ThenL; =P, +Q1, VP, =2Q,VXxQ =P, Vx(PL£Q))=
=P, £Qy), and

P, x Q, =|f]*sin \(z — 20) cos A(z — 2)(0,0,1) .

Moreover, both P and Q| are solutions of Helmholtz’s equation and solenoidal.

There is nothing special about the third component being zero. If M =
(0, My, M3) is a Trklian vector field with a zero first component and with
twice continuous partial derivatives on an open convex set then we have

M3+ iMy = g(y + iz)eik(x—xo) = (l+ im)ei)\(ac—mo)
where g(y +iz) = l(y, 2z) +im(y, z) is an analytic function of y + iz and
M = (0, m cos(A(z —z0)) +Isin(A(z —x0)), L cos(A(z—x0)) —msin(A(z —xp)))

is the general solution of V. x M = AM with A # 0 and M = (0, My, M3).
Here we have [|[M|| = v/m? + 12 = |g|. In this case if

R = (0,1, —m)sin(A(z — xp)) and
S = (0,m, 1) cos(A(x — z0))

then R-S =0so R and S are orthogonal and
R x S = (12 + m?)sin(A(z — z0)) cos(A(z — z0))(1,0,0)
= |g|* sin(A(w — o)) cos(A(x — 20))(1,0,0)
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which is orthogonal to the yz-plane. Again we have

VxR=MS

V xS=JMR

VxM=VxR+S)=AM and

Vx(R-=8S)=(-)R-9).

Thus, P and Q are orthogonal to their curls and the vectors P +Q are parallel
to their curls. Again both P and Q are solutions of Helmholz’s equation and
both are solenoidal.

The vector field M| = (0,—Ms3, My) is orthogonal to M and is another
eigenfunction of the curl operator which lies in the yz-plane. We have My —
iMs = —i(Ms+iMy) = —ig(y+iz)e?@=20) = —j(f4im)e==20) where g(y+
iz) is the analytic function corresponding to M. As above we have |g| = |[M]|| =
IM_ ||. For M the corresponding R and S, are R; = (0, m, ¢) sin A(z —x0)
and S| = (0,—¢,m)cos \(x — xp). Then M}, =R, +S,;, VxR, =AS,,
V x SJ_ = )\RJ_,

V x (RJ_:‘:SJ_) ::E/\(RJ_—FSJ_), and
R, xS, = |q[*sin Az — o) A(z — x0)(1,0,0).

Moreover, both R and S| are solutions of Helmholtz’s equation and are
solenoidal.

If N = (Ny,0, Ms) is a Trklian vector field with a zero second component
and with twice continuous partial derivatives on an open convex set then we
have ' '

Ny 4 iN3 = h(z + iz)e?¥=%) = (1 4 js)ei—v0)
where h(z +ix) = r(z,z) + is(z,x) is an analytic function of z + iz and
N = (rcos(A(y —wo)) — ssin(A(y —50)), 0, s cos(A(y — yo)) + rsin(A(y — o))
is the general solution of V x N = AN with A # 0 and N = (/V1,0, N3). Here
we have |N|| = V72 + s2 = |h|. In this case if
T = (—s,0,7)sin(A(y — yo))
and
W= <7’, 07 3> COS()\(Z/ - yO))
then T-W =0so T and W are orthogonal and
T x W = (r” + 5°) sin(A(y — 40)) cos(A(y — yo))
= [h|*sin(A(y — o)) cos(A(y — 10))(0,1,0)
which is orthogonal to the zx-plane. Again we have V x T = AW, V x W =

AT, VXN=Vx(T+W)=AN,and V x (T — W) =—-X\(T — W). Thus,
T and W are orthogonal to their curls and the vectors T + W are parallel
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to their curls. Again both T and L are solutions of Helmholtz’s equation and
both are solenoidal.

The vector field N; = (N3,0,—Np) is orthogonal to N and is another
eigenfunction of the curl operator which lies in the zx-plane. We have

N3 — iNy = —i(Ny 4 iM3) = —ih(z + iz)e?90) = —j(r + is)e?v=v0)

where h(z + iz) is the analytic function corresponding to N. As above we
have |h| = ||N|| = ||[N_||. For N the corresponding T, and W, are T, =
(r,0,s)sin \(y —yo) and W = (5,0, —r) cos \(y—yp). Then N} =T, + W,
VXTJ_ :)\WJ_, VXWJ_ :)\TJ_, V X (TJ_iWJ_) = (:E)\)(TJ_:EWJ_), and

T, x W, = |h[*sin A(y — yo) cos A(y — 40)(0,1,0).

Moreover, both T | and W | are solutions of Helmholtz’s equation and are
solenoidal.

4. THE LINEAR INDEPENDENCE OF THE VECTORS L, L |, M, M, N, &
N, IF f/, g/, AND h’ ARE NON-ZERO AND CONTINUOUS.

If (¢ + in) is analytic in an open connected set D and if ¢'(£ + in) is
non-zero and continuous on D then the mapping & + in — ¢(£ + in) is locally
one-to-one (See [3], Theorem 4.6.1, p. 91).

Proposition. Suppose that the functions f(x + iy), gy + iz), and h(z + izx)
are analytic and have continuous non-zero derivatives on an open conver Set.
Then the corresponding L = (L1, L2,0), L, = (—Ly, L1,0), M = (0, My, M3),
ML = <0, —Mg,Mz), N = <N1,0,N3>, and NL == <N3,0, —N1> with

Ly +iLy = f(x + iy)e?F%0) = (u+ iv)er =720,
Ly —iLy = —if(x + Z-y)ez‘/\(z—zo) = —i(u+ Z'U)ei)\(z—zg)’
Ms 4 iMy = g(y + i2)eT770) = (¢ 4 jm)e A @=w0)
My — iM3 = —ig(y + Z'Z)e”\(z—xo) = —i(l+ Z'm)ei)\(x—wo)7
Ny +iN3 = h(z + iz)e? %) = (5 4 js)erW—v0)
and
N3 —iNy = —ih(z 4 iz)e?V790) = —j(r + is)e" =0
are linearly independent if A # 0.
Proof. Set

alL 4+ a] +asM + asM | + asN 4+ agIN | = 0,
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where a;, i = 1,...,
tions:
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6, are real constants. Then we have the following equa-

ar1lq — aolo + asNy + agN3 = 0,
oar1Lo + ool + azMoy — g M3 = 0,

and

agMs + asMs + asNg — agN1 = 0.

Take the following partial derivatives:

N 9Ly W 9%Lo ta >Ny ta 9%Ns 0
N e N e N I
PLy Ly My My
a1 020z a2 0z0x s 0z0x 044 0z0x
and
« 0°Ms + « My + O° Ny -« @ =0
3 0xdy 4 0xdy b 0xdy 6 oxdy
We start with
0 veos(A(z — 20)) + usin(A(z — 20))
0] =a1 | ucos(A(z — 2p)) — vsin(A(z — 20p))

0

+ a9

+ ag

+ oy

+ a5

+ ag

0
—ucos(A(z — zp)) + vsin(A(z — 20))
veos(A(z — 2p)) gusm()\(z - 20))

0
mcos(A(z — xg)) + ﬁsm 96‘ — %) )
Lcos(N(x — xg)) — msin(A(x — zg))
0
—Lcos(A(z — x9)) + msin(A(z — z0))
m cos(A(x — zg)) + £sin(A(x — z))
7 cos(A(y — o)) — ssin(AMy — vo))
0
scos(Ay —yo)) + rsin(A(y — yo))

scos(A(y — yo)) + rsin(A(y — o))

0 ;
—7cos(A(y — o)) + ssin(A(y — yo))>
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and obtain

0 — vy sin(A(z — 20)) + Auy cos(A(z — 20))
0] =a1 | —Augsin(A(z — 20)) — Avg cos(A(z — 2))
0 0
Ay sin(A(z — 29)) + Avy cos(A(z — 2p))
+ as | =g sin(A(z — 20)) + Aug cos(A(z — 20))
0

0
+ as | —Am, sin(A(x — xg)) + M, cos(A(z — xg)))
— My sin(A(z — z9)) — Amy cos(A(z — o))

—Amy sin(A(x — xg)) + My cos(A(x — o
—Ar.sin(A(y — yo)) — As. cos(A(y — yo)))

0
+ay | M sin(A(z — xg)) + Am, cos(A(z — xo);))

+ as 0
=8z sin(A(y — yo)) + Az cos(A(y — yo))

—Asz sin(A(y — yo)) + Ar; cos(A(y — yo)))

+ ag 0
Arg sin(A(y — yo)) — Asz cos(A(y — yo))

From the Cauchy-Riemann equations we have

(@4 iy) = ug + vy = —i(uy + ivy) = vy — iuy,
g (y+iz) =L, +imy = —i(l, +im;) = m, —il,,
and
B (z+ix) =r, +is, = —i(ry +i8y) = Sz — iry -
That gives us
0 —Aug sin(A(z — z0)) — Avg cos(A(z — 2p))
0] =a1 | —Augsin(A(z — 20)) — Avg cos(A(z — zp))
0 0

—Avg sin(A(z — 20)) + Aug cos(A(z — 2p))
+ as | —Avgsin(A(z — 20)) + Aug cos(A(z — 2p))
0
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0
+ az | =My sin(A(xz — zg)) — Amy cos(A(xz — o))
— My sin(A(z — zg)) — Amy, cos(A(z — z9))
0
+ oy | —Amysin(A(x — z9)) + My cos(A(z — x0))
—Amy sin(A(z — xg)) + Ay Cos( (x — x0))
—Arzsin(A(y — yo)) — Asz cos(A(y — yo)))
+ a5 0
—Arysin(A(y — yo)) — Asz cos(A(y

—Aszsin(A(y — yo)) + Ar, cos(A(y )
MY — o))

+ ag 0
—As, sin(A(y — yo)) + Ar cos(

which can be rewritten as

0 1 01
O)=-A|1 10
0 011

(0 g + aovy) sin A(z — 20) + (0 vy — aauy) cos A(z — 2g)
X | (azly + asmy) sin A(z — x9) + (agmy — asly) cos A(x — x0)
(a5 + agsz)sin A(y — yo) + (ass. — agrz) cos A(y — yo)

The matrix

O = =
=)
— O

has a determinant 2 so it is invertible. The scalar \ is non-zero and hence we
must have

(1ug + aovg) sin A(z — 29) + (a1v; — agug) cos A(z — zp) = 0,
(aly + agmy) sin Nz — xg) + (@1my — anly) cos A(z — x9) = 0,
and
(17, + ags;)sin Ay — yo) + (18, — agr,) cos Ay — yo) = 0.

Since the sine and cosine functions are linearly independent we must have the

following:
a1 o ug\ (0
—ag a1 ) \v,)  \0J’
Qa3 (%] Ky . 0
—ay oaz) \my) \0)’
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a5 g rz\ (0
—og a5) \s,) \0)°
Multiplying each of these coefficient matrices by its adjoint we obtain the

following results:
et+ad (1) = (o)
14
043 + (X4 nfy) ( >

() )

But this is equivalent to having
(af + 03) f'(x + iy) =0,
(03 +ad)g (x +iy) = 0,

and

and

and
(02 + )W (z + iy) = 0.

Since the derivatives are non-zero on an open convex set we must have all the
constants equal to zero. Thus the functions L,L; , M, M, N, and N are
linearly independent. O

Now if F = a;L+asL | +agM+a4M | +asN+agIN | where o, i = 1,...,6,
are arbitrary constants then VxF = AF. So all vectors in span{L,L; , M, M|,
N, N, } are eigenvectors of the curl operator.

Remark. If a; and ay are arbitrary constants then ayL + aoL; = (a1 Ly —
aoLo, a1 Lo + aolq, O> and

(1L + apLy) + (a1 L1 — L)
= ay(Le +iLy) + ag(Ly — iLg)

= ay(u+ iv)e?E7%) _jay(u 4 iv)eFT#0)

= (a1 — iag)(u + v)e iAz=20)

= (o — i) (u + iv)erE==)

= (a1 — iae) f(a + iy)er==20)

where Lo + iLy = f(z + iy)e*(*=20) Thus if L corresponds to f(z + iy) then
a1 L + apL | corresponds to (o — iaw) f(z + iy)eir(#=20),
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Likewise asM + ayM | corresponds to (az — iay)g(y + iz)e*@=0) where
M corresponds to g(y + iz)ei)‘(‘”_mo) and asN 4 agN | corresponds to (a5 —
iog)h(z + ix)e*W=¥0) where N corresponds to h(z + iz)e(y—v0),

[1]
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