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Abstract. In this paper, we study sufficient and necessary condition for finite step iterative
sequences with errors for finite family of asymptotically quasi-nonexpansive mappings in
Banach space to converge to common fixed point. These results improve and extend the
corresponding results of Ghosh and Debnath [4], Khan and Takahashi [6], Petryshyn and
Williamson [8], Liu [9, 10], Shahzad and Udomene [14], Xu and Noor [17] and many others.

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty subset of a real normed space E. Let T be a self map-
ping of K. Then T is said to be asymptotically nonexpansive with sequence
{un} C [0,00) if limy, 00 up, = 0 and

[Tz = T"y[| < (1 + un)llz = yl|

for all x,y € K and n > 1; and is said to be asymptotically quasi-nonexpansive
with sequence {u,} C [0,00) if F(T) ={z € K :Tx =x} # 0, limy, oo up, =0
and

[T"z — 2™ < (L4 un)|lz — 2|
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for all x € K,2* € F(T) and n > 1. The mapping 7' is called nonexpansive if
[Tz =Tyl < |z -yl
for all z,y € K, and is called quasi-nonexpansive if F(T) # () and

[Tz — 2™ < ||z — 27|

for all z € K and z* € F(T).

It is therefore clear that a nonexpansive mapping with a nonempty fixed
point set is quasi-nonexpansive and an asymptotically nonexpansive mapping
with a nonempty fixed point set is asymptotically quasi-nonexpansive but
converse does not hold in general.

The class of asymptotically nonexpansive maps was introduced by Goebel
and Kirk [2] as an important generalization of the class of nonexpansive maps.
They established that if K is a nonempty closed convex bounded subset of a
uniformly convex Banach space E and T is an asymptotically nonexpansive self
mapping of K, then T has a fixed point. In the year 1973, Goebel and Kirk [3]
extended their own result to the broader class of uniformly L-Lipschitzian
mappings with L < A\, where X is sufficiently near 1.

Iterative techniques for approximating fixed points of nonexpansive map-
pings and their generalizations (asymptotically nonexpansive mappings etc.)
have been studied by many authors (see e.g. Chidume [1], Rhoades [12],
Schu [13], Tan and Xu [15]), using the Mann iteration process [7| or the
Ishikawa iteration process [5].

In the year 1973, Petryshyn and Williamson [8] established a necessary
and sufficient condition for the Mann iterative sequence to converge to a fixed
point for quasi-nonexpansive mappings. Subsequently, Ghosh and Debnath [4]
extended Petryshyn and Williamson’s results and established some necessary
and sufficient conditions for an Ishikawa-type iterative sequence to converge
to a fixed point for quasi-nonexpansive mappings. Further, Qihou [9, 10, 11]
extended the above results and established some sufficient and necessary con-
ditions for Ishikawa iterative sequences or Ishikawa iterative sequences with
errors for asymptotically quasi-nonexpansive mappings to converge to a fixed
point. Recently, Shahzad and Udomene [14] established a sufficient and nec-
essary conditions for the convergence of the Ishikawa type iterative sequences
involving two asymptotically quasi-nonexpansive mappings to a common fixed
point of the mappings defined on a nonempty closed convex subset of a Ba-
nach space and a sufficient condition for the convergence of the Ishikawa type
iterative sequences involving two uniformly continuous asymptotically quasi-
nonexpansive mappings to a common fixed point of the mappings defined on
a nonempty closed convex subset of a uniformly convex Banach space.
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Inspired and motivated by the above facts, we introduce and study a multi-
step iterative scheme with errors for a finite family of asymptotically quasi-
nonexpansive mappings. This scheme can be viewed as an extension for two
step iterative schemes of Shahzad and Udomene [14]. The scheme may be
defined as follows:

Let K be a nonempty closed convex subset of a Banach space E and let
T1,15,--- ,Tny: K — K be asymptotically quasi-nonexpansive mappings, the
following iteration scheme is studied:

= T e, + Bhn + auy,
xy, = ap T3y + By + oun,

(1)

N Nrpn N—1 N N, N
LIp+1 = Ly = Oy TN‘rn +/8n Tp + Ty, Up

with 21 € K, n > 1, where{al }, {8%}, {74}, forall 1 < i < N are sequences in
[0,1] with o}, + 3 +~L =1foralli =1,2,--- , N, and {ul}, {u2}, - {ul}
are bounded sequences in K.

For N=2T1 =T, =T, 8, = a}, o, = a2 and 7} = 42 = 0, then (1)

n’ n

reduces to the scheme for a mapping defined by Liu [9]:
1=z € K
Tnt1 = (1 — ap)xn + oy T"[(1 = Bp)an + BT xy], n>1

where {a,,}, {6,} are sequences in [0, 1].
For N =2 T\, T»: K - K, Ty =T, Ty =8, #, = a}, a, = a2 and
vt =42 = 0, then (1) reduces to the scheme for two mappings defined by

Shahzad and Udomene [14]:
rm=x €K

Tyl = (1 — ap)zn + anS™[(1 = Bp)zn + BT x|, n>1
where {a,}, {8,} are sequences in [0, 1].
For N=2 Ty, Ty: K —» K, Ty =T, =T, and y,, = .., then (1) reduces to
the scheme with errors for a mapping defined by Liu [10]:
r1=x €K
Yn = a}LTnﬂjn + 671an + V%U%L

2 2mn 2 2,2
Tp+l = Ty = anT Yn + 6nxn + YUy

where {al}, {a2}, {BL}, {82}, {71}, {42} are sequences in [0,1] with o} +
B+t =1=0a2 +3 ++2 and {ul}, {u2} are bounded sequences in K.
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For N =2 T),T5: K - K, Ty =T, T, = S and y, = x., then (1)
reduces to the scheme with errors for two mappings defined by Shahzad and
Udomene [14]:

r=x €K
_ 1gm 1 1,1
Yn = OénT Tn + ﬁnxn + F)/nun

2 2 qn 2 2,2
Tn+1 = Ty = anS Yn + ﬂnwn + TnUn

where {al}, {2}, {8}, {62}, {73}, {12} are sequences in [0, 1] with o}, +
B4+t =1=0a2 + 32 ++2 and {ul}, {u2} are bounded sequences in K.

The purpose of this paper is to establish a sufficient and necessary condition
for strong convergence of the multistep iteration scheme with errors for a
finite family of asymptotically quasi-nonexpansive mappings in Banach space.
These results extend the related result of Shahzad and Udomene [14] and many
others.

In order to prove our main results, the following lemmas have been used:

Lemma 1.1. Let {an}02 1, {Bn}02 and {r,}5°, be sequences of nonnegative
real numbers satisfying

an+1 < (14 rp)an + Bn, ¥n € N.

Let >0 yrn <00, .00 Bn < 00. Then
(i) im,, o0 a,, exists.
(ii) If iminf, . a, = 0, then lim,_,o a, = 0.

Lemma 1.2. ([16]) Letp > 1 and R > 1 be two fized numbers and E a Banach
space. Then E is uniformly conver if and only if there exists a continuous,
strictly increasing and convex function g: [0,00) — [0, 00) with g(0) = 0 such
that

Az + (1 = Nyl < Allz]]” + (1 = Mlyl]” = Wp(Ng ([l = yll)
for all x,y € Br(0) = {x € E : ||z|| < R}, and X € [0,1], where Wp(\) =
A(L = AP + AP(1 = N).

2. MAIN RESULTS

Theorem 2.1. Let FE be a real Banach space and K be a nonempty closed
convex subset of E. Let T1,Ts,--- ,Tn: K — K be asymptotically quasi-
nonexpansive mappings with sequences {r’} such that D ri < oo, for all
1<i<Nand F =0} ,F(Ty) # ¢. Let {ai}, {3} and {1} are sequences
in [0,1] with &, + 8% +~% =1 for alli =1,2,--- ,N. From arbitrary z1 € K,
define the sequence {x,} iteratively by (1), where {ul} are bounded sequences
in K with Y o0 ul, < co. Then
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(i) Fora* € F and for some sequences {b,} and {d}} for alli=1,2,--- N,
n > 1, of numbers satisfy Y .o, b, < oo and Y o> dl, < oo such that

n=1%
lzns1 —2*| = ag — 2™ < (L4 b)) |lwn — 2™ +d7 7,
(ii) There exists a constant M > 0 such that
[z sm — 2| < M|jzn — 27|
for allm,m > 1 and z* € F.

Proof. (i) Let * € F. Then from (1) we have

lz, — 2*|| = llan T7'@n + Bawn + Yot
< apl[Tizn — 2|l + Bullen — 2| + vy, — 27|
< ap(L+rp)llon — 2*|| + Bullzn — 2|+l — 2|
< (1= +r)llen — 2" + By (L +7p)llwn — 27|
+ Y llun — 2|
< (L) lam — 27| + allup, — 27|
< (L) an — 27| + dy,

where d¥ = v} ||lul — z*||. Since Y00 ; v} < oo, then Y >0 | d¥ < oc.
Next, we note that

lz5, = "Il = o 15"z, + Brn + vau

< a5 ay, — o*|| + Bollon — || + yallup — 2|
< op(L+r)lay — || + Ballwn — o*|| + yallup — 2|
< ap(L+r)[(1+rp)lzn — ¥ + d5] + B2 an — =
+ yallun — ||
< [T +rp) (L +r)ap + Balllzn — || + af (147 )d,,
+yalluz — 2
< (ap + B+ 1)L +712) |20 — 2| + ai (1 +73)d),
+ v lluz — 2|
< (Lt + i +rpri)|en — 2| + ap (14 17)dy + il lup, — ||
< (1+by)||zn — 2™ + dy,

where dy, = ap (1 + r3)dy, + 72 |up — «*|| and b, = (147, + 5 +ryrs). Since
S0 dd <00, 30 42 <00, Y00 rh < oofori=1,2,andso > o0 dl < oo

n
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and Y °° bl < oco. Similarly, we have
ly, = 2™ = llan T5'a7; + Bown + Vaupll
< op | T3y — 2| + Bpllan — 2™ + 7llup, — 27|
< an(L+rp)laep —z* | + Ballen — %[ + yallup — 2*|
< ap (L4 7)[(1+bp) 2 — 2% + dp] + Byllzn — 2|
+llun — 2|
< o (L +7) (L +by) + Ballzn — 2™ + e (1 +r3)d,,
+pllun — 2|
< (ap + B) (L4 b)) (L +7) |z — 2| + ap (1 + 7))y,
+ 7 llup, — 2|
< (14 by) (1 + ) llen — 27| + d
< (14 bp)l|lzn — 2™ + di,
where b2 = bL + 73 + blrd and d2 = a3 (1 + r3)dL + 3 ||lud — 2*||. Since

1 3 1 3 2
Z;.Lozl bn < 0, Z?:l Tp < 00, Z;L.O:I dn < oo and Z’SLOZI Tn < OO, SO Z?:l bn <
oo and Y o0 | d? < 0.

By continuing the above process, there exist nondecreasing sequences {d’ !}

and {b;1} such that > 00 dl-! < oo and Y 0% bl-! < 0o and

Hxﬁ1 —z*| < (1 +b§fl)|]a:n — " —i—dffl, Yn>1, Vi=1,2,---,N.
Thus

lenss — a7 = el — 2" < (1+0) )z — 27 +dY", ¥ne N.

This completes the proof of (i).
(ii) Since 1 +x < €* for all > 0. Then from (i) it can be obtained that

Hxn—&—m - x*H

< (@+VE D@ngmor — ot +dN5E
N—-1

< ePntm 1| @y — 2|+ ANy

pN-1 4 pN—l * pN -1 N—1 N—1
e 6( n+m—1 n+m—2)‘|xn+m_2 —x H + e’ntm—1 dn+m72 —+ dn+m71

N-1 N-1 N—1
= elntm-1tbnim—2) [#n4m—2 — " + ePmim-1 (an—l—_%—l + dflv"r_ﬂl’b—Q)

—1
an‘»mfl bel " En«kmfl bel ntm N—1
— el-k=n k Hxn—;z; ||—|—e k=n k . E dk
k=n
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n+m—1
= M|z — 2%+ M. > dy!,
k=n
where M = eXiZa b . This completes the proof of (ii). O

Theorem 2.2. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let T1,15,--- ,Tn: K — K be N asymptotically quasi-

nonexpansive mappings ({T; : i =1,2,--- , N} need not be continuous) with se-
quences {rl} such that > 0 | ri < oo, foralll <i < N and F = N F(T;) #

¢. Let {a}, {BL} and {¥.} are sequences in [0,1] with o, + 3% +~% =1 for all
i=1,2,---,N. From arbitrary 1 € K, define the sequence {x,} iteratively by
(1), where {ul,} are bounded sequences in K with Y oo ul < oo. Then {z,}
converges strongly to a common fized point of the mappings {T1,Ta, -+ ,Tn}
if and only if

liminf d(z,, F') =0,

n—oo

where d(y, A) denotes the distance of y to the set A; that is, d(y, A) = inf{|ly — 2| :
Vz e A}

Proof. Suppose {z,} converges strongly to a common fixed point z of {17, T3,
..., Ty}. Then

liminf d(z,, F') = 0.

n—oo

Conversely, suppose {11,T%, -+ ,Tn}. Then from Theorem 2.1 (i), we have
|Zpe1 — 2| < A+ 0N Y|z, — 2| +dY 71, VneN, Va* e F. (2

Since > 02 uf, < oo, Y00 rh < oo for all 1 < i < N, we know that

n

S bVt < oo and Y0 dY ! < 0. So from (2), we obtain

n=1"%n n=1"n
d(zpi1, F) < (1+ 65 "Yd(z,, F) +dY
Since liminf,, o d(zy, F)) = 0 and from Lemma 2.1, we have

lim d(z,, F) =0.
n—oo

Next we will show that {x,} is a Cauchy sequence. For all € > 0, from
Theorem 2.1 (ii), it can be known that there must exists a constant M > 0,
such that

n+m—1

[Znpm — 2| < M||an — 2%+ M. > dY~', Vm,ne N, Va* € F. (3)

k=n

Since limy, o0 d(2y, F) =0and Y7, dY~! < 0o, there must exists a constant
N1, such that when n > Ny
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c n+m—1 c
1 N—-1 1
=n

So there must exists w* € F, such that

* * €1
Ao, w?) = ow, — v < o
From (3), it can be obtained that when n > Ny

lZntm —Tall < [Tpem — 0 || + |2 — w*|

o
M|z, —w*|| + My, —w|| +2M Y dY~!

<
k=N1
€1 &1 &1
< M—+M— +2M.—
- 3M+ 3M+ 6. M
< €1,

that is,
[Tnm — Zn|| < e1.

This shows that {x,} is a Cauchy sequence and so is convergent from the
completeness of E. Let lim, .o x, = y*. Then y* € K. It remains to show
that y* € F. Let eo > 0 be given. Then there exists a natural number Np
such that

€2

— =2 Yn> N,
2(2+ 1)

lzn — " <

Since lim,,—,o d(zy, F') = 0, there must exists a natural number N3 > Ny such
that for all n > N3, we have

€2
d(xn, F) < ————
@ F) < 3570
and in particular we have
€2
: 3(2+71)
Therefore, there exists z* € F' such that
€2

-2 < ——.
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Consequently, we have
IToy* = y* | = 1Ty — 2" + 2" —ang + 2N, — ¥
<|Ty* = 2% + 12" — 2l + llzns — 37l
< @A+r)ly =2+ 12" = zn )+ e, =yl
+r)lly = 2ng |+ ey — 2]+ 2% = 2w |+ llen, — o7

< (147}
< @2+r)ly* - xN3H+<2+r1>HxN3 |
@+r]) e =2

< —
22+ 1)

2—{—7‘1 —I—(2—|—r1)

2(2 +7"1)

< &9.

This implies that y* € F(T;) for all i = 1,2,--- , N. Hence we conclude that
y* € F = N, F(T;), that is, y* is a common fixed point of the mappings
{T1,Ts,--- ,Ty}. Thus {z,} converges strongly to a common fixed point of
the mappings {71, Ts, - ,Tn}. This completes the proof. O

Remark 2.3. Theorem 2.2 extends Theorem 3.2 of Shahzad and Udomene [14]
to the case of multistep iterative sequences with errors for finite family of
asymptotically quasi-nonexpansive mappings.

Remark 2.4. Theorem 2.2 also extends and improves Theorem 1.1 and The-
orem 1.1’ of Petryshyn and Williamson [8] and Theorem 3.1 of Ghosh and
Debnath [4] to the case of multistep iterative sequences with errors for finite
family of more general class of quasi-nonexpansive mappings. The continuity
of mapping is relaxed in Theorem 2.2 as compared to [8, 4].

Remark 2.5. Theorem 2.2 also extends Liu [9, Theorem 1] and Liu [10,
Theorem 1] to the case of multistep iterative sequences with errors for finite
family of asymptotically quasi-nonexpansive mappings.

Theorem 2.6. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let T1,15,--- ,Tn: K — K be N uni-
formly continuous asymptotically quasi-nonexpansive mappz'ngs with sequences
{ri} such that Y o0 | ri < oo, foralll1 <i< N and F = NN L F(T) # ¢. Let
{xn} be the sequence defined by (1) with "7 |~} < oo (md {al} C e, 1 —¢]
foralli=1,2,--- /N, for some e € (0,1). Then

|zn — T @n|| = 0
foralli=1,2,--- N.

Proof. Let z* € F = NY,F(T;). Then by Theorem 2.1 (i) and Lemma 1.1,
lim,, oo ||2n — || exists. Let lim,, o ||zn — 2*|| = a. If a = 0, then by the
continuity of each T; the conclusion follows. Now suppose that a > 0. Firstly,
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we are now to show that lim,_,co || TR2s — || = 0. Since {z,,} and {u}} are
bounded for all i = 1,2,--- , N, there exists R > 0 such that
Tp — " +'71iz(uiz - xn),Tz"mfl ozt Vn( uy, — ) € Br(0)
forallm > 1 and for all t =1,2,--- , N. Using Lemma 1.2, we have
[EA

*HCkNT N 1+5N$n+'}’T]LVU£¢V_$*”2

= [loy (T — 2" o (uy = 2a)) + (1= o)) (@ — 2™ + 7 (up) = 2))[I?
< o | TRay = = 2™+ (uy = )2
+(1—a )Hwn &+ (un = ) |? = Wala)g(ITRa " — za)ll
n (TR ™ = 2|+ lluy — 2n) |1

+(1—ay )(||9Cn—90 I+ 72 llun = zall)* = Walar)g(ITRzy ™! — 2nll)
n (L6772 lan — 2|+ dy =2 + 9 ) — )2

+ (L= o )[(1 403"l — 2| + i =2 4 7 |up — aal|)?

= W )g(ITHay ™" — zal)
<[(1+03" 2)Hxn—l’ I+ dy =% + Ay — ]

= Wala)g(ITRan " — zal)
< llen — 2"l + 337 2] = Walen )g(ITxay ™" = zal)), \
where A2 = dV=2 4+ 4N ||uN — z,,||. Observe that £3 < Wa(al), it impl(ie;
that

Sg(ITRan " = zal)) < llwn — 2*|* = l|lzper — 2| + o5

b
where

,0,].2[_2 — 2)\N—2 ()\N—Q)Q'

Since > 00 1 dN 72 < oo and Y00 v 72 < oo, we get Yoo, pNV T2 < oo. This
implies that

hm g(HT]’Z}a:N L _z.)=0.
Since g is strictly increasmg and continuous at 0, it follows that
lim ||TRzY "1 — z,| = 0.
n—oo
Since T, VN is asymptotically quasi-nonexpansive, note that

len — @I < llwn = Tay ™ + | TRy ! = 2]

= [lzn — TRean M + (147 Jan — 27|
for all n > 1. Thus
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a= lim |z — x|

<hm1nf [EA—|
<hmsupHxN T 2¥|
<a
and therefore lim, o ||zY~! —2*|| = a. Using the same argument in the

proof above, we have

2N-1 2
n

< ap T HITRay 7 = 2 T T = )|
+ (1= oy an - o +vn Hup ™t = )|
= Walan " Dg(ITx 12 =% = @nl)
< ap T+ b ) lon — 2+ dy 7 T e T — )2
+ (1= a4 b))z — 2|+ dy =2 T = ]
= Wa(an DI TN 12 =% = @al)
<A+ by ) ln — 2™+ dp 72+ g T — )
— Wa(ay ™ Dg(ITR 2~ = zal)
< lan = 2™ + A7 = Walon g (ITR 1202 = ),

()

where \N=3 = gN=3 4 yV=1|4N=1 — 2, ||. This implies that
Eg(ITh1an 2 = all) < llzn — &*|° = llzngs —*|* + o3,

where p =3 = 2AN=3 4+ (A =3)2 and therefore

N-2

lim [|[TN_jz;, ° —z,|| = 0.
n—o0

Thus, we have

|2 — T

< lzn — Thay "+ [ TRay " — Thanll

< |l — TRy - 1||+(1+7“ Man ™ — anll
< lzn = Thay M+ @+ ) llog T TR gy ™ + B0 an + oy~ huy T — |

<l = Ty =M+ U+ ) o THTR 320 ™ = zall o~ Hlun = = 2all.
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Since limy, o ||z, — T]\}xflv_lﬂ =0, lim, o ||2n — T]@_lxﬁf—ﬂ] =0,and > >,
YV <00, Y000 rl < o0, it follows that

lim ||z, — Tnzn| = 0.
n—oo

Similarly, by using the same argument as in the proof above we have lim,, o ||, —

T]@—ng_?’n =limy, o0 |77 — TJ7\17—3$717\,[_4|| =, = limy oo |7, — T2n$qlq,” = 0.
This implies that
lim ||z, — Ty_1x.| = lm ||z, — TN_sxn]|
n—oo n—oo
= lim ||z, —T3'z,| = 0.
n—oo
It remains to show that
lim ||z, — T7'zy|| =0, lim ||z, — T5'x,|| = 0.
n—0o00 n—0a0
Note that
|y, — 2%

n
< an (1T an — || + v llug, — )1 + (1= ) (lzn — 2| + 7o llun, — )12
— Wa(ap)g (I TT' w0 — wnl])
< (L4 )l — ||+ ypluy, — 2|}
+ (L= an)[(L+ ) llen — & + vallug, — 22 = Wa(ag)g(|TTwn — @nl])
<[+ rp)llen — 2|+ ypllug — 217 = Walan)g (|11 @0 — 2nl])
< lln — 2| + ypllug — 2112 = Walean)g(I 720 — @all)
Thus, we have

91TV zn — 2al) < llon — || + pllun — 271 = 2y — 2"

-
and therefore
lim |17z, — x| = 0.
n—oo
Since
20 — T3@n || < llzn — T3z || + |15 2, — Ty'z,||
< lwn — Tyay |l 4+ (14 72) 1z, — o0l
< lwn = T | + L+ r2)llan TT @0 + Byt + ity — T
< lan — T3z || + (14 r2) [ap 1T w0 — ol + vhlluy, — z0ll],

it implies that lim, . |75 %y — zn|| = 0. Therefore limy, o || 1)@y — xp| = 0
foralli=1,2,---,N. O
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Theorem 2.7. Let E be a real uniformly convexr Banach space and K be
a nonempty closed convexr subset of E. Let Ty, Ts,--- ,Tn: K — K be N
uniformly L-Lipschitzian asymptotically quasi-nonexrpansive mappings with se-
quences {r} such that Y > ri < oo, foralll <i < N and F' = NN F(T;) #
¢. Let {z,} be the sequence defined by (1) with > 50 4% < oo and {at} C
[e,1—¢] foralli=1,2,--- N, for some e € (0,1). Then

|2 — Tizn| =0
foralli=1,2,--- N.
Proof. 1t follows from Theorem 2.6, that
lim |z, — T)'xy,|| =0
n—oo
forall ¢ =1,2,--- , N and this implies that
zn+1 = @all < @ ITRzy ™" = zall + 30 lup — @nll =0,

as n — oo. We now have to show that lim, ||z, — Tiz,|| = 0 for all
1=1,2,---,N. Observe that

(e Tln_lan < lzn — zn-all + [[2n-1 — Tln_lxn—lH
T 2 = T |
<z — zn-all + | zn-1 — T{l_lxn—l”
+ Ll|zn—1 — @al| — 0,
as n — oo. Using the above inequality, we have
[en = Tiza| < llan =TT 2all + 17 20 — Tr||
< |lzn = T3'@nll + LI T7 ™ 20 — 2nll — 0,
as n — 0o. Again we have
2 — T3y |
< lwn = @l + lznr = T3 gy | + T3 gy — T3 g
<l = ap-all + 2n—1 = T3~ @p_y || + Lllag,_y — fEl nl
< lzn = 2p-1]l + llzn-1 = T3~ an gl + L{lleg_y — za-1l|
+ |1 =zl + |z — 2y ]
< (L Dllan = @ | + anr = T3 2k | + Lliad_y — ]
Lz, — L] =0,
as n — o0o. Using the above inequality, we have
[2n — Toxp|| < [|lzn —Tf? nll + 1Ty, — Tomy |
< lzn — T3y || + LT3 2y — 20l — 0,
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as n — oo. Similarly, we can prove that

|xn — Tszn|| = 0, ||zn — Tuzn|| =0, , ||xn — Tnzy|| = 0.
Thus
[#n — Tian| =0
foralli=1,2,---, N. This completes the proof. O

Theorem 2.8. Let E be a real uniformly convex Banach space and K be a
nonempty closed convexr subset of E. Let T1,15,--- ,Tn: K — K be N uni-
formly continuous asymptotically quasi-nonexrpansive mappings with sequences
{ri} such that Y 0% | ri < oo, for all1 <i < N and F = NN, F(T;) # ¢. Let
{z,,} be the sequence defined by (1) with > oo |~ < oo and {a!} C [e,1 — €]
foralli=1,2,--- N, for some e € (0,1). Suppose T{" is compact for some
m € N. Then {z,} converges strongly to a common fixed point of the map-
pings {T1,Ta, -+ ,Tn}.

Proof. Since T7" is compact for some m € N, from the uniform continuity of
Ty and lim, o || T2y — zp|| = 0, we can show that for each [ > 1,

lim || T}z, — z,| = 0.
n—oo

Since {z,} is bounded and T7" is compact, {T7"x, }°° ; has a convergent subse-
quence {T1"zy, };’0:1 Suppose lim; o T{"x,; = 2* € K. Then the inequality
[2n; — 2% < lan; = T1"wn, || + 117" 20, — 27|
yields lim; . [|[zn, — 2*|| = 0 which implies by Lemma 1.1 that z,, — z* €
F =N, F(T;), since lim,, o ||, — 2*|| exists. Thus {x,} converges strongly

to a common fixed point of the mappings {T,75,--- ,Tn}. This completes
the proof. O

Corollary 2.9. Let E be a real uniformly convex Banach space and K be
a nonempty compact conver subset of E. Let T1,Ts,--- ,Tn: K — K be N
continuous asymptotically quasi-nonerpansive mappings with sequences {'rﬁl}
such that 0% (18 < oo, for all1 < i < N and F = NN, F(T;) # ¢. Let
{z,,} be the sequence defined by (1) with > oo |~ < oo and {a!} C [e,1 — €]
foralli=1,2,--- N, for some e € (0,1). Suppose T{" is compact for some
m € N. Then {z,} converges strongly to a common fized point of the mappings

{T17T27"' aTN}

Remark 2.10. (1) Corollary 2.9 extends Theorem 1.2 of Khan and Taka-
hashi [6] to the case of multistep iterative sequences with errors for finite
family of more general class of mappings.

(2) Theorem 2.8 extends Theorem 2.2 of Schu [13] to the case of multi-
step iterative sequences with errors for finite family of more general class of
mappings.
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(3) Corollary 2.9 also extends the results of Liu [11] to the case of multistep
iterative sequences for finite family of more general class of mappings.

For our next result, we shall need the following definition:

Definition 2.11. Let C' be a nonempty closed subset of a Banach space
E. A mapping T: C — (' is said to be semi-compact, if for any bounded
sequence {z,} in C such that lim, ., ||z, — T'zy|| = O there exists a subse-
quence {x,,} C {z,} such that lim; o z,, =z € C.

Theorem 2.12. Let E be a real uniformly convexr Banach space and K be
a nonempty closed convexr subset of E. Let T1,T5,--- ,Tn: K — K be N
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with se-
quences {ri} such that > o | ri < oo, foralll <i < N and F = NY | F(T;) #
¢. Let {xn} be the sequence defined by (1) with > 00 % < oo and {a’} C
[e,1—¢] foralli=1,2,--- /N, for some ¢ € (0,1). Suppose one of the map-
pings in {T1,Ta, - , TN} is semi-compact. Then {x,} converges strongly to a
common fized point of the mappings {T1,To, -+ ,Tn}.

Proof. Suppose that T is semi-compact. By Theorem 23.7, we have
lim |z, — Thz,| = 0. (6)
n—oo

So there exists a subsequence {z,,} of {z,} such that lim; .. z,; = 2* € K.
So from (6) we have lim,, oo ||Zn; — Tjan,|| = 0 for all j = 1,2,---, N and
so ||lz* —Tja*|| = 0 for all j = 1,2,---,N. This implies that 2* € F =
NN F(T;). Since lim,, oo d(zn, F) = 0, it follows, as in the proof of Theorem
3.2, that {z,,} converges strongly to a common fixed point of the mappings
{T1,Ts,--- ,Ty}. This completes the proof. O
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