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Abstract. In this paper, we study sufficient and necessary condition for finite step iterative

sequences with errors for finite family of asymptotically quasi-nonexpansive mappings in

Banach space to converge to common fixed point. These results improve and extend the

corresponding results of Ghosh and Debnath [4], Khan and Takahashi [6], Petryshyn and

Williamson [8], Liu [9, 10], Shahzad and Udomene [14], Xu and Noor [17] and many others.

1. Introduction and Preliminaries

Let K be a nonempty subset of a real normed space E. Let T be a self map-
ping of K. Then T is said to be asymptotically nonexpansive with sequence
{un} ⊂ [0,∞) if limn→∞ un = 0 and

‖Tnx− Tny‖ ≤ (1 + un)‖x− y‖
for all x, y ∈ K and n ≥ 1; and is said to be asymptotically quasi-nonexpansive
with sequence {un} ⊂ [0,∞) if F (T ) = {x ∈ K : Tx = x} 6= ∅, limn→∞ un = 0
and

‖Tnx− x∗‖ ≤ (1 + un)‖x− x∗‖
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for all x ∈ K,x∗ ∈ F (T ) and n ≥ 1. The mapping T is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖

for all x, y ∈ K, and is called quasi-nonexpansive if F (T ) 6= ∅ and

‖Tx− x∗‖ ≤ ‖x− x∗‖

for all x ∈ K and x∗ ∈ F (T ).
It is therefore clear that a nonexpansive mapping with a nonempty fixed

point set is quasi-nonexpansive and an asymptotically nonexpansive mapping
with a nonempty fixed point set is asymptotically quasi-nonexpansive but
converse does not hold in general.

The class of asymptotically nonexpansive maps was introduced by Goebel
and Kirk [2] as an important generalization of the class of nonexpansive maps.
They established that if K is a nonempty closed convex bounded subset of a
uniformly convex Banach space E and T is an asymptotically nonexpansive self
mapping of K, then T has a fixed point. In the year 1973, Goebel and Kirk [3]
extended their own result to the broader class of uniformly L-Lipschitzian
mappings with L < λ, where λ is sufficiently near 1.

Iterative techniques for approximating fixed points of nonexpansive map-
pings and their generalizations (asymptotically nonexpansive mappings etc.)
have been studied by many authors (see e.g. Chidume [1], Rhoades [12],
Schu [13], Tan and Xu [15]), using the Mann iteration process [7] or the
Ishikawa iteration process [5].

In the year 1973, Petryshyn and Williamson [8] established a necessary
and sufficient condition for the Mann iterative sequence to converge to a fixed
point for quasi-nonexpansive mappings. Subsequently, Ghosh and Debnath [4]
extended Petryshyn and Williamson’s results and established some necessary
and sufficient conditions for an Ishikawa-type iterative sequence to converge
to a fixed point for quasi-nonexpansive mappings. Further, Qihou [9, 10, 11]
extended the above results and established some sufficient and necessary con-
ditions for Ishikawa iterative sequences or Ishikawa iterative sequences with
errors for asymptotically quasi-nonexpansive mappings to converge to a fixed
point. Recently, Shahzad and Udomene [14] established a sufficient and nec-
essary conditions for the convergence of the Ishikawa type iterative sequences
involving two asymptotically quasi-nonexpansive mappings to a common fixed
point of the mappings defined on a nonempty closed convex subset of a Ba-
nach space and a sufficient condition for the convergence of the Ishikawa type
iterative sequences involving two uniformly continuous asymptotically quasi-
nonexpansive mappings to a common fixed point of the mappings defined on
a nonempty closed convex subset of a uniformly convex Banach space.
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Inspired and motivated by the above facts, we introduce and study a multi-
step iterative scheme with errors for a finite family of asymptotically quasi-
nonexpansive mappings. This scheme can be viewed as an extension for two
step iterative schemes of Shahzad and Udomene [14]. The scheme may be
defined as follows:

Let K be a nonempty closed convex subset of a Banach space E and let
T1, T2, · · · , TN : K → K be asymptotically quasi-nonexpansive mappings, the
following iteration scheme is studied:

x1
n = α1

nTn
1 xn + β1

nxn + γ1
nu1

n

x2
n = α2

nTn
2 x1

n + β2
nxn + γ2

nu2
n

· · ·
xn+1 = xN

n = αN
n Tn

NxN−1
n + βN

n xn + γN
n uN

n

(1)

with x1 ∈ K, n ≥ 1, where{αi
n}, {βi

n}, {γi
n}, for all 1 ≤ i ≤ N are sequences in

[0, 1] with αi
n + βi

n + γi
n = 1 for all i = 1, 2, · · · , N , and {u1

n}, {u2
n}, · · · , {uN

n }
are bounded sequences in K.

For N = 2, T1 = T2 = T , βn = α1
n, αn = α2

n and γ1
n = γ2

n = 0, then (1)
reduces to the scheme for a mapping defined by Liu [9]:

x1 = x ∈ K

xn+1 = (1− αn)xn + αnTn[(1− βn)xn + βnTnxn], n ≥ 1
where {αn}, {βn} are sequences in [0, 1].

For N = 2, T1, T2 : K → K, T1 = T , T2 = S, βn = α1
n, αn = α2

n and
γ1

n = γ2
n = 0, then (1) reduces to the scheme for two mappings defined by

Shahzad and Udomene [14]:
x1 = x ∈ K

xn+1 = (1− αn)xn + αnSn[(1− βn)xn + βnTnxn], n ≥ 1
where {αn}, {βn} are sequences in [0, 1].

For N = 2, T1, T2 : K → K, T1 = T2 = T , and yn = x1
n, then (1) reduces to

the scheme with errors for a mapping defined by Liu [10]:

x1 = x ∈ K

yn = α1
nTnxn + β1

nxn + γ1
nu1

n

xn+1 = x2
n = α2

nTnyn + β2
nxn + γ2

nu2
n

where {α1
n}, {α2

n}, {β1
n}, {β2

n}, {γ1
n}, {γ2

n} are sequences in [0, 1] with α1
n +

β1
n + γ1

n = 1 = α2
n + β2

n + γ2
n and {u1

n}, {u2
n} are bounded sequences in K.
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For N = 2, T1, T2 : K → K, T1 = T , T2 = S and yn = x1
n, then (1)

reduces to the scheme with errors for two mappings defined by Shahzad and
Udomene [14]:

x1 = x ∈ K

yn = α1
nTnxn + β1

nxn + γ1
nu1

n

xn+1 = x2
n = α2

nSnyn + β2
nxn + γ2

nu2
n

where {α1
n}, {α2

n}, {β1
n}, {β2

n}, {γ1
n}, {γ2

n} are sequences in [0, 1] with α1
n +

β1
n + γ1

n = 1 = α2
n + β2

n + γ2
n and {u1

n}, {u2
n} are bounded sequences in K.

The purpose of this paper is to establish a sufficient and necessary condition
for strong convergence of the multistep iteration scheme with errors for a
finite family of asymptotically quasi-nonexpansive mappings in Banach space.
These results extend the related result of Shahzad and Udomene [14] and many
others.

In order to prove our main results, the following lemmas have been used:

Lemma 1.1. Let {an}∞n=1, {βn}∞n=1 and {rn}∞n=1 be sequences of nonnegative
real numbers satisfying

an+1 ≤ (1 + rn)an + βn, ∀n ∈ N.

Let
∑∞

n=1 rn < ∞,
∑∞

n=1 βn < ∞. Then
(i) limn→∞ an exists.
(ii) If lim infn→∞ an = 0, then limn→∞ an = 0.

Lemma 1.2. ([16]) Let p > 1 and R > 1 be two fixed numbers and E a Banach
space. Then E is uniformly convex if and only if there exists a continuous,
strictly increasing and convex function g : [0,∞) → [0,∞) with g(0) = 0 such
that

‖λx + (1− λ)y‖p ≤ λ‖x‖p + (1− λ)‖y‖p −Wp(λ)g(‖x− y‖)
for all x, y ∈ BR(0) = {x ∈ E : ‖x‖ ≤ R}, and λ ∈ [0, 1], where Wp(λ) =
λ(1− λ)p + λp(1− λ).

2. Main Results

Theorem 2.1. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let T1, T2, · · · , TN : K → K be asymptotically quasi-
nonexpansive mappings with sequences {ri

n} such that
∑∞

n=1 ri
n < ∞, for all

1 ≤ i ≤ N and F = ∩N
i=1F (Ti) 6= φ. Let {αi

n}, {βi
n} and {γi

n} are sequences
in [0, 1] with αi

n + βi
n + γi

n = 1 for all i = 1, 2, · · · , N . From arbitrary x1 ∈ K,
define the sequence {xn} iteratively by (1), where {ui

n} are bounded sequences
in K with

∑∞
n=1 ui

n < ∞. Then
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(i) For x∗ ∈ F and for some sequences {bi
n} and {di

n} for all i = 1, 2, · · · , N ,
n ≥ 1, of numbers satisfy

∑∞
n=1 bi

n < ∞ and
∑∞

n=1 di
n < ∞ such that

‖xn+1 − x∗‖ = ‖xN
n − x∗‖ ≤ (1 + bN−1

n )‖xn − x∗‖+ dN−1
n ,

(ii) There exists a constant M > 0 such that

‖xn+m − x∗‖ ≤ M‖xn − x∗‖
for all n,m ≥ 1 and x∗ ∈ F .

Proof. (i) Let x∗ ∈ F . Then from (1) we have

‖x1
n − x∗‖ = ‖α1

nTn
1 xn + β1

nxn + γ1
nu1

n‖
≤ α1

n‖Tn
1 xn − x∗‖+ β1

n‖xn − x∗‖+ γ1
n‖u1

n − x∗‖
≤ α1

n(1 + r1
n)‖xn − x∗‖+ β1

n‖xn − x∗‖+ γ1
n‖u1

n − x∗‖
≤ (1− β1

n)(1 + r1
n)‖xn − x∗‖+ β1

n(1 + r1
n)‖xn − x∗‖

+ γ1
n‖u1

n − x∗‖
≤ (1 + r1

n)‖xn − x∗‖+ γ1
n‖u1

n − x∗‖
≤ (1 + r1

n)‖xn − x∗‖+ d0
n,

where d0
n = γ1

n‖u1
n − x∗‖. Since

∑∞
n=1 γ1

n < ∞, then
∑∞

n=1 d0
n < ∞.

Next, we note that

‖x2
n − x∗‖ = ‖α2

nTn
2 x1

n + β2
nxn + γ2

nu2
n‖

≤ α2
n‖Tn

2 x1
n − x∗‖+ β2

n‖xn − x∗‖+ γ2
n‖u2

n − x∗‖
≤ α2

n(1 + r2
n)‖x1

n − x∗‖+ β2
n‖xn − x∗‖+ γ2

n‖u2
n − x∗‖

≤ α2
n(1 + r2

n)[(1 + r1
n)‖xn − x∗‖+ d0

n] + β2
n‖xn − x∗‖

+ γ2
n‖u2

n − x∗‖
≤ [(1 + r1

n)(1 + r2
n)α2

n + β2
n]‖xn − x∗‖+ α2

n(1 + r2
n)d0

n

+ γ2
n‖u2

n − x∗‖
≤ (α2

n + β2
n)(1 + r1

n)(1 + r2
n)‖xn − x∗‖+ α2

n(1 + r2
n)d0

n

+ γ2
n‖u2

n − x∗‖
≤ (1 + r1

n + r2
n + r1

nr2
n)‖xn − x∗‖+ α2

n(1 + r2
n)d0

n + γ2
n‖u2

n − x∗‖
≤ (1 + b1

n)‖xn − x∗‖+ d1
n,

where d1
n = α2

n(1 + r2
n)d0

n + γ2
n‖u2

n − x∗‖ and b1
n = (1 + r1

n + r2
n + r1

nr2
n). Since∑∞

n=1 d0
n < ∞,

∑∞
n=1 γ2

n < ∞,
∑∞

n=1 ri
n < ∞ for i = 1, 2, and so

∑∞
n=1 d1

n < ∞
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and
∑∞

n=1 b1
n < ∞. Similarly, we have

‖x3
n − x∗‖ = ‖α3

nTn
3 x2

n + β3
nxn + γ3

nu3
n‖

≤ α3
n‖Tn

3 x2
n − x∗‖+ β3

n‖xn − x∗‖+ γ3
n‖u3

n − x∗‖
≤ α3

n(1 + r3
n)‖x2

n − x∗‖+ β3
n‖xn − x∗‖+ γ3

n‖u3
n − x∗‖

≤ α3
n(1 + r3

n)[(1 + b1
n)‖xn − x∗‖+ d1

n] + β3
n‖xn − x∗‖

+ γ3
n‖u3

n − x∗‖
≤ [α3

n(1 + r3
n)(1 + b1

n) + β3
n]‖xn − x∗‖+ α3

n(1 + r3
n)d1

n

+ γ3
n‖u3

n − x∗‖
≤ (α3

n + β3
n)(1 + b1

n)(1 + r3
n)‖xn − x∗‖+ α3

n(1 + r3
n)d1

n

+ γ3
n‖u3

n − x∗‖
≤ (1 + b1

n)(1 + r3
n)‖xn − x∗‖+ d2

n

≤ (1 + b2
n)‖xn − x∗‖+ d2

n,

where b2
n = b1

n + r3
n + b1

nr3
n and d2

n = α3
n(1 + r3

n)d1
n + γ3

n‖u3
n − x∗‖. Since∑∞

n=1 b1
n < ∞,

∑∞
n=1 r3

n < ∞,
∑∞

n=1 d1
n < ∞ and

∑∞
n=1 γ3

n < ∞, so
∑∞

n=1 b2
n <

∞ and
∑∞

n=1 d2
n < ∞.

By continuing the above process, there exist nondecreasing sequences {dl−1
n }

and {bl−1
n } such that

∑∞
n=1 dl−1

n < ∞ and
∑∞

n=1 bl−1
n < ∞ and

‖xi
n − x∗‖ ≤ (1 + bi−1

n )‖xn − x∗‖+ di−1
n , ∀n ≥ 1, ∀i = 1, 2, · · · , N.

Thus

‖xn+1 − x∗‖ = ‖xN
n − x∗‖ ≤ (1 + bN−1

n )‖xn − x∗‖+ dN−1
n , ∀n ∈ N.

This completes the proof of (i).
(ii) Since 1 + x ≤ ex for all x > 0. Then from (i) it can be obtained that

‖xn+m − x∗‖
≤ (1 + bN−1

n+m−1)‖xn+m−1 − x∗‖+ dN−1
n+m−1

≤ ebN−1
n+m−1‖xn+m−1 − x∗‖+ dN−1

n+m−1

= e(bN−1
n+m−1+bN−1

n+m−2)‖xn+m−2 − x∗‖+ ebN−1
n+m−1dN−1

n+m−2 + dN−1
n+m−1

= e(bN−1
n+m−1+bN−1

n+m−2)‖xn+m−2 − x∗‖+ ebN−1
n+m−1(dN−1

n+m−1 + dN−1
n+m−2)

· · ·

= e
∑n+m−1

k=n bN−1
k ‖xn − x∗‖+ e

∑n+m−1
k=n bN−1

k .
n+m−1∑

k=n

dN−1
k
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= M.‖xn − x∗‖+ M.
n+m−1∑

k=n

dN−1
k ,

where M = e
∑∞

k=n bN−1
k . This completes the proof of (ii). ¤

Theorem 2.2. Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let T1, T2, · · · , TN : K → K be N asymptotically quasi-
nonexpansive mappings ({Ti : i = 1, 2, · · · , N} need not be continuous) with se-
quences {ri

n} such that
∑∞

n=1 ri
n < ∞, for all 1 ≤ i ≤ N and F = ∩N

i=1F (Ti) 6=
φ. Let {αi

n}, {βi
n} and {γi

n} are sequences in [0, 1] with αi
n+βi

n+γi
n = 1 for all

i = 1, 2, · · · , N . From arbitrary x1 ∈ K, define the sequence {xn} iteratively by
(1), where {ui

n} are bounded sequences in K with
∑∞

n=1 ui
n < ∞. Then {xn}

converges strongly to a common fixed point of the mappings {T1, T2, · · · , TN}
if and only if

lim inf
n→∞ d(xn, F ) = 0,

where d(y,A) denotes the distance of y to the set A; that is, d(y,A) = inf{‖y − z‖ :
∀z ∈ A}.
Proof. Suppose {xn} converges strongly to a common fixed point z of {T1, T2,
· · · , TN}. Then

lim inf
n→∞ d(xn, F ) = 0.

Conversely, suppose {T1, T2, · · · , TN}. Then from Theorem 2.1 (i), we have

‖xn+1 − x∗‖ ≤ (1 + bN−1
n )‖xn − x∗‖+ dN−1

n , ∀n ∈ N, ∀x∗ ∈ F. (2)

Since
∑∞

n=1 ui
n < ∞,

∑∞
n=1 ri

n < ∞ for all 1 ≤ i ≤ N , we know that∑∞
n=1 bN−1

n < ∞ and
∑∞

n=1 dN−1
n < ∞. So from (2), we obtain

d(xn+1, F ) ≤ (1 + bN−1
n )d(xn, F ) + dN−1

n .

Since lim infn→∞ d(xn, F ) = 0 and from Lemma 2.1, we have

lim
n→∞ d(xn, F ) = 0.

Next we will show that {xn} is a Cauchy sequence. For all ε > 0, from
Theorem 2.1 (ii), it can be known that there must exists a constant M > 0,
such that

‖xn+m − x∗‖ ≤ M.‖xn − x∗‖+ M.
n+m−1∑

k=n

dN−1
k , ∀m,n ∈ N, ∀x∗ ∈ F. (3)

Since limn→∞ d(xn, F ) = 0 and
∑∞

n=1 dN−1
n < ∞, there must exists a constant

N1, such that when n ≥ N1
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d(xn, F ) <
ε1

3M
and

n+m−1∑

k=n

dN−1
k <

ε1

6M
.

So there must exists w∗ ∈ F , such that

d(xN1 , w
∗) = ‖xN1 − w∗‖ <

ε1

3M
.

From (3), it can be obtained that when n ≥ N1

‖xn+m − xn‖ ≤ ‖xn+m − w∗‖+ ‖xn − w∗‖

≤ M‖xN1 − w∗‖+ M‖xN1 − w∗‖+ 2M
∞∑

k=N1

dN−1
n

≤ M.
ε1

3M
+ M.

ε1

3M
+ 2M.

ε1

6M
< ε1,

that is,

‖xn+m − xn‖ < ε1.

This shows that {xn} is a Cauchy sequence and so is convergent from the
completeness of E. Let limn→∞ xn = y∗. Then y∗ ∈ K. It remains to show
that y∗ ∈ F . Let ε2 > 0 be given. Then there exists a natural number N2

such that

‖xn − y∗‖ <
ε2

2(2 + ri
1)

, ∀n ≥ N2.

Since limn→∞ d(xn, F ) = 0, there must exists a natural number N3 ≥ N2 such
that for all n ≥ N3, we have

d(xn, F ) <
ε2

3(2 + ri
1)

and in particular we have

d(xN3 , F ) <
ε2

3(2 + ri
1)

.

Therefore, there exists z∗ ∈ F such that

‖xN3 − z∗‖ <
ε2

2(2 + ri
1)

.
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Consequently, we have

‖Tiy
∗ − y∗‖ = ‖Tiy

∗ − z∗ + z∗ − xN3 + xN3 − y∗‖
≤ ‖Tiy

∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (1 + ri

1)‖y∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (1 + ri

1)[‖y∗ − xN3‖+ ‖xN3 − z∗‖] + ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (2 + ri

1)‖y∗ − xN3‖+ (2 + ri
1)‖xN3 − z∗‖

< (2 + ri
1).

ε2

2(2 + ri
1)

+ (2 + ri
1).

ε2

2(2 + ri
1)

< ε2.

This implies that y∗ ∈ F (Ti) for all i = 1, 2, · · · , N . Hence we conclude that
y∗ ∈ F = ∩N

i=1F (Ti), that is, y∗ is a common fixed point of the mappings
{T1, T2, · · · , TN}. Thus {xn} converges strongly to a common fixed point of
the mappings {T1, T2, · · · , TN}. This completes the proof. ¤

Remark 2.3. Theorem 2.2 extends Theorem 3.2 of Shahzad and Udomene [14]
to the case of multistep iterative sequences with errors for finite family of
asymptotically quasi-nonexpansive mappings.

Remark 2.4. Theorem 2.2 also extends and improves Theorem 1.1 and The-
orem 1.1’ of Petryshyn and Williamson [8] and Theorem 3.1 of Ghosh and
Debnath [4] to the case of multistep iterative sequences with errors for finite
family of more general class of quasi-nonexpansive mappings. The continuity
of mapping is relaxed in Theorem 2.2 as compared to [8, 4].

Remark 2.5. Theorem 2.2 also extends Liu [9, Theorem 1] and Liu [10,
Theorem 1] to the case of multistep iterative sequences with errors for finite
family of asymptotically quasi-nonexpansive mappings.

Theorem 2.6. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let T1, T2, · · · , TN : K → K be N uni-
formly continuous asymptotically quasi-nonexpansive mappings with sequences
{ri

n} such that
∑∞

n=1 ri
n < ∞, for all 1 ≤ i ≤ N and F = ∩N

i=1F (Ti) 6= φ. Let
{xn} be the sequence defined by (1) with

∑∞
n=1 γi

n < ∞ and {αi
n} ⊆ [ε, 1 − ε]

for all i = 1, 2, · · · , N , for some ε ∈ (0, 1). Then

‖xn − Tn
i xn‖ = 0

for all i = 1, 2, · · · , N .

Proof. Let x∗ ∈ F = ∩N
i=1F (Ti). Then by Theorem 2.1 (i) and Lemma 1.1,

limn→∞ ‖xn − x∗‖ exists. Let limn→∞ ‖xn − x∗‖ = a. If a = 0, then by the
continuity of each Ti the conclusion follows. Now suppose that a > 0. Firstly,
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we are now to show that limn→∞ ‖Tn
Nxn − xn‖ = 0. Since {xn} and {ui

n} are
bounded for all i = 1, 2, · · · , N , there exists R > 0 such that

xn − x∗ + γi
n(ui

n − xn), Tn
i xi−1

n − x∗ + γi
n(ui

n − xn) ∈ BR(0)

for all n ≥ 1 and for all i = 1, 2, · · · , N . Using Lemma 1.2, we have

‖xN
n − x∗‖2

= ‖αN
n Tn

NxN−1
n + βN

n xn + γN
n uN

n − x∗‖2

= ‖αN
n (Tn

NxN−1
n − x∗ + γN

n (uN
n − xn)) + (1− αN

n )(xn − x∗ + γN
n (uN

n − xn))‖2

≤ αN
n ‖Tn

NxN−1
n − x∗ + γN

n (uN
n − xn)‖2

+ (1− αN
n )‖xn − x∗ + γN

n (uN
n − xn)‖2 −W2(αN

n )g(‖Tn
NxN−1

n − xn)‖
≤ αN

n (‖Tn
NxN−1

n − x∗‖+ γN
n ‖uN

n − xn)‖2

+ (1− αN
n )(‖xn − x∗‖+ γN

n ‖uN
n − xn‖)2 −W2(αN

n )g(‖Tn
NxN−1

n − xn‖)
≤ αN

n [(1 + bN−2
n )‖xn − x∗‖+ dN−2

n + γN
n ‖uN

n − xn‖]2
+ (1− αN

n )[(1 + bN−2
n )‖xn − x∗‖+ dN−2

n + γN
n ‖uN

n − xn‖]2
−W2(αN

n )g(‖Tn
NxN−1

n − xn‖)
≤ [(1 + bN−2

n )‖xn − x∗‖+ dN−2
n + γN

n ‖uN
n − xn‖]2

−W2(αN
n )g(‖Tn

NxN−1
n − xn‖)

≤ [‖xn − x∗‖+ λN−2
n ]2 −W2(αN

n )g(‖Tn
NxN−1

n − xn‖),
(4)

where λN−2
n = dN−2

n + γN
n ‖uN

n − xn‖. Observe that ε3 ≤ W2(αN
n ), it implies

that
ε3g(‖Tn

NxN−1
n − xn‖) ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + ρN−2

n ,

where
ρN−2

n = 2λN−2
n + (λN−2

n )2.
Since

∑∞
n=1 dN−2

n < ∞ and
∑∞

n=1 γN−2
n < ∞, we get

∑∞
n=1 ρN−2

n < ∞. This
implies that

lim
n→∞ g(‖Tn

NxN−1
n − xn‖) = 0.

Since g is strictly increasing and continuous at 0, it follows that

lim
n→∞ ‖T

n
NxN−1

n − xn‖ = 0.

Since TN ,∀N is asymptotically quasi-nonexpansive, note that

‖xn − x∗‖ ≤ ‖xn − Tn
NxN−1

n ‖+ ‖Tn
NxN−1

n − x∗‖
= ‖xn − Tn

NxN−1
n ‖+ (1 + rN

n )‖xn − x∗‖
for all n ≥ 1. Thus
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a = lim
n→∞ ‖xn − x∗‖

≤ lim inf
n→∞ ‖xN−1

n − x∗‖
≤ lim sup

n→∞
‖xN−1

n − x∗‖
≤ a

and therefore limn→∞ ‖xN−1
n − x∗‖ = a. Using the same argument in the

proof above, we have

‖xN−1
n − x∗‖2

≤ αN−1
n ‖Tn

NxN−2
n − x∗ + γN−1

n (uN−1
n − xn)‖2

+ (1− αN−1
n )‖xn − x∗ + γN−1

n (uN−1
n − xn)‖2

−W2(αN−1
n )g(‖Tn

N−1x
N−2
n − xn‖)

≤ αN−1
n [(1 + bN−3

n )‖xn − x∗‖+ dN−3
n + γN−1

n ‖uN−1
n − xn‖]2

+ (1− αN−1
n )[(1 + bN−3

n )‖xn − x∗‖+ dN−3
n + γN−1

n ‖uN−1
n − xn‖]2

−W2(αN−1
n )g(‖Tn

N−1x
N−2
n − xn‖)

≤ [(1 + bN−3
n )‖xn − x∗‖+ dN−3

n + γN−1
n ‖uN−1

n − xn‖]2
−W2(αN−1

n )g(‖Tn
N−1x

N−2
n − xn‖)

≤ [‖xn − x∗‖+ λN−3
n ]2 −W2(αN−1

n )g(‖Tn
N−1x

N−2
n − xn‖),

(5)

where λN−3
n = dN−3

n + γN−1
n ‖uN−1

n − xn‖. This implies that

ε3g(‖Tn
N−1x

N−2
n − xn‖) ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + ρN−3

n ,

where ρN−3
n = 2λN−3

n + (λN−3
n )2 and therefore

lim
n→∞ ‖T

n
N−1x

N−2
n − xn‖ = 0.

Thus, we have

‖xn − Tn
Nxn‖

≤ ‖xn − Tn
NxN−1

n ‖+ ‖Tn
NxN−1

n − Tn
Nxn‖

≤ ‖xn − Tn
NxN−1

n ‖+ (1 + rN
n )‖xN−1

n − xn‖
≤ ‖xn − Tn

NxN−1
n ‖+ (1 + rN

n )‖αN−1
n Tn

N−1x
N−2
n + βN−1

n xn + γN−1
n uN−1

n − xn‖
≤ ‖xn − Tn

NxN−1
n ‖+ (1 + rN

n )[αN−1
n ‖Tn

N−1x
N−2
n − xn‖+ γN−1

n ‖uN−1
n − xn‖].
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Since limn→∞ ‖xn − Tn
NxN−1

n ‖ = 0, limn→∞ ‖xn − Tn
N−1x

N−2
n ‖ = 0, and

∑∞
n=1

γN−1
n < ∞,

∑∞
n=1 rN

n < ∞, it follows that

lim
n→∞ ‖xn − Tn

Nxn‖ = 0.

Similarly, by using the same argument as in the proof above we have limn→∞ ‖xn−
Tn

N−2x
N−3
n ‖ =limn→∞ ‖xn − Tn

N−3x
N−4
n ‖ =, · · · , = limn→∞ ‖xn − Tn

2 x1
n‖ = 0.

This implies that

lim
n→∞ ‖xn − Tn

N−1xn‖ = lim
n→∞ ‖xn − Tn

N−2xn‖
· · ·
= lim

n→∞ ‖xn − Tn
3 xn‖ = 0.

It remains to show that

lim
n→∞ ‖xn − Tn

1 xn‖ = 0, lim
n→∞ ‖xn − Tn

2 xn‖ = 0.

Note that

‖x1
n − x∗‖2

≤ α1
n(‖Tn

1 xn − x∗‖+ γ1
n‖u1

n − x∗)‖2 + (1− α1
n)(‖xn − x∗‖+ γ1

n‖u1
n − x∗)‖2

−W2(α1
n)g(‖Tn

1 xn − xn‖)
≤ α1

n[(1 + r1
n)‖xn − x∗‖+ γ1

n‖u1
n − x∗‖]2

+ (1− α1
n)[(1 + r1

n)‖xn − x∗‖+ γ1
n‖u1

n − x∗‖]2 −W2(α1
n)g(‖Tn

1 xn − xn‖)
≤ [(1 + r1

n)‖xn − x∗‖+ γ1
n‖u1

n − x∗‖]2 −W2(α1
n)g(‖Tn

1 xn − xn‖)
≤ [‖xn − x∗‖+ γ1

n‖u1
n − x∗‖]2 −W2(α1

n)g(‖Tn
1 xn − xn‖)

Thus, we have

ε3g(‖Tn
1 xn − xn‖) ≤ [‖xn − x∗‖+ γ1

n‖u1
n − x∗‖]2 − ‖x1

n − x∗‖2

and therefore
lim

n→∞ ‖T
n
1 xn − xn‖ = 0.

Since

‖xn − Tn
2 xn‖ ≤ ‖xn − Tn

2 x1
n‖+ ‖Tn

2 x1
n − Tn

2 xn‖
≤ ‖xn − Tn

2 x1
n‖+ (1 + r2

n)‖x1
n − xn‖

≤ ‖xn − Tn
2 x1

n‖+ (1 + r2
n)‖α1

nTn
1 xn + β1

nxn + γ1
nu1

n − xn‖
≤ ‖xn − Tn

2 x1
n‖+ (1 + r2

n)[α1
n‖Tn

1 xn − xn‖+ γ1
n‖u1

n − xn‖],
it implies that limn→∞ ‖Tn

2 xn − xn‖ = 0. Therefore limn→∞ ‖Tn
i xn − xn‖ = 0

for all i = 1, 2, · · · , N . ¤
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Theorem 2.7. Let E be a real uniformly convex Banach space and K be
a nonempty closed convex subset of E. Let T1, T2, · · · , TN : K → K be N
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with se-
quences {ri

n} such that
∑∞

n=1 ri
n < ∞, for all 1 ≤ i ≤ N and F = ∩N

i=1F (Ti) 6=
φ. Let {xn} be the sequence defined by (1) with

∑∞
n=1 γi

n < ∞ and {αi
n} ⊆

[ε, 1− ε] for all i = 1, 2, · · · , N , for some ε ∈ (0, 1). Then

‖xn − Tixn‖ = 0

for all i = 1, 2, · · · , N .

Proof. It follows from Theorem 2.6, that

lim
n→∞ ‖xn − Tn

i xn‖ = 0

for all i = 1, 2, · · · , N and this implies that

‖xn+1 − xn‖ ≤ αN
n ‖Tn

NxN−1
n − xn‖+ γN

n ‖uN
n − xn‖ → 0,

as n → ∞. We now have to show that limn→∞ ‖xn − Tixn‖ = 0 for all
i = 1, 2, · · · , N . Observe that

‖xn − Tn−1
1 xn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1

1 xn−1‖
+ ‖Tn−1

1 xn−1 − Tn−1
1 xn‖

≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1
1 xn−1‖

+ L‖xn−1 − xn‖ → 0,

as n →∞. Using the above inequality, we have
‖xn − T1xn‖ ≤ ‖xn − Tn

1 xn‖+ ‖Tn
1 xn − T1xn‖

≤ ‖xn − Tn
1 xn‖+ L‖Tn−1

1 xn − xn‖ → 0,

as n →∞. Again we have

‖xn − Tn−1
2 x1

n‖
≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1

2 x1
n−1‖+ ‖Tn−1

2 x1
n−1 − Tn−1

2 x1
n‖

≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1
2 x1

n−1‖+ L‖x1
n−1 − x1

n‖
≤ ‖xn − xn−1‖+ ‖xn−1 − Tn−1

2 x1
n−1‖+ L[‖x1

n−1 − xn−1‖
+ ‖xn−1 − xn‖+ ‖xn − x1

n‖]
≤ (L + 1)‖xn − xn−1‖+ ‖xn−1 − Tn−1

2 x1
n−1‖+ L‖x1

n−1 − xn−1‖
+ L‖xn − x1

n‖ → 0,

as n →∞. Using the above inequality, we have

‖xn − T2xn‖ ≤ ‖xn − Tn
2 x1

n‖+ ‖Tn
2 x1

n − T2xn‖
≤ ‖xn − Tn

2 x1
n‖+ L‖Tn−1

2 x1
n − xn‖ → 0,
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as n →∞. Similarly, we can prove that

‖xn − T3xn‖ = 0, ‖xn − T4xn‖ = 0, · · · , ‖xn − TNxn‖ = 0.

Thus
‖xn − Tixn‖ = 0

for all i = 1, 2, · · · , N . This completes the proof. ¤
Theorem 2.8. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let T1, T2, · · · , TN : K → K be N uni-
formly continuous asymptotically quasi-nonexpansive mappings with sequences
{ri

n} such that
∑∞

n=1 ri
n < ∞, for all 1 ≤ i ≤ N and F = ∩N

i=1F (Ti) 6= φ. Let
{xn} be the sequence defined by (1) with

∑∞
n=1 γi

n < ∞ and {αi
n} ⊆ [ε, 1 − ε]

for all i = 1, 2, · · · , N , for some ε ∈ (0, 1). Suppose Tm
1 is compact for some

m ∈ N . Then {xn} converges strongly to a common fixed point of the map-
pings {T1, T2, · · · , TN}.
Proof. Since Tm

1 is compact for some m ∈ N , from the uniform continuity of
T1 and limn→∞ ‖T1xn − xn‖ = 0, we can show that for each l ≥ 1,

lim
n→∞ ‖T

l
1xn − xn‖ = 0.

Since {xn} is bounded and Tm
1 is compact, {Tm

1 xn}∞n=1 has a convergent subse-
quence {Tm

1 xnj}∞j=1. Suppose limj→∞ Tm
1 xnj = x∗ ∈ K. Then the inequality

‖xnj − x∗‖ ≤ ‖xnj − Tm
1 xnj‖+ ‖Tm

1 xnj − x∗‖
yields limj→∞ ‖xnj − x∗‖ = 0 which implies by Lemma 1.1 that xn → x∗ ∈
F = ∩N

i=1F (Ti), since limn→∞ ‖xn − x∗‖ exists. Thus {xn} converges strongly
to a common fixed point of the mappings {T1, T2, · · · , TN}. This completes
the proof. ¤
Corollary 2.9. Let E be a real uniformly convex Banach space and K be
a nonempty compact convex subset of E. Let T1, T2, · · · , TN : K → K be N
continuous asymptotically quasi-nonexpansive mappings with sequences {ri

n}
such that

∑∞
n=1 ri

n < ∞, for all 1 ≤ i ≤ N and F = ∩N
i=1F (Ti) 6= φ. Let

{xn} be the sequence defined by (1) with
∑∞

n=1 γi
n < ∞ and {αi

n} ⊆ [ε, 1 − ε]
for all i = 1, 2, · · · , N , for some ε ∈ (0, 1). Suppose Tm

1 is compact for some
m ∈ N . Then {xn} converges strongly to a common fixed point of the mappings
{T1, T2, · · · , TN}.
Remark 2.10. (1) Corollary 2.9 extends Theorem 1.2 of Khan and Taka-
hashi [6] to the case of multistep iterative sequences with errors for finite
family of more general class of mappings.

(2) Theorem 2.8 extends Theorem 2.2 of Schu [13] to the case of multi-
step iterative sequences with errors for finite family of more general class of
mappings.
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(3) Corollary 2.9 also extends the results of Liu [11] to the case of multistep
iterative sequences for finite family of more general class of mappings.

For our next result, we shall need the following definition:

Definition 2.11. Let C be a nonempty closed subset of a Banach space
E. A mapping T : C → C is said to be semi-compact, if for any bounded
sequence {xn} in C such that limn→∞ ‖xn − Txn‖ = 0 there exists a subse-
quence {xni} ⊂ {xn} such that limi→∞ xni = x ∈ C.

Theorem 2.12. Let E be a real uniformly convex Banach space and K be
a nonempty closed convex subset of E. Let T1, T2, · · · , TN : K → K be N
uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with se-
quences {ri

n} such that
∑∞

n=1 ri
n < ∞, for all 1 ≤ i ≤ N and F = ∩N

i=1F (Ti) 6=
φ. Let {xn} be the sequence defined by (1) with

∑∞
n=1 γi

n < ∞ and {αi
n} ⊆

[ε, 1− ε] for all i = 1, 2, · · · , N , for some ε ∈ (0, 1). Suppose one of the map-
pings in {T1, T2, · · · , TN} is semi-compact. Then {xn} converges strongly to a
common fixed point of the mappings {T1, T2, · · · , TN}.
Proof. Suppose that T1 is semi-compact. By Theorem 23.7, we have

lim
n→∞ ‖xn − T1xn‖ = 0. (6)

So there exists a subsequence {xnj} of {xn} such that limj→∞ xnj = x∗ ∈ K.
So from (6) we have limnj→∞ ‖xnj − Tjxnj‖ = 0 for all j = 1, 2, · · · , N and
so ‖x∗ − Tjx

∗‖ = 0 for all j = 1, 2, · · · , N . This implies that x∗ ∈ F =
∩N

i=1F (Ti). Since limn→∞ d(xn, F ) = 0, it follows, as in the proof of Theorem
3.2, that {xn} converges strongly to a common fixed point of the mappings
{T1, T2, · · · , TN}. This completes the proof. ¤

References

[1] C. E. Chidume, Nonexpansive mappings, generalizations and iterative algorithms, In:
Agarwal R. P., O’Reagan D. eds. Nonlinear Analysis and Application. To V. Laksh-
mikantam on his 80th Birthday (Research Monograph), Dordrecht: Kluwer Academic
Publishers, 383–430.

[2] K. Goebel and W. A. Kirk, A fixed point theorem for asymptotically nonexpansive map-
pings, Proc. Amer. Math. Soc., 35(1) (1972), 171–174.

[3] K. Goebel and W. A. Kirk, A fixed point theorem for transformations whose iterates
have uniform Lipschitz constant, Studia Mathematica 47 (1973), 135–140.

[4] M. K. Ghosh and L. Debnath, Convergence of Ishikawa iterations of quasi-nonexpansive
mappings, J. Math. Anal. Appl., 207 (1997), 96–103.

[5] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc., 44 (1974),
147–150.

[6] S. H. Khan and W. Takahashi, Approximating common fixed points of two asymptotically
nonexpansive mappings, Math. Japon., 53 (2001), 143–148.



604 Gurucharan Singh Saluja and Hemant Kumar Nashine

[7] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4 (1953), 506–
510.

[8] W. V. Petryshyn and T. E. Williamson, Strong and weak convergence of the sequence of
successive approximations for quasi-nonexpansive mappings, J. Math. Anal. Appl., 43
(1973), 459–497.

[9] Qihou Liu, Iterative sequences for asymptotically quasi-nonexpansive mappings, J. Math.
Anal. Appl., 259 (2001), 1–7.

[10] Qihou Liu, Iterative sequences for asymptotically quasi-nonexpansive mappings with er-
ror member, J. Math. Anal. Appl., 259 (2001), 18–24.

[11] L. Qihou, Iteration sequences for asymptotically quasi-nonexpansive mapping with an
error member of uniformly convex Banach space, J. Math. Anal. Appl., 266(2) (2002),
468–471.

[12] B. E. Rhoades, Fixed point iteration for certain nonlinear mappings, J. Math. Anal.
Appl., 183 (1994), 118–120.

[13] J. Schu, Weak and strong convergence theorems to fixed points of asymptotically nonex-
pansive mappings, Bull. Austral. Math. Soc., 43 (1991), 153–159.

[14] N. Shahzad and A. Udomene, Approximating common fixed points of two asymptotically
quasi nonexpansive mappings in Banach spaces, Fixed Point Theory and Appl., 2006
(2006), Article ID 18909, 1–10.

[15] K. K. Tan and H. K. Xu, Approximating fixed points of nonexpansive mappings by the
Ishikawa iteration process, J. Math. Anal. Appl., 178 (1993), 301–308.

[16] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. TMA.,
16(12) (1991), 1127–1138.

[17] B. L. Xu and M. A. Noor, Fixed point iterations for asymptotically nonexpansive map-
pings in Banach spaces, J. Math. Anal. Appl., 267(2) (2002), 444–453.


