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Abstract. Probabilistic normed spaces had been redefined by Alsina, Schweizer and Sklar.
In this paper, the boundedness notions for linear operators in probabilistic normed space

was studied and the relation between operator and operation was discussed.

1. INTRODUCTION

Probabilistic normed spaces (PN spaces) were introduced by Serstnev by
means of a definition that was closely modeled on the theory of normed spaces.
Here we consistantly adopt the new, and in our opinion convincing, definition
of PN space given in the paper by Alsina, Schweizer and Sklar[1]. The notation
and concepts used are those of [3,5,and 6]. In [2], it discussed the operator,
for example, strongly bounded operator, certainly bounded operator, perhaps
bounded operator and it also proved the relation between them. And from
this paper, we know in the class of linear operators, no two of the concepts of
certain boundedness and continuity imply each other.

In the following, the letter A" will be denoted the set of one-dimensional
distribution functions which is nondecreasing, left-continuous and v(0) = 0,
and has both a maximal element ¢y and a minimal element €.,: these are given
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respectively,by
colz) = { brs (11)
and
€oo(T) = { (1): ii z (1.2)

We shall also consider the subset DT C AT of the proper distance distri-
bution function, i.e., those F' € A% for which lim,_,« F(z) = 1.

Definition 1.1. [1] A probabilistic normed space (briefly, PN space) is a
quadruple (V,v,7,7%), where V is a real vector space, 7 and 7% are continuous
triangle functions with 7 < 7* and v is a mapping from V into A" such that
for all p,q in V, the following conditions hold:

(PN1) v, = g9 if and only if p=0;
(PN2) v_p =y ;
(PN3) vpyq = 7(p, vg);

(PN4) vy < 7(Vap, V(1—a)p) for all a in [0,1],
for the continuous t-norm T such that 7 = 7p and 7™ = 7p«, where
T (x,y)=1-TA —z,1—y),
r(F,G)(x) = sup T(F(s), G(t))

and
(B G)(@) = Inf T7(F(s), G(0)).

A PN space is called a Serstnev space if it satisfies (PN1), (PN3) and the
following Serstnev condition which implies both (PN2) and (PN4).

Nap(l‘) = Np(g)

for any p € S,a € R/{0},z > 0.
There is a natural topology in a PN space (V,v,7,7*) which is called the
strong topology. It is defined by the neighbourhood

Np(t) ={qeV:ivgp(t) >1 -t} ={qeV:d(vgp,e0) <t}

where ¢ > 0, d; is the modified Levy metric(see [2]). For every ¢t > 0, the
neighbourhood Ny(t) at 6 of V is defined by

No(t) = {plp € V,vp(t) > 1 =t} = {plp € V, di(vp, e0) < t}.
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Definition 1.2. [3] Let (V,v, 7,7*) and (V', i, 0,0%) be PN spaces. A linear
map T :V — V' is said to be:

(i) Certainly bounded if every certainly bounded set A of the space (V, v, 7, 7%)
has, as image by T a certainly bounded set T'A of the space (V,, W, o, 0%), ie.,

if there exists o € (0,+00) such that v,(xg) = 1 for all p € A, then there
exists 1 € (0,+00) such that pury(z1) =1 for all p € A.

(ii) Bounded if it map every D-bounded set of V into a D-bounded set of
V', ie., it satisfies the implication,

lim pa(z)=1= lim @ra(z)=1
T—+00 T—+00

for every nonempty subset A of V.

(iii) Strongly B-bounded if there exists a constant & > 0 such that, for every
p € V and for every x > 0, prp(x) > vp(%), or equivalently if there exists a
constant h > 0 such that, for every p € V' and for every x > 0,

prp(ha) = vp().

(iv) Strongly C-bounded if there exists a constant h € (0,1) such that for
every p € V and for every x > 0,

vp(x) > 1 —x = prp(ha) > 1 — ha.

Definition 1.3. Let (V,v,7,7") and V', u,o, 0*) be PN spaces. A linear
map T : V — V' is said to be infer-strongly B-bounded if there exists M > 0,
for any p € V,z > 0,y > 0 such that

prp(Mz + My) = 7(ve (2), ve (y)).

Definition 1.4. A linear map 7' : (V,v,7,7%) — (V',u,a, o*) is said to be
semi-bounded if it maps every D-bounded set of V into a semi-bounded set of
V', ie., it satisfies the implication

lim gZ)A(x) =1= liI_il_l d)TA(:E) <1,

T——+00

for every nonempty subset A of V.

2. MAIN RESULT

Theorem 2.1. Let (V,v,7,7*) and (Vl,u,a, o*) be PN spaces. LetT :V —
V' be a linear operator.

i) If T is strongly B-bounded, then it is infer-strongly B-bounded.

it) If T is infer-strongly B-bounded, then it is continuous.
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Proof. i) By definition, there exists a constant M > 0 such that for every
p € V and for every x,y > 0,
prp(Mz+My) = vp(x+y) > 7(ve, ve)(z+y) > 7(ve(2), ve (y)). Therefore,
i) holds.
ii) prn - b then NTpn—Tp(Mx) = KT (pp—p) (M.%') > T(U%(%),’Uw(%)),
x x

and T(Vpn—p(5),Ven-2(5)) — T(€0,€0)(5) = 1 as n — oo. Hence, we have
2 2

Tp, —Tp — 0, ie., Tp, — Tp, for any x > 0,M > 0. Therefore, T is
continuous. O

But the converse need not to be true.

Example 2.1. Let V be a vector space and let vg = ug = 9. For p,q # 0
and z € R, if

0, <1
o ={ 53] 1)
0, <0
1
z, O0<a <1
= 37 -
pp() Y lcr<o (2.2)
1, = o0,

and
T(vp(2),v4(y)) = 7 (vp(®), vq(y)) = min(vy(x), vg()),
3pp(), 1q(y)) = 6" (hp(2), p1q(y)) = min(pap(), prg()),
then (V,v,7,7*) and (V,u,d,d6*) are equilateral PN spaces. Now let I :

(Vyu,1,7) — (V,u,d,6%) be the identity operator. Then I is not strongly
B-bounded, because for every k > 0 and for z = max{2, %},

prp(ke) = & < 1= uy(z).
But [ is infer-strongly B-bounded, because for M > 0 and for all z < y,

and T(U%(.Q?),’U%(y)) = T*(vg(w),v%(y)) = min(vg(:n),v%(ac)) = vp(x), there
exists M = £ >0, for z = § € R, ug(Mx = ug(%m) = %, v%(:v
Therefore, we obtain

ip(Ma + My) = py (Ma) > 7(vs (), ve (y)) = vp ().
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Theorem 2.2. (see [2]) Let (V,v,7,7*) and (V',u,0,0%) be PN spaces. A
linear map T :'V — V' is either continuous at every point of V or at no point

of V.

Theorem 2.3. (see [2]) Let (V,v,7,7*) and (V',p,0,0%) be two PN spaces
and let T : (Viu,7,7%) — (V/,u,a, o*) be a linear map. If there exists a
constant h > 0 such that, for every x > 0 and for everyp e V,

vp(x) = prp(h),
then T has a linear inverse T~' defined on TV and T~ is strongly bounded.

In normed space, the strongly B-bounded and strongly C-bounded operators
with boundedness have the relation as [3] of Theorem 2.6 and 2.7.

Theorem 2.4. (see [3]) Let G be strictly increasing on [0,1]. Then T :
VL, Gy a) — (V|| G, ) is a strongly B-bounded operator if and only
if T is a bounded linear operator in a mormed space.

Theorem 2.5. (see [3]) Let T : (V,||.||,G, ) — (V',||.||, G, @) be strongly C-
bounded and let G be strictly increasing on [0,1]. Then T is a bounded linear
operator in a normed space.

Example 2.2. [2] Let (V,]|.||) be a normed space, let G and G’ be in
AT — {eo, €0} and consider the identity map I between (V,]|.||,G, M) and
(Vv HH?GI7M) Now,

(a) if G(z0) = 1 for some z €]0, 00| while G (z) < 1 for every = €]0, +o0],
but [~G’(4+00) = 1, then I is bounded but not certainly bounded;

(b) if G(z) < 1 for every z €]0,+0c[, I=G(400) = 1 and |-G’ (+00) < 1,
then I is certainly bounded but not bounded.

From the definition of the bounded linear operator, we can easily know the
semi-bounded is not a bounded or a certainly bounded.

Moreover, a linear map T is said to be D-bounded if either (i) or (ii) holds,
i.e., if R4 € DT, then R4 € DT, where the function R, defined on R™ by

I~ inf{u,(x);p € A}, 2z € [0, +o0],

Ry(x) ::{ 1. 2= too. (2.3)

Lemma 2.1. [2] (a) Every strongly bounded operator is also certainly bounded.
(b) Every strongly bounded operator is also perhaps bounded.
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Theorem 2.6. (see [2]) Every strongly B-bounded operator is D-bounded.

The identity map I between any PN space (V, v, 7,7*) and itself is a strongly
bounded operator with k = 1. Also, all linear contraction mappings, according
to the definition of [7] are strongly B-bounded. So the identity map I and all
linear contraction mappings are also D-bounded.

But the converses need not to be true, i.e., there exists a linear map T is
D-bounded but not a strongly B-bounded operator.

Example 2.3. [2] A continuous linear operator is neither certainly bounded
nor bounded.

Let (V,]].||) be a normed space and let F and G be distribution functions in
DT with F(zg) = 1 for some zg €]0, +o0c[. Consider the identity map I from
the equilateral space (V, F, M) into the simple space (V,||.||, G, M). Let A be
an unbounded set of (V,|].||). Then A is certainly bounded in (V, F, M), but A
is not D-bounded in (V,||.||, G, M). Therefore, I is neither certainly bounded
nor bounded.

Example 2.4. [2] Let V =V = Ry = pio = €0. If p # 6, then for = > 0 let
vp(z) = G(ﬁ) and pp(z) = U(ﬁ), where G(z) = %—7]0,1] () + [1 o) (7).

It is easy to prove that I : (R,|.|,G,M) — (R,|.|,U, M) is D-bounded but
I is not strongly B-bounded, because for every k > 0 and p # 0, one has, for
v < Iplmin{3 k}, uip(@) = pple) = U(Z) = & < & = (&) = u(2).

Corollary 2.1. 2] I T : (V,u,7,7*) — (V/,,u,a, o*) is linear, then T is
continuous if and only if it is continuous at 6.

Corollary 2.2. 2] Let T : (V,v,7,7%) — (V', u,0,0%) be a linear onto map
with an inverse 77!, if both T and T~! are strongly bounded, then T is a
homeomorphism between the PN spaces (V,v,7,7*) and (V', i, 0, a*).

Theorem 2.7. If T : (V,u,7,7*) — (Vl,u,a, o*) is linear and continuous at
0, then it is uniformly continuous.

Proof. If T is linear, then it is continuous if and only if it is continuous at 6(see
Corollary 3.1 of [2]), and by Corollary 3.2 of [2], if T is linear and continuous,
then it is uniformly continuous. [

Suppose

where "¢ 4(z) denotes the left limit of the function f at the point z and
pa(z) =inf{vy(z) : p € A}
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Theorem 2.8. Let (V,v,7,7*) and (V', u,0,0*) be two PN spaces and Ty, T,
be two certainly bounded operators. Then Ti + T5 s also a certainly bounded
operator.

Proof. Since 11,15 are two certainly bounded operators, by its definition, if
there exists zp € (0,+00) such that v,(xzg) = 1 for all p € V, then there
exists 1 € (0,400) such that ppp(z1) = 1 for all p € V; and if there ex-
ists z, € (0,+00) such that wvy(zy) = 1 for all p € V, then there exists
) € (0, +00) such that pug,,(x)) =1 for all p € V. Then there exists z 2, =

max{z1, 21}, so prp(e)) = 1 pmpl(ey) = 1, for @ > o} upamyple) =

Uy p+Top(T) = o (prp, firp) () > U(Mvaﬂsz)(l’lll) = 1, ie., there exists x
such that M(T1+T2)p($) = 1. Hence, T} 4+ T5 is certainly bounded operator. [

Remark 2.1. If the space is satisfied the condition as the above Theorem
2.4, then T — T3 is also a certainly bounded operator.

Theorem 2.9. Let (V,v,7,7*) and (V,,,u,a, o*) be two PN spaces and T :
V-V bea certainly bounded operator. Then kT is also a certainly bounded
operator for any k € R/{0}.

Proof. Since T is a certainly bounded operator, there exists xg € (0,+00)
such that vy(zg) = 1 for all p € V. Hence, there exists z; € (0,+00)
such that prp(z1) = 1 for all p € V and for > x1, k € Z/0,uprp(x) >
U(M%kTp?/"L(l—%)kTp)(w) = U(NTpaM(k—l)Tp)(x) == Ukil(:UJTp,---MTp,)(-r) >
" =Ygy ...pirp,)(z1) = 1, i.e., there exists x such that pgr,(z) = 1. Hence,
kT is a certainly bounded operator.

For |k| € (0,1], prrp(x) 2 prp(x), and since T is a certainly bounded
operator, there exists zop € (0,400) such that vy(zg) = 1 for all p € V.
Hence there exists x1 € (0, +00) such that pr,(x1) =1 for z 2 x1,urp(x) 2
urp(e1) = 1. Therefore, pyrp(z) 2 prp(x) 2 pirp(zr) = 1, Lo, pyrp(a) = 1
kT is a certainly bounded operator.

For |k| > 1, pgrp(x) > thmrp(x), m is an integer number and |m| > |k|, from
the above proof, when m € Z/0, we have mT is a certainly bounded operator,
so if there exists xg € (0,400) such that v,(z¢) = 1, then there exists z; €
(0,400) such that p,rp(x1) = 1 for any = 2 x1,pmrp(z) 2 pmrp(z1) = 1.
Therefore, prp(z) 2 pimrp(x) 2 pmrp(21) = 1 and kT is a certainly bounded
operator. O

Theorem 2.10. Let (V,v,7,7") and (V/, W, o,0*) be two PN spaces, Ty, Ty be
two bounded operators and T : V — V' be a triangle norm. If the triangle
function p maps DT x DT into DT, d.e., if w(DY,DV) C DT, then Ty + T
and KT are also the bounded operators.
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Proof. By Theorem 2.2 of [5], we know that Ly(V, V") is vector subspaces of
L(V,V"), where L = L(V, V") is the vector space of linear operators T : V —
V', Ly = Ly(V, V/) the subset of L formed by the linear bounded operators
from V to V', and T}, T» € Ly(V, V’), so T1 + Ty and kT are the bounded
operators. This completes the proof. O

Theorem 2.11. Let (V,v,7,7") and (Vl,u,a, 0*) be two PN spaces, Ty, T
be two strongly C-bounded operators and T : V. — V' be a triangle norm. If
T = Min, then T1 4+ 15 is also a strongly C-bounded operator.

Proof. Since T1,T5 are two Strongly C-bounded operators, there exists a con-
stant hy € (0, 1) such that, for every p € V and for every z > 0,v,(x) > 1—z =
prp(hiz) > 1 — hyx; and if there exists a constant hy € (0, 1) such that, for
every p € V and for every z > 0, vp(xz) > 1 — 2 = pupp(hox) > 1 — hoz,
then for h € (0,1), M(T1+T2)p(hx) = NTlersz(hx) > U(N’Tlp?NTQP)(hx) =
or(prp, trop) (h) = supaeio 1) T (prp(aha), pryp((1—a)ha)) > T (prp(ah),
prp((1 — a)ha))). If ah = hy, (1 — a)h = hg, then T'(urp(cha), pr,p((1 —
a)hx))) > T(1 — hqx,1 — hox) = Min(l — hyz,1 — hex) > 1 — hx. This
completes the proof. O

REFERENCES

[1] C. Alsina, B. Schweizer and A. Sklar, On the definition of a probabilistic normed space,
Aequations Mathematicae, 46(1993), 91-98

[2] Bernardo Lafuerza-Guillen, Jose Antonio Rodriguez Lallena and Carlo Sempi, A study
of boundedness in probabilistic normed spaces, Jour. of Math. Anal. and Appl.,
232(1999),183-196.

[3] Igbal H. Jebril and radhi ibrahim M.ali, Bounded linear operators in probabilistic
normed space, Journal of Inequlities in Pure and Applied Mathematics,volume 4, Issue
1, Article 8, 2003.

[4] Bernardo Lafuerza-Guillen, Jose Antonio Rodriguez Lallena and Carlo Sempi, Proba-
bilistic norms for linear operators, Jour. of Math. Anal. and Appl., 220(1998),462-476.

[5] B. Schweizer and A. Sklar, probabilistic metric spaces, Elsevier North-Holland, New
York, 1983.

[6] Shin-sen Chang,Yeol Je Cho and Shin Min Kang, Nonliear Operator Theory In Proba-
bilistic Metric Spaces, Huntington New York 11743.



