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FUZZY WAVELET TYPE OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. The basic wavelet type operators Ay, By, Cr, Dy, k € 7Z were
studied extensively in the real case (see [2]). Here they are extended to the
fuzzy setting and are defined similarly via a real valued scaling function. Their
pointwise and uniform convergence with rates to the fuzzy unit operator I is
established. The produced Jackson type inequalities involve the fuzzy first
modulus of continuity and usually are proved to be sharp, in fact attained.
Furthermore all fuzzy wavelet type operators Ay, By, Ck, Dy preserve mono-
tonicity in the fuzzy sense. Here we do not assume any kind of orthogonality
condition on the scaling function ¢, and the operators act on fuzzy valued
continuous functions over R.

1. BACKGROUND

Definition 1.1 ([8]). Let pu:R — [0, 1] with the following properties:

(i) p is normal, i.e., xg € R: p(xp) = 1.
(ii) Az + (1 —N)y) > min{u(z), u(y)}, Vo,y € R, YA € [0,1] (p is called
a convex fuzzy subset).
(iii) w is upper semicontinuous on R, i.e., Vxg € R and Ve > 0, 3 neighbor-
hood V' (z¢): u(x) < p(zo) + ¢, Vo € V(xp).

(iv) The set supp(u) is compact in R (where supp(p) := {z € R; u(x) >
0}).
We call v a fuzzy real number. Denote the set of all p with R.
E.g., X4y € R, for any zo € R, where X7,y is the characteristic function
at xo.
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For 0 <7 <1 and p € Rz define [p]" := {z € R: p(z) > r} and

[1]? := {z € R: u(x) > 0}.

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval of R. For u,v € Rz and A € R, we define uniquely the sum u & v and
the product A ® u by

[wdo]" =[u]" + ], POu" =AW, vrel01],

where [u]” + [v]” means the usual addition of two intervals (as subsets of R)
and A[u]” means the usual product between a scalar and a subset of R (see [8]).
Notice l®@u=wand it holdsu®v=vPu, A\Qu=uOA. If0<r  <ry <1
then [u]™ C [u]™. Actually [u]" = [u(_r),ug:)], where u!") < ugf), u(_r),ugf) e R,
vr e [0,1].

Define
D:Rr xRr — R,
by
D(u,v) := sup max{]u(_r) - y(_”)L IUS:) _ USLT)\},
rel0,1]

where [v]" = [J”,a‘ﬁ]; u,v € Rr. We have that D is a metric on Rz. Then

(Rx, D) is a complete metric space, see [8], with the properties
D(u® w,v®w) =D(u,v), Yu,v,w e Rg,
Dk ®u,k ®v) = |k|D(u,v), Yu,v€ Rz, Yk € R,
D(u®dv,wde) < D(u,w)+ D(v,e), Yu,v,w,e € Rr.

Let f, 9: R — Rz be fuzzy real number values functions. The distance between

f, g is defined by
D*(f,9) = SEED(f(:E),g(w))-

On Rz we define a partial order by “<”: u,v € R, u < v iff u(_r) < v@ and

ugf) < UE:), Vr e [0,1].

Lemma 1.2. ([4]). For any a,b € R:a,b> 0 and any v € Rx we have
D(GQuabQU) < |(l—b| D(u76)7

where 0 € Rx is defined by 0 := Xyq,.
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Lemma 1.3. ([4]).

(i) If we denote 6 := Xyqy, then 6 € R is the neutral element with respect

to @, i.e., uGOo=0Du=1u, Vu € Rr.

(ii) With respect to o, none of u € Rz, u # 6 has opposite in Rg.

(iii) Let a,b € Ria-b> 0, and any u € Rr. Then we have (a +b) ©® u =
a®udbou. For general a,b € R, the above property is fail.

(iv) For any A € R and any u,v € Rx, we have A& (udBv) = AQudAOv.

(v) For any \,u € R and u € Rg, we have A ® (n®u) = (A pn) ® u.

(vi) If we denote ||ul|z := D(u,0), Yu € R, then || - |z has the properties
of a usual norm on R, i.e.,

ullz =0 iff u=0,[AOulz=[A]-|ullz,
lu@®vllF < [ullz + vl lullr— vz < D(uv).
Notice that (Rz, @, ®) is not a linear space over R, and consequently (Rz, ||-
|l7) is not a normed space.
Here " denotes the fuzzy summation.
We need also a particular case of the Fuzzy Henstock integral (5(9:) = %)

introduced in [8], Definition 2.1.
That is,

Definition 1.4. ([6]). Let f:[a,b] — Rxr. We say that f is Fuzzy—Riemann
integrable to I € Ry if for any € > 0, there exists § > 0 such that for any
division P = {[u,v]; ¢} of [a, b] with the norms A(P) < 4, we have

D (Z*(v —u) @f({),[) <e.

P

We choose to write )
I = (FR) / f(@)da.
We also call an f as above (F'R)-integrable.

Theorem 1.5. ([7]). Let f:|a,b] — Rx be fuzzy continuous. Then (FR)f:f(SC)dCC
exists and belongs to Rx, furthermore it holds

T: [ / (N @) / (0 @)

a

b
(FR)/ f(z)dzx , Vrelo,1].

Denote by C(R,Rx) the space of fuzzy continuous functions and by Cy(R,
Rx) the space of bounded fuzzy continuous functions on R with respect to
metric D.
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Lemma 1.6. ([3]). If f,g:[a,b] C R — Rz are fuzzy continuous functions,
then the function F:[a,b] — Ry defined by F(x) := D(f(z),g(x)) is continu-
ous on [a,b], and

b b b
D((FR) / f(u)du, (FR) / g<u>du> < / D(f(x). gl(x))de.

Definition 1.7. ([3]). Let f: R — Rz be a fuzzy real number valued function.
We define the (first) fuzzy modulus of continuity of f by

WP (f.6):= sup D(f(x),f(y)), §>0.

z,yeR
|lz—y|<6

Definition 1.8. ([3]). Let f:R — Rz. We call f a uniformly continuous fuzzy
real number valued function, iff for any € > 0 there exists § > 0: whenever
|z —y| < 6; z,y € R, implies that D(f(z), f(y)) < e. We denote it as f €
CY(R).

Proposition 1.9. ([3]). Let f € C¥(R). Then wl (f, 0) < 400, any 6 > 0.
Proposition 1.10. ([3]). It holds

(i) (F)(f 5) z's nonnegative and nondecreasing in d > 0, any f:R — Rr.
(i) limgyowi” (£,6) = wi”) (£,0) = 0, iff f € CH(R).
() @) (f, 61 +62) < 0 (1,00) + 0 (£,62), 61,62 > 0, amy f:R — R
) W (Fn8) <P (£,6), 6 >0, n €N, any f:R — Ry

)

(iv
(v) w7 (£, 08) < [N (£,0) < A+ Dy (£,0), A > 0,6 > 0, where
[] is the ceiling of the number, any f:R — Ry.

vi) W (f@g,0) < (£,6) + w7 (g,8), 6 >0, any f,g: R — Ry
(vii) w§7)(f, -) is continuous on R, for f € CZ(R).

2. REsuLTS

Now, we present our first main result.

Theorem 2.1. Let f € C(R,Rz) and the scaling function p(x) a real valued
bounded function with supp p(z) C [—a,a], 0 < a < 400, @(x) > 0, such that

o0
> plx—j)=1onR. Fork e€Z, x € R put

oo

B = 3 1) 0wt )



Fuzzy wavelet type operators 255

which is a fuzzy wavelet type operator. Then

D(Bif)(@), f(@) <t (£, 57 ) (2)
and

D (Buf, ) <t (£ 55) 3)

allz €R, and k € Z. If f € CL(R), then as k — +oo we get w%F)(f, %) —0
and kligl Bif = f, pointwise and uniformly with rates.

Proof. Notice that

B = X 7(g)eete-
2’“1—5’6[(1,(1}

We would like to estimate

D((Bif)(x), f(x))

0| X (g)eve- i@
J
2kx—j€[—a,a)

=D Z f <2‘7k> © @2z —j), f(z)® Z 2%z — j)

j j=—00

=D > f<%>®¢@%—ﬁ, Y f@) op@rr—j)
J J
2k z—je[—a,d] 2k —jec[—a,a]

< X ﬂﬁw—ﬁD(fQ§>J@0
2kr—jje[—a,a]
< X ete-ie” (A5 )

J
2%z —j€[~a,a
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J a a
(here$—2k6 |:_2k’2k:|>

. a
<| > e | (fg
J
2ka:—j€[—a,a]

It follows the next important result.

Theorem 2.2. Let f € Cy,(R,Rx) and the scaling function ¢(x) a real valued
function with supp p(z) C [—a,a], 0 < a < +00, ¢ is continuous on [—a,al,

oo

@(x) >0, such that Y @(x—j)=1onR (then [*_p(x)dz =1). Define

j=—o0

orj(t) = 262028 — j),  fork,jeZ, teR,

o) = (FR) [ 77 10 0 o0,
and set -
(Aef)@) = 32 {fow) @ puy(a). v €R,

which a fuzzy wavelet type operator. Then

D(AN@), 1) <o (fi5), 7eR ke,

and

D*((Auf), f) < i <f’ Qkafl) '

(4)
(5)

If f e C’g(R) and bounded, then again we get A, — unit operator I with rates

as k — —+o00.

Proof. Since ¢ is compactly supported we have

. . e j—a
ori(t) #0iff —a <2Ft —j <a, 1H2T§t§ o

Also it holds that
AN = Y (fow) Oprx), kel

J
2%z —j€[~a,al

j+a
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We would like to estimate

D((AkD@) f@) =D | 32 (fiew) © oy (@), f(x)
2kxfj]€[fa7a]

=D > (fer) Ori@), fl@) e D p2kr—j)
J j
2ka:—j€[—a7a] 2kw—j€[—a7a}

=D S ek i), > fla) 027 g (x)
J J
2z —je[—a,a] 2*z—je[—a,al

= Z QDk](QT)D((f, @kj>)2_k/2®f($)) = Kl'
2kx—jje[—a,a]

Next we estimate separately

ita
ok

o [

ok

F(t) © prs(t)dt, 272 @ f(l’))

_D (gw & (FR) / T H @ et - 2 e f(w)>

ok

(in Fuzzy-Riemann integral we can have linear change of variables)

=D <2k/2 ® (FR) /J: f (2%) ® p(u —J');%, 27k/2 f(:v))
_D (2—’“/2 © (FR) / H f (2%) © olu — j)du, 2772 ¢ f(a:))

_o-k/2] ((FR) /jjﬂ f (%) © o(u — §)du, f(z) © 1) — K.

Notice that ffooo o(u—j)du =1, j € Z and by compact support of ¢ we have

J+a
/ o(u—j)du = 1.
j

j—a
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Hence
Koy = 9-k/2) <(FR) /j+af (2%)
j—a
—9k/2p <(FR) " (;) ®
j—a

(by Lemma 1.6) and

@ [ tu- i)
[T o ot )

<22 [0 (1 () @ el 00 0 ol ) do

| —a

(by Lemma 2.3 next)

u
- / ol =)D (£ () (@) du
j+a
/2 f) u
S /ja ’LL-] (faﬁ_xl)du
a u a
(notlce that — oho1 < ok ¥ < 2k71>
Jj+a
< o—k/2 o (F) a < 9—k/2, (F)
<2 (/j_a o(u J)dU> wy (f, Qk_l) <2
That is, we prove that
_ a
D((fy0r3,27"2 0 f(2)) < 2720 (f, 57 )
Hence, we get
_ a
K< Y ey (£0)

J
2%z —j€[—a,al

. F a
- Z 90(2km _j) g ) (f? 2k71)
J
Zkz—jE[—a,a]
% ' - a
= Z 2%z — §) g )<f’2k71>:1'w
j=—00

Here we use the following lemma.




Fuzzy wavelet type operators 259

Lemma 2.3. Let f:R — Rz fuzzy continuous and bounded, i.e. My >
0: D(f(x),0) < My, Vz € R. Let also g: J C R — Ry continuous and bounded,
i.e. IMa > 0:g(x) < Ma, Va € J, where J is an interval. Then f(x) ® g(z)
is fuzzy continuous function Yz € J.

Proof. Let x,,,x0 € J,n=1,2,..., such that x,, — xo. Thus D(f(z,), f(z0))
— 0, as n — 400 and |g(x,) — g(zo)| — 0. We need to establish that

A'n, = D(f(.’ll'n) © g(‘rn)a f($0) © g(.’lﬁ'o)) - Oa
as n — 400. We have the following

20, = D20 (f(2n) © g(xn)),2® (f(20) © g(x0))
(notice for u € Ry that u ®u =2 © u)
D(f(zn) © g(zn) ® f(zn) © g(zn) ® f(20) © g(zn)
@ fzn) © g(x0), f(w0) © g(@n) ® f(20) © g(w0) ® f(w0)
® g(wo) @ f(z0) © g(x0))
< D(f(xn) ® g(xn), f(x0) © g(zn)) + D(f(zn) © g(zn), f(zn) © g(20))
+ D(f(z0) © g(@n), f(20) © g(20)) + D(f(zn) © g(20), f(x0) © g(20))
(by Lemma 1.2)
< g(@n) D(f(xn), f(w0)) + [9(xn) — g(x0)|D(f(2n), 0)
+1g(zn) = g(@0)|D(f (20), 0) + g(wo) D(f(zn), f(20))
< 2MsD(f(xy), f(x0)) + 2My|g9(xn) — g(z0)] — 0, as n — +oo.

We proceed with the following related result.

Theorem 2.4. All assumptions here are as in Theorem 2.1. Define for k € Z,
x € R the fuzzy wavelet type operator

(Crf)(z) = > <2k@<FR> /

0

—k

f <t + ;k) dt) © 2z —j5). (9)

Then — .
D) ) < o7 (1.5 ). (10)
and
D*((Cwf), f) < WP (f,a;1>, allk€Z, z € R. (11)
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When f € CZ(R) then as k — 400 we get Cy, — I with rates.

Proof. We need to estimate

D((Crf)(x), f(x))

=D Z (2"«‘@(17}%)/0 f<t+2‘7;c>d>@@(Qkx—j),f(a:)Ql

J
2z —j€[—a,al

=D Z (2’“ ® (FR)/()Zkf <t+ 2k> d> © p(2"z — j),

J
2kz—je[—a,al

Z* <2k O] (FR)/O (f(z)© 1)dt> © p(2°z — j)

J
2kz—je[—a,a]

Z D(( FR)/2 kf<t+2‘7;)dt)®<p<2’“:v—j)7

2k g — ]6[ a,al

(2’“ © (FR)/O2_(f($) © 1)dt> ©p(2" - j)>

<2t Y @ - D ((FR) /0 ™ <t+‘i) dt, (FR) /0 _kf(:v)dt>

J
2Fz—j€[~a,a

(by Lemma 1.6)

IN

[\~

2k z—je[—a,a]

(here 0 <t < k and !:1: ik‘ < 5%, thus |t+ x‘ < ‘12%1) Hence
F a+1 _ F a+1
(<2t 3 el )<f, ) b= )<f,2k>-

J
2z —j€[—a,al

O
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Next we give the corresponding result for the last fuzzy wavelet type oper-
ator we are dealing with.

Theorem 2.5. All assumptions here are as in Theorem 2.1. Define for k € 7Z,
x € R the fuzzy wavelet type operatm"

(Dif) (@ Z Oj (f x—j), (12)

]_—OO

where O;(f) == Z* wiy © f (2]k: + 2’7‘:n) , n €N, wi >0, Z’wf =1. (13)
=0 =0

Then D(Def)(@), £(2)) < i (f, ot 1) , (14)
and D*(Dif, f) <P (f,“;;1>, alkeZ, xeR. (15)

When f € CZ(R) then as k — 400 we get Dy — I with rates.
Proof. We need to upper bound

D((Dif)(@), f@))=D| 3 (Z* wr © f<; + M)) (28 — ),
7=0

J
2k z—je[—a,a]

SN f@) ek - j)
Qkx—j]e[—a,a}
> w2z —4)D (Z* <w7: o f <2Jk, + 2,;)) ,Z*(wf ® f(a:))>
J 7=0 =
2kx—jel—a,a)

IN

IN
©
—~
[\)
o
8
|
<
~
(]
S
=t
S
7 N
~
7 N
R~
+
3
> <
N——
~
—
S
~—
N————

kop— j€[—a,a]

r 1
notice that —k—i-QT—a: Sa; >
. " F a+1 F a+1
< Z <p(2kx—])zw7;w§ )<f72k>:°u§ )(f,2k>- O
J 7=0
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Next we prove optimality for three of the above main results.
Proposition 2.6. Inequality (2) is attained, that is sharp.

Proof. Take p(x) = X[
u € Ry and take f(x

%)( x), the characteristic function on [—%,3). Fix
x) ® u, where

1
2
q
T S _2—k—1
x>0,
2"7“1: +1, —2 k1 <2 <0,

k € Z fixed, z € R. Clearly ¢(z) > 0. We observe that

[e.o]

B = 3 a(55) ouope i)
— -:ij:ooq<2jk> o(2Fz — §) igp 28 —5) | ©u.

Hence
D((Bpf)(=27" 1), f(-27" 1) =D Zcp <—; - ) ®u,0| = D(u,d).

Furthermore we see that

W (f 271 = sup - D(f(). f(y)) = sup  Dlg(x) ©uqly) O w)
I"E—yéf'“’1 \ﬂc—yéT""l

(by Lemma 1.2)

< sup  [g(x) —q(y)| | D(u,0) =1 D(u,0).
z,yER
|lz—y|<27kt

That is, we got that
A7 (1,274 < D(w, ).
So that by (2) and the above we find

D((Bef) (=277, f(=2771) =i (f.27F ),
proving the sharpness of (2). 0
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Proposition 2.7. Inequalities (10) and (14) are attained, i.e. they are sharp.

Proof. (I) Consider as optimal elements ¢, ¢, u, and f, exactly as in the proof
of Proposition 3. Here a = % We observe that

w?y 3
le—y|< 257

le—y|< %7

(by Lemma 1.2)

A7 (15 ) =t (1) = s DU W)

< sup lg(x) — q(y)| | D(u,0)

le—y|< %t

= sup  |q(z) — q(y)| | D(u,0) =1-D(u,0).

z,y

|lz—yl<5rer
That is,

F a —|— 1 ~

W§ ) <f7 2k) < D(u,0).
Call
2~k .
)= o En) [ (or ) an
0

We obtain

k

%(1>(f)=2k®(FR)/02_<q<—21,€>®u>dt: <2k/02_;<t—21,€>dt>®u
— (zk/_o q(t)dt)@u— <2k/_0 1 q(t)dt> @u:ié)u.

That is,
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Moreover vj(—2)(f) = 6, and v;(f) = 6, all j < -2, and y;(f) = u, all j > 0.
Hence

+o00o
1 .
(Cuf)(@) = Lw’% +1)+ ) p(2he - w] O u.
j=0
We easily see then that

(Crf) <—2k1+1> =u, also f <—2kl+1> = 0.

D ((Ckf) (—2,3“) f (—2,3“)) = D(u,d).

From the above and (10) we conclude that

D((Ckf) <_2kl+1>af<_2k1+1>> :wgf) <faa2+kl>a k‘GZ,

proving the sharpness of (10).
(IT) The sharpness of (14) is treated similarly to (I). Notice that dx;(f) = u,
all j >0, and d0x;(f) = 0, all j < —2. We observe that

1 1
k _ _
o2 () - 1) =0 (3) =0
Furthermore

o (0 (-5t o(-55)
(S wio( () 5) o

Therefore

So that by (14) and the above

o100 (-5k2) 1 (o)) -8 (721)

proving sharpness of (14). O
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Remark 1. We notice that
(Lif)(z) = Lo(f(27%))(2%z), allz €R, ke Z,

where Ly = By, Ak, Ck, Dy. Clearly Ly ’s are linear over R operators.

In the following we present a monotonicity result for the fuzzy wavelet type
operators By and Dy. For that we need

Definition 2.8. Let f:R — Rx. Then f is called a nondecreasing function iff
whenever z; < x5, 21,22 € R, we have that f(z1) < f(x2), i.e. (f(xl))(_r) <

(f(22)") and (f(21))) < (f(22)), vr € [0,1].

Theorem 2.9. Let f € C(R,Rx), and the scaling function ¢(x) a real valued
bounded function with supp ¢ C [—a,a], 0 < a < 400, such that

() ¥ ¢pe-j)=1omR

j=—00
(i) there exists a b € R such that ¢ is nondecreasing for x < b and ¢ is
nonincreasing for x > b,
(the above imply ¢ > 0). Let f(x) be nondecreasing fuzzy function. Then
(Bif)(z), (Drf)(x) are nondecreasing fuzzy valued functions for any k € 7Z.

Remark 2. We give two examples of ¢’s as in Theorem 2.9.

(i)

90(90):{1’ iSr<y
0, elsewhere.
(i)
41, -1 <z <0,
olr)=< 1—ux, 0<z<l1,
0, elsewhere.

Proof of Theorem 2.9. Let x,,z € R such that z,, — x, as n — +oo. Then
D(f(xn), f(x)) — 0 by fuzzy continuity of f. But we have

D(f(an), f(2) = sup max{|(f(za))" = (F@)D|[(f (@) = (F@)T}-

ref0,1]

That is, \(f(xn))g) — (f(x))s_f)| — 0,all 0 <r <1, as n — +o00, respectively.
Therefore (f )g: ye (R,R),all 0 <r <1, 1i.e. real valued continuous functions
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on R. Since f is fuzzy nondecreasing by Definition 2.8, we get that (f )(jz ) are
nondecreasing, Vr € [0, 1], respectively. Then by Theorem 6.3, p. 156, [2],
see also [5], we get that the corresponding real wavelet type operators map

to the functions (Bk(f)g))(a:) that are nondecreasing on R for all r € [0, 1],
any k € Z. Also by Lemma 8.2, p. 186, [2], see also [1], we get that the

corresponding real wavelet type operators map to the functions (Dg(f )(iT ))(:13)
that are nondecreasing on R for all » € [0, 1], any k € Z. We notice for any
r € [0,1] that

mener= 3 [1(5)] etea

j=—00

That is
[(Bif) @)™, (Bef) ()]

o (GERAE RS

- {i‘; (f <2]k>><_> o2z — §), :Zi <f <2gk>>(+> M%y‘)]

= (BN @), BHY)@)]
So whenever z; < x5 we get (f)gf) (1) < (f)g) (z2), respectively, and

(Be(N) (1) < (Be(H)V)(2), Vr e [0,1].

Therefore (Byf)(x1) < (Bif)(z2), that is (B f) is nondecreasing.
Next we observe that

D@y = 3 (Zw [f (;ﬁ%)}) o2 ).

j=—o0 \7=0

That is
(DR @), (Drf) @)



Fuzzy wavelet type operators

- jiooo (; o <f<2]k + 2;))?;@% — ),
(S (i) e

= D) @), (Du(H @)
So whenever z1 < x5 we get

DN (@1) < De(HD)(2), V€ (0.1,
Therefore (D f)(x1) < (Dyf)(x2), so that (D f) is nondecreasing.

267

O

Finally we present the corresponding monotonicity results for the fuzzy

wavelet type operators Ay, Cj.

Theorem 2.10. Let f € Co(R,Rx) and ¢ as in Theorem 2.9 which is con-
tinuous on [—a,a|. Let f(x) be nondecreasing fuzzy function. Then (Agf)(zx)

is a nondecreasing fuzzy valued function for any k € Z.

Proof. Since f is fuzzy nondecreasing we get again that (f )S_f )

are nondecreas-

ing, Vr € [0, 1], respectively. Then by Theorem 6.1, p. 149, [2], see also [5], we
get that the corresponding real wavelet type operators map to the functions

(Ak(f)(i))(x) that are nondecreasing on R for all r € [0, 1], any k € Z.
Using Theorem 1.5, for any r € [0, 1] we notice that

[(fsou)]" = Uzk (f(t)GSij(t))@dt,/ﬁ (f(t)@gpkj(t))@dt]
B [ [ w7 (f(t))@sokj(t)dt] .
We observe for any r 26 [0, 1] that 2
+oo
[(Arf)(@)]" = Z [, @ri)] prj ().
That is
(4D @)D, (A @)
+oo j;;: j;;:
= 2 [ | et [ <f<t>>3:>gokj<t>dt] ors ()
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+o0 % J+a
= [ Z (ﬁi (f(t))(f)gakg dt) orj(T Z + gok]( )dz)gpkj(x)]

) =—00 2k j=—00 2k

= [(A(H D) (@), (A (H D) ().

So whenever 27 < x5 we have that (f)(iT) (1) < (f)g_f) (x2), respectively, and

(Ak(NT) 1) < (Ax(HD)(2), Vr € [0.1].
Hence (Arf)(z1) < (Axf)(x2), that is (Ax f) is nondecreasing. O

Theorem 2.11. Let f and ¢ as in Theorem 2.9. Let f(z) be nondecreasing
fuzzy function. Then (Cif)(z) is a nondecreasing fuzzy valued function for
any k € Z.

Proof. By Lemma 8.2, p. 186, [2], see also [1], we get that the correspond-

ing real wavelet type operators map to the functions (Cj( f)g: ))(x) that are
nondecreasing on R for all € [0,1], any k € Z. Using Theorem 1.5, for any
r € [0, 1] we notice that

+oo T 2=k r
(Cn@r =3 [FoEn | f<t+23k>d] o2z~ j)

j=—o0 L

- f _2’“ ® (FR) /j;:ml)f(t)dt]rs0(2’“rv—j)
_ :f [2 / gk:(j+1()f)(_’”> 2 zk:(j“()fﬁ” ) (t)dt]so(Qkx )
- Li; (2'f / :(j+1)<f><’“><t>dt> R

£ (2" wpon)oe-s)

= [(Ce(H) (@), (ClH) ().

That is, for any r € [0, 1] we found

[(CeH) @)D, (Cf)@)L] = [(CulH ) (@), (Cu() ) (@)].
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So whenever z; < x5 we have (f)g)(xl) < (f)(ir)(l‘g) and

(Ce(HD) (1) < (Cul) D) (x2), Vr € [0,1],

respectively. Hence (Ckf)(z1) < (Crf)(z2), that is (Ckf) is nondecreasing.
O
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