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LIPSCHITZ STABILITY OF IMPULSIVE FUNCTIONAL
DIFFERENTIAL EQUATIONS BY RAZUMIKHIN METHOD

QING WANG, JIANHUA SHEN AND XINZHI L1U

ABSTRACT. This paper studies uniform Lipschitz stability for impulsive func-
tional differential equations. Several criteria on uniform Lipschitz stability are
established by using the method of Lyapunov and the Razumikhin technique.
Some examples are also worked out to illustrate our results.

1. INTRODUCTION AND PRELIMINARIES

The notion of Lipschitz stability was proposed by Dannan and Elaydi in
[3], where some sufficient conditions for Lipschitz stability were given for or-
dinary differential equations and the relation between Lipschitz stability and
other type of Lyapunov stability was investigated. It is shown that this notion
lies between uniform stability and asymptotic stability in variation. But it
neither implies asymptotic stability nor is implied by it. An important feature
is that, unlike uniform stability, the linearized system preserves the property
of Lipschitz stability from the original nonlinear system [3,4]. The Lipschitz
stability criteria have been extended to integro-differential equations in [6]
and functional differential equations in [5,7]. But to the best of our knowl-
edge, Lipschitz stability results are not yet available for impulsive functional
differential equations.

The objective of this paper is to study the problem of Lipschitz stability for
impulsive functional differential equations, incorporating the ideas developed
recently in [1,8,9,11,14,15]. Several criteria on uniform Lipschitz stability are
established by using the method of Lyapunov and the Razumikhin technique.
Moreover, it is shown that impulses play an important role in stabilization
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of unstable systems. We also establish a stability theorem by using multiple
Lyapunov functions based on the idea developed in [16]. Some examples are
also worked out to illustrate our results.

Consider the impulsive functional differential equation

/
w(tr) =Jk(2(t;)), k€N,
where N is the set of positive integers, f : [tg,00) x PC — R™ and Ji(z) :
R™ — R" for all k € N and PC = PC([-7,0],R") = {® : [-7,0] — R"™, ®(t)
is continuous everywhere except at a finite number of points ¢ at which <I>(f+)
and ®(7") exist and ®(I") = ®(7) }, 7 > 0 is the upper bound of time delays
of our systems, tg <t; <ty < -+ <t <tpy1 <---withty — o0 as k — oo
and z’(t) denotes the right hand derivative of z(¢).

For any t > tg,zy € PC is defined by z:(s) = z(t + s),—7 < s < 0.
For ¢ € PC, the norm of ¢ is defined by || ¢ ||= sup_,<.<o | ¢(s) |, where
|z| = max;<;<p{z;} for any x = (z1,29,--- ,2,) € R*.

We assume that f(¢,0) = 0 and J;(0) = 0, so that equation (1.1) admits
the zero solution.

For any to € RT and ¢ € PC, the initial value problem of equation (1.1)
is given by

$,(t) = f(taxt)a 3 7& lk,
x(ty) = Ju(z(t;)), k€N, (1.2)
Tty = (b

A function z(t) : [top — 7,00) — R™ with x;, = ¢ is said to be a solu-
tion of system (1.2), if it is continuous and satisfies the differential equa-
tion z'(t) = f(t,x¢) in each [t;,t;41),0 = 0,1,---, and at ¢ = ¢; it satisfies
x(t) = Ji (z (t7))-

We shall make the following assumptions.

(H1) f(t,%) is composite-PC), i.e., if for each to € Ry and a > 0, where
[to,to + o] € Ry, if x € PC([tg — 7,t0 + ], R™) and z is continuous
at each t # i in (to, to + ], then the composite function g defined by
g(t) = f(t,z;) is an element of the function class PC([to,to + o, R™).

(H2) f(t,v) is quasi-bounded, i.e., if for each tg € Ry and o > 0, where
[to,to + @] € Ry, and for each compact set F' € R™ there exists
some M > 0 such that || f(t,¢)| < M for all (¢,4) € [to,to + a] X
PC([-T1,0], F).

(H3) For each fixed t € Ry, f(t,%) is continuous on PC([—7,0], R™).
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It is shown in [2] that under Assumptions (H1)-(H3), the initial value
problem (1.1) has a solution z(t,to,¢) = x(t) existing in a maximal interval
I. If, in addition, f(¢,%) is locally Lipschitz in v, then the solution is unique.

Definition 1.1. The function V(¢,z) : [tp — 7,00) x R" — RT belongs to
class v if
(A1) V is continuous on each of the sets [tx_1,tx) x R™ and for all z, y € R™
and k € N, lim(ty)_)(t;’l,) V(t,y) = V(t,,x) exists.
(A2) V(t,x) is locally Lipschitzian in x € R", and for all t > ¢y, V (¢,0) = 0.

Definition 1.2. Given a function V : [tg — 7,00) X R"™ — R™, the upper
right-hand derivative of V' with respect to system (1.1) is defined by

DYV (t,z) = limsup l[V(t +a,z+ af(t,z)) — V(t,x)],
a—0+ &
for (t,x) € [to — T,00) X R".

Definition 1.3. The zero solution of (1.1) is said to be uniformly Lipschitz
stable through (tg, ¢) € RT x PC if there exists a constant 7 > 0 independent
of to and M = M (n) > 1, such that

| 2(t,t0, @) [S M- [[ ¢ ||, fort>tgand || ¢[<n.

Remark 1.1. From Definition 1.3, we know that uniformly Lipschitz stability
implies uniform stability.
We define the following sets for later use.

S(p)={x e R":|z|<p, for p> 0},
Ko={HeCR"R"): H0)=0, H(s) >0for s >0},
K = {w e C(R",R") : strictly increasing and w(0) =0},
Ki={YpeK: ¢¥(s)<sfors>0},
Ky={peK: ¢(u)>uforu>0},
Q= {w(t,u): weC([ty—1,tx) x RT,R"), k€ N; for each z € R"

and k€ N, lim  w(t,u) =w(t, ,x) exists }.
(tu)—=(ty, )
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2. STABILITY CRITERIA

We shall establish some Lipschitz stability criteria in this section by the
method of Lyapunov function and Razumkhin technique. Our first result
utilizes the comparison principle.

Theorem 2.1. Assume that there exist functions V € vy, w; € K, g € Q
and Yy, € Ko such that
(1) Vit Ju(@) < eVt a(tp ), ke N
(ii)) wi(| z |) <V (t,x), for any ||p|| < n, there exist constant L = L(n) > 0
and function q with q(L) > 1 for any L > 1 such that wi (L | z |) <
q(L) | = |, where wi' is the inverse function of wy;
(iii) for any solution z(t) of (1.1), V(t + s,x(t +s)) < V(t,z(t)), —7
s <0, (t,z) € [tk—1,tr) X S(p) implies that

IN

DYV (t,x(t) < g(t, V(t,x(t)));
(iv) the zero solution of the impulsive scalar equation

U/: g(tvu)a t2t07

u<tk) = wk(u(tlz))v keN, (2'1)
u(to) = Ug 2 O,

1s uniformly Lipschitz stable, where ug is a constant such that uy =
maXto*TSSStO{V(S)}'
Then the zero solution of (1.1) is uniformly Lipschitz stable.

Proof. By condition (¢) and (i), it follows by Lemma 3.1 of [12] that
V(t,l‘) < u(t7t07u0)7 (22)

where u(t, to, up) is the maximal solution of (2.1).
Since the zero solution of (2.1) is uniformly Lipschitz stable, then there
exists n > 0, M = M(n) > 0 such that

ul(tat(]?uO) < M - Ug, (23)

where wuq (t,to,up) is the solution of (2.1) with wuy (o, to, uo) = ug.
Choose M(n) > 1 such that ||¢|| < n implies

ug < M- || ¢ || (2.4)
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By the inequalities (2.2)-(2.4) we get
wi(lz|) V() <ult,to,ug) <M -ug < M? || o] .
By condition (ii) we have, for any solution z(¢) of (1.1) with ||¢[ <n
|z [t (M2 o |) < a(M)- | 6l a(M?) > 1,

which completes the proof. O
An interesting special case is given in the following corollary.

Corollary 2.1. Assume that there exist functions V € v}, w1 € K, g € Q
such that
(i) V(te, Ju(z)) < (14 b)(V(t,,z(ty))), k € N, where b, > 0 and
D hey by < 005
(i) wi(| =z |) < V(t,x), for any ||¢|| < n, there exist constant L = L(n) > 0
and function q with q(L) > 1 for any L > 1 such that wy (L |z |) <
q(L) | z |, where wi' is the inverse function of wy;
(iii) for any solution z(t) of (1.1), V(t + s,z(t + s)) < V(t,z(t)), —7
s <0, (t,z) € [tk—1,tk) x S(p) implies that

IN

DTV (t,z(t)) < 0;

Then the zero solution of (1.1) with the initial function ¢ satisfying ||¢| >
max,—r<s<to, {1V (8, ¢(s))} is uniformly Lipschitz stable.

Proof. Choose ¥y(s) = (1 + bg)s for any s € R*, k € N and g(t,u) = 0 for
any t,u € R™ in Theorem 2.1. O

Our next result incorporates the positive effects of the impulses.

Theorem 2.2. Assume that there exist functions V € v, wi, we € K, H €
Ky and ¢ € Ky such that

(i) wi(|z|) < V(t,x) <ws(| z|), and there existn >0 and M = M (n) >
1 such that ||¢|| < n implies that

T wa([l0]) < wi(M - [l¢l)),

where Y~ ' is the inverse function of \;
(i) V(. Je(x(ty))) < (VI 2(ty)), k€ N;
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(iii) for any solution z(t) of (1.1), V (t+s,z(t+s)) < =1 (V(t,z(t))), -7 <
s <0, (t,z) € [tk—1,tk) x S(p) implies that

DYV (t,x(t)) < g(t)H(V (t,x(t))),

where g : [tg,00) — R is locally integrable;
(iv) H is nondecreasing and for all k € N and any p > 0,

P~ (w) du tr
> g(s)ds.
[ o

Then the zero solution of (1.1) is uniformly Lipschitz stable.
Proof. Let V(t) = V(t,z(t)), where z(t) = z(t,to, ¢) is the solution of (1.1)
through (fo, ¢) with ||| <n, to € R*. Then
wi(|z(t) ) < V(t2) < wa(] 2(t) ) < wallol])
<P~ Hwa(llgl), to—7 <t <to.

We claim that
V() <y~ Hwa(llel), to<t <t (2.5)
Otherwise, there exists a ¢ € (to,t1) such that
V(&) > v (wa(llgll)) > wa(lloll) > V (to),
which implies that there is a t* € (t, %) such that
V() =y wallglD), V() <o Hwallel), to—T <t <t
and there exists a t € [tg,t*) such that
V(t) =wa(llol), V() Zwa(llol), t<t<t,
therefore, for all ¢ € [t,t*],
V(t+s) <o Hwa(llol) <7 (V(@), —7 <5 <0,
choose p > 0 such that ! (w2(n)) < wi(p), then we have, for all ¢ € [t,t*]

wi(lz®)]) < V() <y~ w2(llol) < v~ (w2 (n),
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ie., |z(t)] < p for all ¢t € [t,t*]. Thus by condition (iii) we have V'(t,x(t)) <
gt H((V(t,z(t))), t <t <t*, s0

V(t*) du t* t1
— < g(s)ds < / g(s)ds,
/V<t> H (u) /: ) to )

B (o) gy, tl
< [ ),
/wawn) H(u) = Jy,

a contradiction and hence (2.5) holds. From (2.5) and condition (i7), we get
V(ty) = V(tr, i(z(t))) < o(V(E))) < wa(llol]), (2.6)

In a similar way as in the proof of (2.5) and (2.6) we can get

V() <o Hwa(llgl), 1<t <ta, V(t2) <ws([ol).

By a simple induction and the fact s < 1/~!(s), we can prove in general that

i.e.

V(t) <y @2ll9), tm St <tmir, m=0,1,200,
which, together with (2.5), yields
wi|z]) V() <P Hw2(llgl) < wi(M-Igll), ¢ > to,

which completes the proof. O

Remark 2.1. It should be noted that the underlying system without im-
pulses may be unstable. Theorem 2.2 shows that impulses can be used to
stabilize an unstable system.

3. METHOD OF MULTIPLE LYAPUNOV FUNCTIONS

In this section, we shall establish a Razumkhin-type theorem with multiple
Lyapunov functions.

In what follows, we separate x = (x1,22,--- ,7,)7 into several vectors, i.e.
= (xM, 2@ ... )T,

where z() = (:L‘gj),xgj),.-- ,xﬁfj)), j =12+ m, and Z;”:l n; = n. We

denote the norms by [z()| = max;<x<y, {]x,(j)|}, j=12,--- ,m, and |z| =

maxi<;<m {|l’(j)|}-
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Theorem 3.1. Assume that there exist functions Vj(t,x(j)) €y, aj, bj €
K, H;ec Ky, j=1,2,---,m, such that
(1) a;(|29]) < V;(t,29)) < b;(|29)]), and for any n > 0 there ewist con-
stant L = L(n) > 0 and function q with q(L) > 1 for any L > 1 such
that ||g|| < n implies maxi<i<m{a; (L)L, be(l9lD)} < a(L)ll¢ll;
(ii) for all k € N, V;(t,, 29 (t;)) = maxi<i<m {Vi(ty, , 29 (¢))} implies

max {Vi(ty, 2@ (t:))} < (1 + di)V; (1, 29 (7)),

1<i<m

where dj, > 0 with Y .0 | dj, < 00;
(iii) for any solution x(t) = (xM(t), P (t),--- ,2™)(t)) of (1.1), and for
any B; v; > 0, there exist \; = X;j(B;,7v;) > 0, such that V;(t +
s,z (t + 5)) < Vi(t,xW)(t)) for s € [-7,0], t € [tk—1,tx) and v; <

2O (t)| < B; imply

DYV, (t, 29 (1)) < —H;(|zD(8)]) + A,

where V;(t,z0)(t)) = max; <;<,n {Vi(t, 2D (t))}.
Then the zero solution of (1.1) is uniformly Lipschitz stable.

Proof. Let z(t) = z(t,to, ) be any solution of (1.1) with ||¢|| < 7 for some
n > 0, define V(t) = max;<;<,,{Vi(t)}, where V;(t) = Vi(t, 2D (t)) for i =
1,2, ,m.
We claim that
(C1). o X ailz@ @) < V() < 37, biJa® (1))
(C2). V(te) < (1 +dp)V(ty), k€ N;
(C3). V(t+s) <V(t) for s € [-7,0], t € [tk—1,tx) implies

DYV () < —H;(|zD()]) + Aj,

where j € {k e{1,2,--- ,m}: Vi(t) = maxlgigm{Vi(t)}}.

Proof of (C1) and (C2):
By condition (i) and the definition of V' (¢), we have

V() = max (G0} > S Vi) > - alle V(1))
=1 =1

1<i<m
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and
m

V(t) = max {V )} < ZV Z (l2®(2)

which implies (C1) holds. (C2) comes directly from condition (ii) and the
definition of V (¢).

Proof of (C3):

Assume V(1) = V;(t) for t € [ouy,x,Bi,x) C [te—1,tk), where [tp_1,tx) =
Ut<j<m|ai,k, Bi;x). When V(t+s) <V (t) for s € [~7,0], we have Vj(t+s) <
V(t+s) < V(t ) = V;(t), then by condition (4i7) and the right continuity of
V(t), we obtain

DV (#) = limsup VEFR =V g o Vil D) — V(1)
h=0% h h—0+ h
= D+Vj(t) < _Hj(fm(j)(t)‘) A

which implies (C3) holds.
Next, we shall prove the uniform Lipschitz stability of the zero solution of

(1.1).

We claim that

<H1+d Z (Ill), t € [teor,tr), k €N, (3.1)

where dy = 0.
Firstly, for t € [to — T, o], we have, by (C1) and the fact |29 (t)| < |z(t)| <
1]l

m

Z (Jz 9t Z (o). (3.2)

Secondly, we show (3.1) holds for k =1, i.e.

m

Z (lel),  t € [to,ta). (3.3)

Suppose (3.3) is not true, then there exists some £ € [to,t;) such that

V(t) = ibz(Hng), V(t+s) <V(t), for s € [-7,0] and DTV () >0,
= (3.4)
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since V(t) is continuous in ¢t € [tg,t1). Assume V() = V;(f), by condi-
tion (i), b(lzW(@)]) = V(E) = X7 bil0]) = a;(JeD@))), ie., |29(F)] =

b (L billlel) = v and |eW(B)] < a7 '(Z7, bi(ll0]l)) = B;. Choose
0 < \j <inf, <s<p,{H;(s)}, then by (C3) and (3.4) we have

DV () < —H;(|2’(1)]) + A
< )\j —f—)\j = O,

this contradicts (3.4), and hence (3.1) holds for k£ = 1.
Assume (3.1) holds for k = p, i.e.

V)< [Ta+d)d billlgl), ¢ € [tp1.tp), (3.5)
i=0 i=1
then we have
V(t,) < (1+dp)V(ty) < [TA+d) > billlel), (3.6)
i=0 i=1

we now prove (3.1) holds for £k = p + 1. Suppose not, then repeat the same
argument as we prove (3.3), we will get a contradiction which shows (3.1)
holds for k = p+ 1. Then by induction, we know (3.1) is true.

Then we have, from (3.1) and condition (i),

V() <MY bi(llol),
i=1
where M = []:2,(1 + di), and then by (C1)

(0D < -3 ale V)

IN

V(t) < Msz‘(HcﬁH),

that is.,
()] < a7 (mM Y bi(l19])),

=1
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so we have, for any solution z(t) of (1.1) with [|¢]| < n,

j2(t)] = max {2 (t)[}

1<i<m

1<i<m

< max {a; ' (mM Y bi(|¢])}
i=1
< q(mM)||o]],
where g(mM) > 1, this completes the proof. O

4. EXAMPLES

In this section, we shall discuss some examples to illustrate our results given
in previous sections.

Example 4.1. Consider the impulsive nonlinear delay differential equation

2(t) = =22t —D[1+2@)], t# g, k
(4.1)

1
x(tk) = ix(t,;), t = g

Choose V(t,z) = |z|, ¥(s) = 3s, M = 2, then condition (i) and (ii) of
Theorem 2.2 hold.

Let g(s) = 5s, H(s )—s p=
V(t+sa(t+s) <o (V(t ()

then for any solution x(t) of (4.1), when

31)’ o lx(t+s)| < 2]x(t)], s € [—1,0], and

lz| <p
DTV (t,2(t) < sgn(z(t){—2z(t — D1+ =(1)]}
< 2lz(t = 1)|(1 +[z(@)])
< 5lz(t)| =5V (t, x)
< gVt ),

and for any p > 0 and k € N

/1/)_1(#)
w

2;,Ld
/ i = [n2
,u,
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which implies that condition (é#i7) and (iv) of Theorem 2.2 hold, then by
Theorem 2.2, the zero solution of (4.1) is uniformly Lipschitz stable.

Remark 4.1. It was proven by Wright in 1995 that the zero solution of 2’ (t) =
—2x(t — 1)[1 + z(t)] is unstable(see [10,13]). Example 4.1 shows that appro-
priate impulses can make unstable system stable.

Example 4.2. Consider the impulsive nonlinear delay differential equation

() = —z1(t) + et 3(t—2) t # k,

() = cos(26)2 (Had (t— 1) — 2s(t), t £k,

4(t) = Baa(t — 2) + 2u5(0), t # K,

w1 (k) = sa(k7) — gema(k) + gas(h), (42)
w2<k>—2%x2<k ) — za(k),
2 (k) = —ixl(k*) %xg(k*) _ gx?,(k*), keN.

We separate x = (x1, 2, x3)” into two groups, i.e. = = (1), 2®)7T where
M = (21,23) and 2® = x4, and choose Vi(t,z1)) = [(V| = max{z, z3}
and Va(t, ) = [23)] = |a5].

Let a;(s) = bi(s) = s, i = 1,2, then a;(|z?]) < Vi(t,2®) < b;(|]z?]), and
let ¢(L) = 2L, we have a; (LY, bi(l1¢l1)) = L(I#ll + 9] < a(L)g]l, i =
1,2, i.e., condition (i) of Theorem 3.1 is satisfied.

For any k € N, if Vi(t,,zM(t;)) > Va(t;,, 2P (t;)), that is,
max{|z1(k™)|,|z3( k7)|} > |x2(k7)|, then we have

Vi, 2 (k) = ma{] 51 (k) = =pa (k™) + (k7).
- iaal(k:—) + oea(k) — Sas(k7))

A

1 _ 2 _
< lea (k)| + el + 2les(k7)]
< (1 + 5 max{lan (67), Jas (7)1}

< (14 gVilk 2O (),
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and

which gives maxi<;<o{V;(tx, 2@ (t))} < (14 2)Vi(ty, 2D (t)).

625

On the other hand, if Va(t, ,2®(t;)) > Vi(t,,2M(t})), ie., |z2(k7)| >

max{|z1(k7)|, |z3(k7)|}, then we have

Vi, 2 (k) = mac{ |51 (k) — spaa(h™) + skl
= 301 (7) + (k) — as(k0)]}
< Sl (k)| + el + 2les(k7)]
< (1 o o)
< (1 g Valk™, 2 (k7))
and
Valk, 2®) (k) = | eaa(k™) — w5(k7)
< s (k)| + [zs(k7)|
< (1 o)k
3

so we have

; 3 _ _
max (Vi(ti 2 (6))} < (14 2p)Valty 2@ (t7).
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Thus by choosing dj, = 5, the condition (ii) of Theorem 3.1 is satisfied.

For any 31,71 > 0, choose \; = max{ﬁl%,f)ﬂl} > 0, if Vi(t,zM () >
Va(t,2® (1)), that is, max{|z1(t)], [w3(t)]} = [a2(t)], Vi(t + 5,20 (t + 5)) <
Vi(t, 2™ (1)), that is, max{|z1 (¢t + s)|, |z3(t + s)|} < max{|z,(t),z3(t)|} for
5 €[=2,0], and B > [z ()| > 71, then

1. for those ¢ such that |z (¢)| = |z, (t)|, we have

DYV (t, M (1)) < sgn(zy (t)x) (t

2. for those t such that |z ()| = |z3(t)|, we have
D Vi (t, 2V (t)) < sgn(xs(t))z5(t)
< Blaa(t — 2)] + 2las ()]
< 5|z ()] < 561 < A,
by choosing H;(s) = 0, we know condition (iii) of Theorem 3.1 holds for the

case Vi (t, 2N (1)) = max{Vy(t,z(V(t)), Va(t, 2 (¢))}.
By choosing Hs(s) = s and A2 = 1, we have, if

Va(t, 2@ () = max{Vy (t, 2 (), Va(t, 2 (¢)},
that is,
|22 (t)] > max{|z (£)], [25(2)[}, Va(t + 5,23 (t + 5)) < Va(t,2P) (1)),

that is,
|za(t + s)| > |x2(t)| for s € [-2,0],
then
D Va(t, 2P () < sgn(aa(t))ah(t)
2 3
<z (t)] x |23 (t — 1)| — 2|z2(t)]
< —laa(t)] < —Ha(|z® (1)) + Ao,
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which implies condition (7i7) of Theorem 3.1 holds, then by Theorem 3.1, the

ze

ro solution of (4.2) is uniformly Lipschitz stable.

Remark 4.2. Example 4.2 illustrates the advantages of using multiple Lya-
punov functions which share the conditions usually imposed on a single Lya-
punov function. Indeed, it would be difficult to find a single Lyapunov function
for system (4.2) to satisfy all the necessary requirements.
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