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ITERATIVE PROCESS FOR CERTAIN NONLINEAR
MAPPINGS IN UNIFORMLY SMOOTH BANACH SPACES

YONGHONG YAO, RUDONG CHEN AND HAIYUN ZHOU

ABSTRACT. A new class of generalized uniformly Lipschitzian mappings is in-
troduced, which includes the known class of uniformly Lipschitzian mappings
in Banach spaces as special case. The convergence of the iterative approx-
imation of fixed points for generalized uniformly Lipschitzian asymptotically
pseudocontractive mappings by the modified Ishikawa iterative sequences with
errors in real Banach sapces is proved. The results presented in this paper ex-
tend and improve some recent results by Goebel and Kirk, Schu, Liu, Zhang
and others.

1. INTRODUCTION AND PRELIMINARIES

Let X be a real Banach space, X*, the dual space of X, and J, the nor-
malized duality mapping from X into 2%~ defined by

J(2) ={f € X*:<a, f>=[[fllll=], [/ = =]}, vz € X,

where < -,- > denotes the generalized duality pairing.

We know from Chang [1], X is uniformly smooth Banach spaces if and only
if J is single-valued and J is uniformly continuous on bounded subsets of X.
We denote the single-valued normalized duality mapping by j.

Definition 1.1. Let E be a nonempty subset of X, T': E — FE is said to be
asymptotically pseudocontractive, if there exists a real sequence {r, } C [1,00)
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with lim, .. r, = 1, and for any z,y € FE, there exists j(x —y) € J(x — y)
such that
<T'z— Tny)](x - y) >< TnHJ“ - y||27vn > 1.

Definition 1.2. Let E be a nonempty subset of X, T : ' — E be a mapping,
T is said to be uniformly Lipschitzian, if there exists some constant ¢ > 0 such
that

7"z = T"y|| < c||z —yll,vn € N,

for all x,y € E.

The conception of an asymptotically non-expansive mapping was intro-
duced by Goebel and Kirk [3] in 1972, which was closely related to the theory
of fixed points of mappings in Banach spaces. An early fundamental result,
due to Goebel and Kirk [3], shows that if X is a uniformly convex Banach
space, D is a nonempty bounded closed convex subset of X and T : D — D is
an asymptotically non-expansive mapping, then 7" has a fixed point in D. On
the other hand, the conception of asymptotically pseudocontractive mapping
was introduced by Schu [5] in 1991.

The iterative approximation problems for asymptotically non-expansive
and asymptotically pseudocontractive mappings were studied extensively by
Chang [2], Goebel and Kirk [3], Liu [4] and Schu [5] in the setting of either
Hilbert spaces or uniformly convex Banach spaces or Banach spaces.

Recently, Chang [2] proved the following theorem.

Theorem. Let E be a nonempty convexr subset of a Banach space X, T :
E — FE be a uniformly L-Lipschitz asymptotically pseudocontractive mapping
with the sequence {k,} C [1,00) and lim, oo ky, =1, L > 1. Let {an}, {On}
be two real sequences in [0, 1] satisfying the following conditions:

i) a, — 0,8, — 0(n — 00);

i) Y0, an = 0o
For any xg € D, let {z,} be the Ishikawa iterative sequence defined by

{ e (1 N an)x” + anTnyna
Yn = (1 = B)n + Bu T2, ¥n > 0.

If F(T) # ¢ and for any given q € F(T), there exists a strictly increasing
function ¢ : [0,00) — [0,00), ¢(0) =0 such that

<T"%ni1 = 4,5(@nr1 = @) >< kallzns — all* = @(lznsa — ), Yn > 0,
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where j(xn11 — q) € J(Tny1 — q), then the sequence {x,} converges strongly
to the unique fixed point q of T'.

In this paper, a new class of generalized uniformly Lipschitzian mappings
is introduced, which includes the known class of uniformly Lipschitzian map-
pings in Banach spaces as special case. The convergence of the iterative
approximation of fixed points for generalized uniformly Lipschitzian asymp-
totically pseudocontractive mappings by the modified Ishikawa iterative se-
quences with errors in real Banach sapces is proved. The results presented in
this paper extend and improve some recent results by Goebel and Kirk, Schu,
Liu, Zhang and others.

For the purpose of this paper, we give some definitions and lemmas.

Definition 1.3. Let E be a nonempty subset of X, T : E — FE be a mapping,
T is said to be generalized uniformly Lipschitzian, if there exists some constant
¢ > 0 such that

[Tz = T"y|| < (1 + [lz = yl)),

forall z,y e Fandn=1,2,---.

Remark 1. If T is uniformly Lipschitzian, then T is generalized uniformly
Lipschitzian; conversely if T is generalized uniformly Lipschitzian, then T" may
not uniformly Lipschitzian and even may not continuous.

Definition 1.4. Let F be a nonempty subset of X, T : E — FE be a mapping
and xo € E be a given point. The sequence {z,} defined by (ISE)
{ Tn4+1 = (1 - an)xn + anTknyn + Up,
Yn = (1 - ﬂn)xn + ﬂnTm"zn + 'Unuvn > 0,
is called the modified Ishikawa iterative sequence with errors of T', where {m,, }
and {k,} are two any positive integer sequences, {u,}5>, and {v,}>, are
two sequences in E and {ay, }, {8} are two sequences in [0, 1] satisfying some
additional conditions.
In particular, if u,, = v, = 0,¥n > 0, then the sequences {z,,} defined by
{ Tn+1 = (1 - an)xn + O‘nTknynv
Yn = (1 - ﬁn)xn + ﬂnTm":pn,Vn > 07
is called the modified Ishikawa iterative sequence of T'.
If 8, = 0,v, = 0,Vn > 0, then the sequence {z,,} C E defined by
Tpy1 = (1 — ap)x, + anT* "z, + up,, ¥n > 0,

is called the modified Mann iterative sequence with errors of T'.
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Lemma 1.1. ([1]) Let X be a real Banach space and J : X — 25 be a
normalized duality mapping, then for all x,y € X

lz +yl1* < ll2l* +2 < y,j(z +y) >,

for all j(x +y) € J(z+y).

Lemma 1.2. ([6]) Let {an},{bn},{cn},{0(tn)} be nonnegative real sequences
satisfying the condition

ant1 < (1 —tp)an + bpay, + cn +0(ty),¥n > 0,

where {t,} is a sequence in [0,1] with > oo o, = +00, Y " b, < +o00 and
S o Cn < +00. Then lim, o a, = 0.

2. MAIN RESULTS

Theorem 2.1. Let X be a real uniformly smooth Banach spaces, E& be a
nonempty convex subset of X and E+ E C E, T : E — E be a generalized
uniformly Lipschitz asymptotically pseudocontractive mapping. Let {ay,} and
{Bn} be two real sequences in [0,1] satisfying lim,, oo o, = limy, o0 By, = 0,
Yoo gan = +oo; {my,},{kn} two any positive integer sequences satisfying
lim, o0 kyy = 00; {un}, {vn} two sequences in E satisfying the one of the
following (I) or (II)

(1) gl = ofern), [on ]l — 0(n — o0);

(1) 552 [tnl] < +00, [0a]] = 0(n — 00).
Let {x,} C E be the modified Ishikawa iterative sequence with errors defined
by (ISE), if F(T) # ¢ and for any given q € F(T), there exists a strictly
increasing function ¢ : [0,00) — [0,00),¢(0) = 0 such that Vx € E

<T"w—q,j(@—q) >< ralle —all* = e(lz — ql))llz — gll, ¥n > 0,

and if ¢ satisfies
liminf 2% — 95 0,

xr— 00 T
then the sequence {x,,} converges strongly to the unique fized point q of T.
Proof. In the sequel, we denote the generalized uniformly Lipschitzian con-
stant of T" by ¢, without loss of generality, we assume that ¢ > 1. By the

condition of (I), let ||u,|| = dpay,lim, o d,, = 0 (without loss of generality,
let d,, € (0,1)). Let g1,q € F(T), then we have

<T"q —q,j(q1 — @) >< rullas — qlI> — o(lar — al)l|lar — qll-
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It follows from lim,,_,., 7, = 1 that ¢ = ¢, that is, ¢ is the unique fixed point
of T'. By condition, let Vn > 0, [Ju,| < 1, ||v,|] < 1.

Set i = (x50 — (=)
By the definition of (ISE), we obtain

lyn —all = (1 = Bu)(@n — @) + Bu(T™" @y — q) + 04|
< (I =Bn)llzn — gl + BalT™ 20 — gl + [|vnll (1)
< (1 + ,BnC)Hxn - QH + Bnc+ ||vn”7

[Zn41 = ynll = |(Br — an)zn + O‘nTknyn = BT Ty + U — vy

= H(ﬁn - O‘n)(xn - Q) + an(Tknyn - Q)
— Bn(T™" 20 — q) + un — va|

< (an + Bo)llzn — qll + el + [lyn — qll) + Bne(L + [lzn —ql])
+ llunl + [lon |

< (3 + 2¢n)|an — ql| + 22 + Buc
+ (e + Dlfoall + [luall,

(2)

and

[Zn1 —ynll _ (3c%a 4+ 2¢0n) (1 + |20 — qll) + (¢ + DJon|| + [|ua|
L+ [z — gl — L+ ||z, — g (3)
< 3c%ay, + 2¢0n + (c+ D|lvn|| + llunl — 0(n — o0).

It follows from (ISE), (1) and inequality 2||z,, — q|| < 1+ ||z, — ¢||* that

[Znt1 —qll £ (1 —an)llzn — gl + anHTknyn - Tkn‘]” + [Jun |
< lzn = all + anc[l + (1 + Bro)|[zn — gll + Buc + [[vall] + [lun]]
< 3¢2||zn — q|| + 4c?

3 11
< 562H$n —qlI* + 502-

Note that from (3)

H (xn—i-l — q) - (yn - q)

— 0 (n — o0).
T lon—q] 00 e)
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It is easily seen that, in view of the uniform continuity of j on any bounded
subset of X

lim h, =0.
So that
Ly, = 8¢ B + 8¢ ||vp || + 6¢2hy, — 0(n — o).

By (1), we have

llyn — qll
W 74N 14 g < 2, 5
T+ zn —ql g (5)

[ T*ry,, — T q]| < A lyn —al)
L4 lzn —qll = 1+ |lzn —4| 6
< ¢(1+ 2¢) (6)

< 3c¢2.

Hence it follows from Lemma 1.1, (5) and (6) that

( yn — 4l )2 _ (H(l — Bn)(@n — q) + B (T xy — q) + vy )2

1+ [z — qf tF llen =l
zn — ql|?
<(1- ﬁn)ngn—k E ;gl”)2
+26, < f‘rx;_ q”q’j(l +y’Tx;qu) g
+2<1+H;Z—q||’j(1+ylrllx;qul)> .
J— 2 —
< T T H T g
Yn — ¢
+ 2ealll g

= Wt —qpe *2e@Rer 2ol
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and
HMHZ
L+ ||lzn — g
R
L+ [lzn — 4l L+ lzn —qll 14 |zn — 4]
2
RN ']
S Gy s
Thny,, — Tknq Yn — q
+ 2a,, < . J >
N e S —)
Thny,, — Tknq Tnt1—q Yn — q
120, < . —j >
C ey P REAS g DAL wray progenpe
Un . Tn+1 — (g
+2< , >
T Tew—al ™ Tt o —al
B e P Py ®
- (1+ [|zn —q[)? (L lzn — qll)?
o(lyn — all)llyn — 4l Tkny,, — Tknq
—2ay, . s +2anhn‘|1—_H
(1 +[|zn — qll) + |z — 4|
2| wn ||| Tns1 — |
(14 [z —ql)?
%7 — ql)? |2, — ql|?
<(1- an)2 + 20,7,
(14 [|zn — ql])? (14 [z —ql])?

20, 0(|lyn — al)lyn — 4|
(1+ [Jzn — qf))?
QHUHH[%CQH%Z —ql* + %CQ]

(1 + [Jen —ql))?

+ 8antk, c(Bnc+ |lvall) —

+ 20, hn (3¢%) +

Which implies that
lzns1 = gll* < fof + 2an(re, — 1) + Ullzn — gll* + anre, Lu(1 + lzn —ql))?
— 20,9y — all)llyn — all + 3¢ [unl| 20 — qll* + 11 ||un||
< [a2 4+ 2ap(ry, — 1) + 14 20,7k, Ly + 3¢ un||]||zn — ¢l
— 2030 ([[yn — al)llyn — all + 207k, Ln + 116 |y .

(9)

Case 1 If {||z,, — ¢||} is bounded, that is, there exists a constant M >

0,Vn > 0 such that ||z, —q|| < M. By the definition of (ISE) and the property
of T, we know that {T'z,},{yn},{Tyn} are all bounded.



658 Yonghong Yao, Rudong Chen and Haiyun Zhou

We now consider the following two cases.
Case 1.1 Assume that the condition (I) is satisfied. Then

liminf{||y, — ¢||} =20 =0,.

In fact, if 6 > 0, without loss of generality, let Vn > 0, ||y, —q|| > 6 > 0,

o(llyn —qll) = »(0) > 0.
Observe that

lim [(ev, +2(r, — 1) + 2r%, Ly, + 3¢%dp, ) M? + 21y, Ly, + 11¢%d,] = 0,

n—o0

then there exists N7 > 0 such that Vn > Ny, we have
(n +2(rp, — 1) + 27, Ly, + 3¢%dy ) M? + 27y, Ly, + 11¢2d,, < ¢(6)6.
So by (9), when Vn > Ny, we have

[Zns1 = all® < llen — qll* + [0, + 200 (r, — 1) + 20075, Ly + 3¢ [[uy || M2
— 20,0(8)6 + 200,71, Ly + 1163wy ||
< lzn — all* + anl(an + 2(rk, — 1) + 2k, Ly, + 3¢*d,) M?
+ 27y, Ly, + 11¢%d,,] — 20,0(0)0
< lzn — gl = anp(6)s.

Hence
|Tnt1 — QHZ < |z — Q||2 — app(0)0.

p(8)5( Y an) < D [lon = all = llznsr — al’]
TL=N1 7’L=N1

< llon, —all* < M? < oo,

which is contradict to the condition

oo
E oy = +00.
n=0

Thus
lim inf {1y, — g} = 0,
n—oo
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and hence there exists an infinite subsequence {y,, } of the sequence {y, } such
that

From (ISE), we obtain

(A =B wn; = all < llyn; = all+Bn, 1T @n; =T gl + [|lvn, | = 0 — 00),

thus there exists an infinite subsequence {x; } of the sequence {x,, } such that
Tn; — q(j — 00).

So Ve € (0,1), there exists a positive integer n; such that ||z,, —¢| < €
and Vn > n; we have
€

(an + 2(re, — 1) + 275, L + 32dn) M2 + 27y, L + 112d,, < 2¢(2)§,

€
(an + Bo)|zall + an Tyl + Bu T zall + un]| + [lon]l < 5.
Next we prove that ||z,,,41 — ¢|| <, if it is not the case, we assume that

[, +1 =gl > €
By (ISE), we have

€< ||£L‘n]._|_1 —q| < ||5Unj+1 — Yn, | + ”ynj — 4|l
S (Oénj + ﬂn])H:L'n] || + Oénj ”Tknj ynj || + 57’Lj ||Tmnj xn]’ ||
+ g |+ NJong || + 1y, — gl
€
< £+ lym, —all
So that €

2)'

€
yn, —qll > 2 ©(lyn; —all) > ¢(

It follows from (9) that

Hxanrl - QHZ < Hxng B Q||2 + Qi [(a”j + Q(Tk”j o 1) T 2rk“j Lnj

€, €

+3c*d,, )M? + 27, Ln; + 11¢%d,,;] — 20, 90(5)5
€. € €. €

< N @n, — qll” + o, [2<P(§)§] - 20%-%0(5)5

= llzn, —all?,
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thus we have
Hxnj-i-l - qH S ||:En] - QH S €,

which is contradict to the assumption ||z,;41 — ¢l > €. So

[z, 41 —all < e

By induction, we can prove that Vm > 1, ||z, +m—¢q|| < €. By the arbitrariness
of e € (0,1), we know that z,, — ¢ (n — 0).

Case 1.2 Assume the condition (II) is satisfied. Similar to case 1.1, we
can prove that liminf,, . {|lyn — ¢||} = 0, thus there exists an infinite subse-
quences {y,, } of the sequences {y, } such that

Yn, — q(i — 00).

By virtue of (ISE), there exists an infinite subsequences {z,,} of the se-
quences {x,} such that
Ty, — q(i — 00).
Then Ve € (0,1), there exists a positive integer n; such that ||z, —q|| <€

and Vn > n;, we have

s + 2r,, = 1) +4r, L, < 20(3)5, 14 Y Jua < €

n=n;
Similar to case 1.1, we can prove that

€
2

€

)

lyn;, —all > =, e(lyn, —all) > o(

Combining this with (9), we have

Hxn«ﬂrl - qH2 < Hmnz - q”2 + an, (ani + Q(Tkn7 - 1) + 2rkniLni)62
G
272
< ”xnz - q”2 + an, (am + 2(rkni - 1) + 2Tkni Lni) + 302””"1 ”

+ 362““”1 H62 - 20‘?%30( + 2anirkni Lm’ + 1162”“%“

- 20‘717:90(%)% + 2anirkni Ly, + 1162”“717:

< llan, = ql” + 14¢* Jun, |
< & 4 14y, |,
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By induction, we can prove that Vm > 1,

ni+m—1
[ —al? <@+ 1423
n=n;
< e+ e
= 2¢2.

that is
Zp — q(n — 00).

Case 2 If the sequence {||x,, — ¢||} is not bounded, in this case, we assume
that the conclusion is not hold, that is, lim,, . ||z, — ¢|| # 0.
Then from the case 1, we can obtain

Tim_ [ — gl = +oc. (10
and by (ISE), we get
(1= Bn = Bro)llzn —qll < llyn — gl +1 4 Bue. (11)
Thus
Jim |y, — gl = +o0. (12)

By (10)-(12), there exists a positive integer Na, when n > Ny we have

1
Sllan =l < llyn — al” (13)

()

Note that liminf,_, . = 20 > 0, without loss of generality, let Yn >

0, &ln=dl) > 5 (let o € (0,1]), thus

o(lyn — al)llyn — all > ollyn — qll*- (14)
Substituting (13), (14) into (9) yields

lenst - qll” < [0 + 2an(rk, — 1) + 1+ 2an7s, Lo + 3¢l — gl

— anol|zn — q||* + 207k, Ly + 1163wy ||.
(15)
We again consider the following two cases.
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Case 2.1 If the condition (I) is satisfied, observe that

lim [, + 2(ry, — 1) + 2ry, L + 3c%d,] = lim (2ry, L, + 11c2d,,) = 0,

n—oo n—oo

then there exists a positive integer N3 such that Vn > N3
9 1
apn +2(r, — 1) + 2ry, Ly, + 3¢*d,, < 50
Thus Vn > N3, by (15) we know
2 1 2
lznt1 =gl < (1 = Soan)lzn = ql” + olan). (16)

Case 2.2 If the condition (II) is satisfied, observe that

lim [a, + 2(rg, — 1) + 2rg, L,] =0,

n—oo

then there exists a positive integer N, such that VYn > Ny

1
an +2(rg, — 1) + 21y, L, < 50

Thus Vn > Ny, by (15) we know

lns1 =l < (1~ %U%)Hl’n —all? + Be?[unl) l2n = ql* + 11 [un || + o(atn).-

(17)

From Lemma 1.2, (16) and (17), we obtain z,, — ¢(n — o0), which is a
contradiction. Thus we have

lim ||z, —¢q|| = 0.
n—oo

This completes the proof. O

Remark 2. If the sequences {z,} is bounded in Theorem 2.1, then the as-

e(@)

sumption that liminf, = 20 > 0 can be dropped.
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Theorem 2.2. Let X be a real uniformly smooth Banach spaces, E be a
nonempty convex subset of X and E+ E C E, T : E — FE be a generalized
uniformly Lipschitz asymptotically pseudocontractive mapping. Let {ay,} and
{Bn} be two real sequences in [0,1] satisfying lim, o ct, = lim,, o0 B, = 0,
oo gan = +00; {my},{kn} two any positive integer sequences satisfying
lim,, o0 by, = 00. Let {z,} C E be the modified Ishikawa iterative sequence
defined by (ISE), if F(T) # ¢ and for any given q € F(T), there exists a
strictly increasing function ¢ : [0,00) — [0,00),(0) = 0 such that Vo € E

<T"z—q,j(x —q) >< rallz — ql* = (2 = al)llz — qll, ¥n > 0,

and if ¢ satisfies
lim inf M =20 >0,

T— 00 x
then the sequence {x,} converges strongly to the unique fized point q of T

Proof. Taking u,, = 0 and v,, = 0 for all n > 0 in Theorem 2.1, the conclusion
can be obtained immediately. O

Theorem 2.3. Let X be a real uniformly smooth Banach spaces, E be a
nonempty convex subset of X and E+ E C E, T : E — E be a generalized
uniformly Lipschitz asymptotically pseudocontractive mapping. Let {ay,} be a
real sequence in [0,1] satisfying lim, .o a, = 0, Y 0" g = +oo; {m,} be
any positive integer sequence ; {u,} be a sequence in E satisfying the one of
the following (I) or (II)

(@) [lun|l = oan);

(ID) S5 g flun | < +o00.
Let {xz,} C E be the modified Mann iterative sequence with errors defined
by (ISE), if F(T) # ¢ and for any given q € F(T), there exists a strictly
increasing function ¢ : [0,00) — [0,00),¢(0) = 0 such that Yz € E

<T"x —q,j(x —q) >< rallz — ql* — (o — )]z — gll, vn > 0,

and if @ satisfies
lminf 2% 95 > 0,

T—00 €T
then the sequence {x,} converges strongly to the unique fized point q of T'.

Proof. Taking 8, = 0 and v,, = 0 for all n > 0 in Theorem 2.1, the conclusion
can be obtained immediately. O
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