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STABLE ITERATIVE PROCEDURES FOR
A CLASS OF NONLINEAR INCREASING
OPERATOR EQUATIONS IN BANACH SPACES

QIKUAN L1u AND HENGYOU LAN

ABSTRACT. In this paper, by using weak order-Lipschitz-condition, we in-
troduce and study a class of nonlinear equations with increasing operators,
and prove the existence and uniqueness theorems of solutions for this kind of
nonlinear operator equations. We also discuss the convergence and stability of
perturbed iterative algorithm for solving the nonlinear operator equations, and
give some applications. Our results improve and generalize the corresponding
results of recent works.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that X is a real Banach space
with norm || - ||, # is the null element of X and P C X is a cone on X, and
the cone P defines a half-order < in X by z < y if and only if y —z € P
for all z,y € X. A cone P in X is said to be normal if, there exists a
normal constant M > 0 such that § < x < y implies ||z|| < M||y|| for all
z,y € X. For any ug,vg € X, ug < vy, we define the ordered interval
D = Jug,vo] ={u € X : up <u<wp} (see [3, 13]).

In this paper, we need the following definitions.
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Definition 1.1. An operator 7' : D(T) C X — X is called to be satisfying
weak order-Lipschitz-condition with operator L, if there exists a positive linear
operator L : X — X, where ||L|| < 1, such that

T(x)—T(y) < L(x—y), Vzr,ye D(T) and zx>y.

If L is a positive numeral function, then T is called to be satisfying order-
Lipschitz-condition.

Remark 1.1. If T satisfies the order-Lipschitz-condition, then T satisfies the
weak order-Lipschitz-condition.

Definition 1.2. An operator F': D(F) C X — X is said to be

(i) monotone increasing, if
F(z) < F(y), Vax,y€ D(F) and x<y;

(ii) having inferior solution uy € D(F') (resp. superior solution vy €
D(F)), if
ug < F(ug)(resp. F(vg) < vp).

Let D C X be a subset and T : D — D be a nonlinear operator. We
consider the following problem:
Find x € D such that
z—T(z)=0. (1.1)

Equation (1.1) is said to be a nonlinear operator equation.

Du [2], Guo-Lakshmikantham [3], Li [6], Li-Liang [7], Sun [8] and many
other authors have studied existence and uniqueness theorems of fixed points
for increasing operators by using conditions of continuity, compactness or
convex-concave. Recently, Xu [10, 11] discussed existence results of fixed
points for nonlinear increasing operators by using cone theory and proved
the existence and uniqueness of fixed points without any compactness for
operators. In 2003, by virtue of Mann iterative technique, Yu-Guo [12] proved
some new theorems of solution for a class of nonlinear operator equations (1.1)
without the assumption of continuity, compactness or convex-concave.

On the other hand, stability results for certain classes of nonlinear mappings
have been shown in resent papers by many authors (see, for example, [1, 4, 5]
and the references therein).

In this paper, by using weak order-Lipschitz-condition, we introduce and
study a class of nonlinear equations with increasing operators, and prove the
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existence and uniqueness theorems of solutions for this nonlinear operator
equations. We also discuss the convergence and stability of perturbed iterative
algorithm for solving the nonlinear operator equations. As applications, we
work out a two point boundary value problem of the ordinary differential
equation and a Hammerstein integral equation on RY to illustrate our results.

2. MAIN RESULTS

For our results, we need the following concept and lemma.

Definition 2.1. Let S be a selfmap of X and z,,+1 = h(S,z,)(n > 0) define
an iteration procedure which yields a sequence of points {z,,}32, in X. Sup-
pose that {z € X|Sx = z} # 0 and {z,}52, converges to a fixed point z*
of S. Let {u,} C X and €, = ||uny1 — h(S,uy)|. If lime, = 0 implies that
u, — x*, then the iteration procedure defined by z,+1 = h(S,z,,) is said to
be S-stable or stable with respect to S.

Lemma 2.1. ([9]) Let {v,} be a nonnegative real sequence and {\,} be a
real sequence in [0, 1] such that Y A, = oco. If there exists a positive integer
n=0

N such that
Y1 < (1= X))V + Anon, Yn >N,
where o, > 0 for all n > 0 and o,, — 0 as n — oo, then lim ~, = 0.
n—oo
Algorithms 2.1. For given g € D C X, the sequence {x,} is defined by:
Tpt1 = ATy + (1 — ap)T(2,), n >0,

where {ay} is a real sequence in [0,1) satisfying some conditions. Let {y,}
be any sequence in D and define {e,} by

If a, = 0 for all n > 0, then Algorithms 2.1 is reduced to the following
algorithm.

Algorithms 2.2. For given o € D C X, the sequence {x,} is defined by:
Tpt1 =T (), n>0.
Let {yn} be any sequence in D and define {e,} by

En = Hyn-i-l - T(yn)Ha n >0,
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Remark 2.1. The iterative procedures {z,} in Algorithms 2.2 is studied by
many authors (see, for example, [6, 7, 10, 11] and the references therein).

Theorem 2.1. Let ug,vg € X, ug < vy and D = [ug,vo]. Let T : D — D be
a monotone increasing operator with inferior solution ug and superior solution
vo and satisfy weak order-Lipschitz-condition with positive linear operator L :

X — X. Suppose following conditions hold:
(1) IZ]| < min{M~*,1};
(2) a, is monotone increasing and o, — a € [0, 1).
Then the sequence {x,} generated by Algorithm 2.1 converges strongly to the
unique solution T of problem (1.1) and
|z — Z|| < M[e + a(l —€)]" min{||zo — uo|| + m,

lvo — v1]]
T-a)i-g"

where u; = agug + (1 — )T (ug) and v1 = agvg + (1 — )T (vg). Moreover,

|[vo — zol| +

if io: (1 - ay,) = oo, then nllrr;o Yyn = T if and only if nh_)rréo en =0, where e, is
defined by (2.1).
Proof. Let
Unt1 = aptn + (1 — an)T (uy), VYn >0, (2.2)
Upt1 = apUp + (1 — )T (vy), Yn > 0. (2.3)

Since T': D — D is a monotone increasing operator with inferior solution ug
and superior solution vy, it follows from (2.2) and (2.3) that

up Sup Sug < S Uy Svp <co- <oy < v,
U < T(up), T(vy,) <wvp, Vn>0.

In fact, when n = 1, by (2.2), (2.3) and the monotone increasing property of
T, we have

(2.4)

up — ug = [aouo + (1 — ap)T (uo)] — uo = (1 — ao)[T (uo) — ug] >0,
T(uy) —up = T(u1) — [apuo + (1 — )T (ug)]
= T(u1) — T(uo) + [T (uo) — uo] =0,
v1 —uy = [apvg + (1 — )T (vg)] — [aouo + (1 — a)T (ug)]
= ap(vo — uo) + (1 — ao)[T'(vo) — T'(uo)] = 0,
vg — v1 = v — [apvo + (1 — )T (vo)] = (1 — ag)[vo — T(vg)] > 0



Stable iterative procedures for a class of nonlinear increasing operator equations 349

and
vy — T (v1) = [agvo + (1 — )T (vo)] — T'(v1)
= T'(vo) — T'(v1) + aglvo — T'(vo)] > 0.
Therefore, uy < u; < vy < vg, i.e, (2.4) holds for n = 1.
Suppose now that (2.4) holds for n = k, i.e., up—1 < ur < v < vp—1 and

up < T(ug), T(vg) < vg. We shall show that it holds for n = k + 1. In fact,
by the monotonicity of 7" and induction hypothesis, we have

Up 1 — up = [ogug + (1 — o) T(ug)] — up
= (1 — aw)[T (ux) — ux] = 0,
T(ug+1) — up = T(ugs1) — [ogug + (1 — ag) T (uy)]
= T(uk+1) — T(uk) + g [T (ur) — ux] >0,
Vg1 — Uk41 = [ogvk + (1 — o) T (v)] — [arug + (1 — o) T (uk)]
o (v — k) + (1 — o) [T (vg) — T'(ux)] > 0,
Vg = Vg1 = Vg — [ogvg + (1 — ap)T(vg)] = (1 — o) [or — T'(vx)] > 0,
Vg1 — T(vr1) = [ogvr + (1 — ar)T(vk)] — T'(vit1)
= T(v) — T(vk+1) + arfvx — T(vg)] > 0.

Thus ur < ugyr1 < Vg1 < v and ugyy < T(ukg1), T(Vk41) < vg+1. There-
fore, (2.4) is true. Again, since T satisfies weak order-Lipschitz-condition with
operators L and {«,,} is a monotone increasing sequence, it follows from (2.2)
that

0 < (upt1 — Un) — (Un — Un—1)
= (1 = an)[T(un) — un] = (1 = an—1)[T(un—1) — un—1]
< (1= a1 {[T(un) = T(un—1)] = (up — tn-1)}
< (1= an—1)(L = I)(un — un-1)

Therefore,
0 < (Unt1 — up)
<[(1—=ap_1)L+ ap_11](up — tup_1)
<[ —an-1)L+ an—1I][(1 — an—2)L + apn_ol|(tup—1 — Upn—2)
= Qn-1Qn—2(tn_1 — Upn_2) (2.5)

< ...

n—1
< (u1 — uo) H Qis
=0
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where Q; = (1 — o;)L + ;1 for i =0,1,2,---. Since a,, € [0,1) is monotone
increasing and «,, — « € [0, 1), for any € € (||L||,1) and i =0,1,2,-- -, we get

1Qill < (1 —a)|IL|| +a; <e(l —a;) +a; <o,

where 0 = e+ a(l—¢) and 0 < o < 1. It follows from (2.5) and the normality
of P that
[tnt1 = un | < Mlur — uoljo™. (2.6)

For any n,m > 1, (2.6) implies

m m
||un+m - Un” < Z Hun_H, — un'f'i—lH < ZM”U& _ u0||0.n+i—1
=l =1 (2.7)
Mo™(1 - o™)

<
= 1_

[lur — uol-
It follows from (2.7) that {u,} is a Cauchy sequence. The completeness of X
and u, € D imply that there exists x, € D such that u,, — x, as n — 4o0.
Similarly, we can obtain that {T'(u,)} is also Cauchy sequence and so there
exists w, € D such that T'(u,) — w. (n — 00).

Next, we prove that T'(z.) = z. = w,. Indeed, letting n — oo in (2.2), we
have

Te = axy + (1 — @)ws

and so z, = w,. Since T is monotone increasing and u,, < ., T'(u,) < T(x4).
It follows from T'(uy,) — ws (n — o0) that w, < T'(z,). On the other hand,
T(u,) < T(z,) implies

0 <T(xy)—T(un) < L(zs —up)

and so
1T (2x) = T(un)|| < M||IL[[||lzs — unll,

ie., T(u,) — T(xs) as n — oo. Since {T'(u,)} is a monotone increasing
sequence, T'(u,) < w, and so T(z,) < w,. It follows from w, < T'(z.) that
wy =T (zy) = .

By the same method as above, we can know that {v,, } and {T'(v,,)} are also
Cauchy sequences, and there exists * € D such that v, — z* as n — +o0
and T'(z*) = z*. Since xg € [ug, vo), if ux <z < vg, then

T(ur) < T(xg) < T(vg)
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and

apug + (1 — ak)T(uk) =+ (1 — ak)wk < aprr + (1 — Oék)T(Ik) —+ (1 — ozk)wk
< agug 4+ (1 — ap)T(vk) + (1 — ag)wg,

ie.,
U1 < Tiy1 < Vgt

By induction, we know that u,, < x, < v, for all n > 0. If T is a fixed point
of T in D, then z, <7 < z* and

0<z"—z,=T(") = T(x.) < L(z" — z),

and so
[2* — 2| < M| L[|z — 2| (2.8)

It follows from (2.8) and ||L|| < M~! that z, = z* and so T has a unique
fixed point z in D, and x,, — Z. In fact, Since u,, < x,, < v, for alln > 0,

0 <xp—tup=0cn1(Tn-1—Up-1)+ (1 —an_1)[T(®n-1) = T(ttp_1)].
By the proof of (2.6), we have
[0 — unll < Mo™||lzo — uol|- (2.9)
Letting m — oo in (2.7), we have

MO'n”Ul — UO”

I — all = e — | < 27N (210)
Combining (2.9) and (2.10), we get
[2n = Z[| < [lzn — unll + [lun — Z|
n [[ur — uo|
< Mo"(llzo = woll + —=———") (2.11)
[[ur — uol|
=M 1—e)|" - —_——
e+ (1 =)l = o]l + s )
and so x, — Z. Similarly, we have
|2 — Z|| < |lon — 20|l + [lvn — 2

lvg — v1]] ] (2.12)

< Mle+ a1 =] llvo 2ol + st o)
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It follows from (2.11) and (2.12) that

f . s~ o
|2n — &|| < Mle + a1 — €)]" min{||zo — uol| + m
lvo — v
lvg — xo|| + m}.

Now, we prove y,, — Z if and only if €, — 0. By (2.1), we obtain

Hyn—l-l - j” < ”yn—&—l - {anyn + (1 - an)T(yn)}”
=+ Hanyn + (1 - an)T(yn) - 'fH (2'13)
= [lanyn + (1 — a)T(yn) — Z[| + €n-

Without losing generality, let y,, > & for all n > 0. Since T satisfies weak
order-Lipschitz condition, we have

lenyn + (1 = an)T(yn) = 2| < anllyn — 2] + (1 = an)[|T(yn) — T(7)]|
< [an + (1 - an)HLH]Hyn - j”
=1 =1 —=an)@ = [[LDlyn — Il

(2.14)
Since 0 < o, < @, it follows from (2.13) and (2.14) that
Y1 — 2 < [L = (1 = o)X = [ LID] Iy — 2]
1 En (2.15)
1-— 1—||L .
+ (1= a1~ D=7 2]
[ee]
If lim e, = 0, then ) (1 — ) = oco. Therefore, (2.15) and Lemma 2.1
n—oo n=0

imply nh_}rr;o Yn = T.

Conversely, if lim y, = z, then from (2.1) and (2.14), we get
n—oo

en < [lyn1 — Zl + llanyn + (1 — an)T(yn) — 2|
< ynpr =zl + 1 = (1 = an)(X = [LID]llyn =2 = 0 (n — o0).

This completes the proof. O



Stable iterative procedures for a class of nonlinear increasing operator equations 353

Theorem 2.2. Let ug,vo € X, ug < v and D = [ug,vo]. Let T' be the same
as in Theorem 2.1. If |L|| < min{M 1,1}, then the sequence {x,} generated
by Algorithm 2.2 converges strongly to the unique solution T of problem (1.1)
and for any € € (||L]],1), we have

. u _u

|z, — Z|| < Me"™ min{||zo — uo|| + Hi_eOH,
Vo — V1

oo — o+ o=l

where uy = T(ug) and vi = T(vg). Moreover, lim y, = Z if and only if
n—oo

lim &, =0, where &, is defined by Algorithm 2.2.

n—oo

Remark 2.2. In Theorems 2.1 and 2.2, we have not required any compact-
ness, continuity, strongly increasing property and convex-concave condition.
Our results improve and generalize many known corresponding results, see,
for example, [6, 7, 10-12] and the references therein.

3. APPLICATIONS

In this section, we will consider some examples by using our results in
section 2.

Definition 3.1. A operator f : RxX — X is said to be monotone increasing
with respect to the second argument if

f(t7$1) < f(t7$2)a
where 0 <t <1, 0 <z < xo.

Let f:]0,1] x [0, 400) — (0,4+00) be a continuous function and f(¢,0) =0
for all ¢ € [0,1]. We denote by C|0, 1] the space of continuous functions on
[0,1] and C?[0,1] the class of functions having continuous second derivative
on [0,1]. Assume that f satisfies following conditions :

(i) f(t,x) is monotone increasing with respect to x;
(i) f(t,z) >0forall0 <t <1, x>0
f

)
)

) (t’x)
)

(iii == converges uniformly to 0 with respect to ¢ € [0,1] as z — oo;
(iv) there exists a constant function L : [0, +00) — [0, +00) with0 < L < 1
such that for any =(t), y(t) € C[0,1] with =(¢t) > y(¢),

yégw@v@w@»—ﬂaw@mwSme—y@»
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where A is a parameter and

is a Green function corresponding to the following two point boundary
value problem of the ordinary differential equation:

{ W =M () (3.1)
z(0) =z(1) =0.

Theorems 3.1. Let f satisfies the conditions (i)-(iv). Then

(1) for any M > 0, there exists a real number h such that for all X >
h, problem (3.1) has a unique continuous positive solution xx(t) €
C?[0,1] satisfying zx(t) > Mt(1 —t) for all 0 <t < 1;

(2) for initial value xo(t) = Mt(1 —1t), if the iterative sequence {x,(t)} is
defined as follows :

1
() = anan(t) + (1 — an))\/o o(t,$)F (5,20 (s))ds, 1 >0,

where oy, € [0,1) is monotone increasing and o, — o € [0,1), 0 =
e+a(l—e), Mfol g(t,s)ds < e <1, then {x,,} converges uniformly to
zx(t) and

sup ||z, (t) — 2" ()]
te[0,1]

< Mle+ a(l —€)]" min{ sup ||zo(t) — uol|
te[0,1]

l—«o

+ WHT(UO) — ol
1 — Q)
t:l[g)l] e — xoll + m”c =T()ll},

where T'(u) = fol g(t,s)f(s,u)ds, ug = i[r[l)fl] Mt(1 —t) and vg = ¢ >
tefo,
M;
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(3) if > (1—ay,) = o0, then lim y,(t) = zA(t) if and only if lim &, (t) =
n=0 n—oo n—oo

0 f(;l" all t € [0,1], where {y,(t)} be any sequence in [ug, vo] and €, (t)
1s defined by

en(t) = [[yn+1(t) = {anyn(t) + (1 — an)T(ya ()}, n > 0.

Proof. Obviously, xx(t) € C2%[0,1] is a solution of the problem (3.1) if and
only if it is a solution of the following integral equation on C|0, 1]:

(1) :)\/0 ot ) (s, 2(5))ds.
Let )
T(x(t)) = A / g(t,5) f (s, 2(s))ds,

and X = C[0,1], P = {z(t) € C[0,1]]z(t) > 0,V0 < t < 1}. It is easy
to know that P is a normal cone on X and the operator T': P — X is
continuous. Let ug(t) = Mt(1 —t). Then from [3], for any A > h we have
AT (ug(t)) > up(t) for all t € [0,1]. Since @ converges uniformly to 0
with respect to t € [0,1] as # — oo, there exists a constant ¢ > M such
that @ < $ for all t € [0,1]. Let vo(t) = c. Then for every ¢ € [0,1],
uo(t) < vo(t) and AT (vo(t)) < vo(t). It follows from (iv) that there exists a
constant function L : [0,400) — [0,+00) with 0 < L < 1 such that for any
x(t),y(t) € [uo,vo] = {2(t) € C[0,1]|uo(t) < 2(t) < vo(t),Vt € [0,1]} with
x(t) > y(t), we have

AT ((t)) = AT (y(t)) < L(x(t) — y(t))-

Since f(t,z) is monotone increasing with respect to x, operator AT :
[ug, vo] — X is monotone increasing. Therefore, from Theorem 2.1, the proof
is completed.

O

Theorems 3.2. Let f: RY x [0,4+00) — R be a increasing function, where
RN denotes n-dimension Euclidean space and R is the set of all real numbers.
Assume that

(i) k(t,s) is a nonnegative measurable function on RN x RN and

lim |k(t,s) — k(to,s)|ds =0

t—>t0 RN
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for all tg € RV

(ii) there exist m, M € R such that 0 < m < fRN k(t,s)ds < M for all
te RN,

(iii) f(t,u) satisfies Caratheodary condition, i.e., for anyu € [0,00), f(-,u)
is a measurable function on RN and f(t,-) is a continuous function
on [0,00) for allt € RY;

(iv) there exist l,q > 0 such that f(t,1) > L and f(t,q) < L for all
te RN;

(v) there exists a constant d € (0, 57) such that

fQ () = f(ty(t) < d(x(t) —y(t)),
vt € RN, xz(t), y(t) € C(RY) and x(t) > y(t),

where Cg(RY) is the family of continuous and bounded function.
Then

(1) the following Hammerstein integral equation on RY :

x(t) = k(t,s)f(s,x(s))ds

RN

has a unique continuous bounded positive solution x*(t) € R for all
t e RV,

(2) for any initial value xo(t) € R, the iterative sequence {x,(t)} defined
by

Tnt1(t) = apx,(t) + (1 — ap) . k(t,s)f(s,xn(s))ds, n >0,

converges uniformly to x*(t), where v, € [0,1) is monotone increasing
and a, — o € [0,1). And for any M [,y k(t,s)ds < e < 1, we have

sup [lzn(t) — 2" (1)

teRN
< M[e+ a(1 — €)]" min{ sup ||zo(t) — ]|
teRN
1-— (7))
—|7T() -1
1-— (67

s lg =0l + (o g e~ T@I),
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where T'(u) = [pn k( (s,u)ds;
(3) if Z (1— an) = 00, then lim y,(t) = x*(t) if and only if lim e,(t) =
=0 n—oo n—oo

0 fo_r all t € RN, where {y,(t)} be any sequence in [l,q] and ,(t) is
defined by

en(t) = [[Yn+1(t) = {anyn(t) + (1 = an)T(ya ()}, n > 0.

Proof.. Let ||z||c, = sup |lz(#)|]| be a norm on Cg(RY). We denote by
teRN

Cp+(RYN) the class of nonnegative functions on Cg(R"™). Then Cp+(RY) is
a normal cone with normal constant M on Cg(RY). Letting

X =Cp(RY), P=Cg+(RY),

I, vo=uwv(t)=q D={recCp(R")|uy<z<u}

Ug = Ug (t)

and

T(a(t)) = /R (t,5) (5, 2(s))ds.

Then T': D — D is monotone increasing and for any z,y € D, = > v, i.e.,
x(t) > y(t) for all t € RN, we have

Ta() ~T((0) = [ Ko fal)is— [ ko) sp)ds
< /R (b, 5)d(r(s) — y(1))ds.

Now we prove that ||L| < 1, where L(w) = [, k(t, s)dw(s)ds is a linear
operator on Cg(RY). In fact, for any t € RN w e CB(RN) we have

[L(w)]| < /RN k(t, s)d|[w(s)||ds < dM]jwl|c,

and so || L|| < dM < 1. It follows from Theorem 2.1 that the conclusions of
Theorem 3.2 are obtained.

O



358 Qikuan Liu and Hengyou Lan

10.

11.

12.

13.

REFERENCES

. S. S. Chang, Y. J. Cho and H. Y. Zhou, [terative Methods for Nonlinear Operator
Equations in Banach Spaces, Nova Science Publishers, New York, 2002.

Y. H. Du, Fized point of a class of noncompact operators with apllications, Acta Math-
ematics Sientia 32(5) (1989), 618-627.

D. J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic
Press, Bosten and New York, 1988.

N. J. Huang and M. R. Bai, A perturbed iterative procedure for multivalued pseudo-
contractive mapping and multivalued accerative mapping in Banach spaces, Computers
Math. Appl. 37 (1999), 7-15.

N. J. Huang, Y. J. Cho, B. S. Lee and J. S. Jung, Convergence of iterative processes
with errors for set-valued pseudo-contractive and accerative type mapping in Banach
spaces, Computers Math. Appl. 40 (2000), 1127-1139.

F. Y. Li, Existence and uniqueness of positive solutions for a class of nonlinear equa-
tions, Acta Mathematica Applicatae Sinica 20(4) (1997), 609-615.

F. Y. Li and Z. D. Liang, Fized point theorems of p-concave (convex) Operators and
its applications, J. Systems Science and Math. Sciences 14(4) (1994), 353-360.

J. X. Sun and Y. Sun, Some fized point theorems of increasing operators, Appl. Anal.
23 (1986), 23-27.

X. L. Weng, Fized point iteration for local strictly pseudo-contractive mappings, Proc.
Amer. Math. Soc. 113 (1991), 727-732.

S. Y. Xu, A new fixed point theorem for increasing operators and its applications, J.
Jiangxi Normal Univ. 24(1) (2000), 25-27.

S. Y. Xu, Existence of solution for a class of nonlinear equation and its applications,
Mathematica Applicata 13(1) (2000), 23-26.

L. X. Yu and Y. M. Guo, The convegence of Mann iteration sequences of the unique
solution for a class of nonlinear operator equations and applications, J. Engineering
Math. 20(1) (2003), 49-54.

Z. T. Zhang, Some mew results about abstract cones and operators, Nonlinear Anal.
TMA 37 (1999), 449-455.

QIKUAN Liu

DEPARTMENT OF COMPUTATION SCIENCE

CHENGDU UNIVERSITY OF INFORMATION TECHNOLOGY
CHENGDU, SICHUAN 610041

PEOPLE’S REPUBLIC OF CHINA

E-mail address: gk1iu888@yahoo.com.cn

HENGYOU LAN

DEPARTMENT OF APPLIED MATHEMATICS

SICHUAN UNIVERSITY OF SCIENCES & ENGINEERING
DENGGUAN, ZIGONG, SICHUAN 643033

P. R. CHINA

E-mail address: hengyoulan@163.com



