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MEASURE SOLUTIONS FOR EVOLUTION EQUATIONS
WITH DISCONTINUOUS VECTOR FIELDS

N. U. AHMED

ABSTRACT. In this paper we present some results on the question of existence
of generalized or measure valued solutions for semilinear evolution equations on
Banach spaces with the nonlinear part being merely measurable and bounded
on bounded sets. This admits discontinuities and exponential growth of the
nonlinear term. This is a far reaching generalization of the previous results of
the author and others.

1. MOTIVATION

Let us consider the evolution equation

&= Az + f(z),t >0

2(0) = ¢ (1)
in a Banach space F where A is the infinitesimal generator of a Cy-semigroup,
S(t),t > 0,on F and f : E — E is a continuous map. It is well known
that if E is finite dimensional, mere continuity of f is good enough to prove
the existence of local solutions with possibly finite blow up time. If E is an
infinite dimensional Banach space this is no longer true unless the semigroup
S(t), t > 0 is compact. For example, see [1, Theorem 5.3.6, p172]. In recent
years [2,3,4,5,6,9], a generalized notion of solution (measure solution) has been
introduced extending the standard notions such as classical, strong, mild and
weak. This has made it possible to prove the existence of (generalized) so-
lutions without requiring either of the hypothesis: the Lipschitz property of
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f and the compactness of the semigroup. In all these papers, except [5], it
was assumed that f is a continuous map and that it is locally Lipschitz and
that A is the generator of a Cp-semigroup on E. In [5] the requirement of
local Lipschitz condition for f was removed and relaxed to a much broader
condition requiring that f is continuous and bounded on bounded sets. This
admits f having polynomial and even exponential growth. In this paper we
relax this condition further. Here we require f to be only measurable and
bounded on bounded sets. The rest of the paper is organized as follows. In
section 2, we present some basic concepts related to finitely additive measures
and associated function spaces including the definition of measure solutions.
In section 3, we present our new results. In section 4, we discuss the question
of uniqueness of measure solutions. The paper is concluded with some open
questions.

2. INTRODUCTION

For the purpose of formulation of measure solutions, we need the charac-
terization of the dual of the Banach space L1 (I, X) where I = [0,7]] is a finite
interval of the real line and X is a Banach space. Let X* denote the dual of
X, and < . > the duality pairing of X* and X. It is well known that if both
X and X* satisfy Radon-Nikodym property (RNP) then the dual of Ly (I, X)
is given by Lo (I, X™*). See Diestel Jr and Uhal [7]. In general it follows
from the theory of “Lifting” [10, Theorem 7 and its Corollary , p94] that the
dual of Ly (I, X) is given by LY (I, X*) which is the class of w*-measurable
X*-valued functions {g} with weak forms given by t —< g¢(t),z > being
essentially bounded measurable real valued functions. The space is furnished
with the norm | g ||zw (1, x+)= @ where « is the smallest number for which
the inequality

ess-sup{|(g(t),2))[,t € I} < o | 2 [|x

is satisfied.
Let Z denote any topological space and By(Z) the space of bounded scalar
valued functions on Z with the topology of sup norm given by

I £ lI=supf[f ()], z € Z}.

This is a Banach space. However the elements of this space may not be mea-
surable. Let ¥ denote a field of subsets of the set Z and let B(Z) = B(Z,X)
denote the class of scalar functions which are uniform limits of characteristic
functions of sets from X. The space B(Z) is furnished with the same topology
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as in By(Z). An element f of this space is said to be ¥ measurable if for every
Borel set o in the range space, the set

{z€Z:f(z)ec}eX.

The class of all bounded ¥ measurable functions is dense in B(Z). It is clear
that B(Z) is a closed subspace of By(Z) and hence it is also a Banach space.
Let Mpo(Z) = Mpo((Z,%)) denote the class of all scalar valued finitely ad-
ditive measures defined on the algebra Y. Furnished with the total variation
norm, My, (Z) is a Banach space.

The following Lemma characterizes the topological dual B*(Z) of the Ba-
nach space B(Z).

Lemma 2.1. The space B*(Z) = My, (Z), that is B*(Z) is isometrically
isomorphic to the space of bounded finitely additive measures on Z = (Z,%)
in the sense that, for every { € B*(Z), there exists a unique p € Mpa(Z) such
that

) = /Z f(2)uldz), | € B(Z),

and conversely, every p € My, (Z) determines a unique continuous linear
functional on B(Z).

Proof. see Dunford and Schwartz [8, Theorem IV.5.1, p 258]. O

Let 1Ty, (Z) C Mpa(Z) denote the class of finitely additive probability mea-
sures furnished with the relative topology. The Banach space B(Z) and its
dual My, (Z) do not satisfy RNP. Therefore it follows from the characteriza-
tion result discussed in the introduction that the dual of Ly (I, B(Z)) is given
by LY (I, Mp(Z)) which is furnished with the weak star topology.

We consider the Cauchy problem in a Banach space F,

&= Az + f(t,z),t € I =[0,7],

1’(0) =z € E, (2'1)
where A is the generator of a Cy-semigroup S(t),t > 0, in E, and f is map
from I x E to E. Let B denote the sigma algebra of Borel subsets of the
interval I and X a field or algebra of subsets of the set E, generated by closed
subsets of E. Our general assumption is that f is a B x ¥ measurable map
with values in F.

The following general notion of measure solutions was introduced by the
author in [3,4,5,6], where regular bounded finitely additive measures M4, (Z)
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were used instead of M, (Z) D Mype = (BC(Z))*. This generalization allows
measurable vector fields in the evolution equations. For an earlier definition
of measure solutions, which is somewhat restrictive, see Fattorini [9].

Let D¢ denote the Frechet derivative of ¢ € BC(E) whenever it exists and
introduce the class of test functions JF, given by

F={¢ € BC(E) : D¢ exists, D¢ € B(E, E*)}.
Define the operator A with domain given by
D(A)={peF: Apc B(E)}
where

(AG)(1,€) =< A*DY(E),€ > + < DHE), f(1,€) > 5.5, for & € D(A).
(2.4
Note that D(A) # 0, for example, for 1) € F, the function ¢ given by ¢(z) =
PY(AR(A, A)z), belongs to D(A) for each A € p(A), the resolvent set of A.
Consider the system (2.1) with A and f as defined above. We shall write

(At)0)(€) = (AP)(L, £).

Definition 2.2. A measure valued function u € LY (I, My, (E)) is said to
be a generalized solution of equation (2.1) if, for every ¢ € D(A) with D¢
having bounded supports, the following equality holds

;M@=¢u@+A;MA@w¢eL (2.5)

where

pe(Y) = - Y(E)pe(dE), t € 1.

For simplicity of notation we shall use D(A) to denote the common domain
of the operators A(t),t € I.

3. EXISTENCE OF MEASURE SOLUTION

The following result proves the existence of measure solutions for equation
(2.1) under the assumption that f is a bounded B x ¥ measurable map on
I x E with values in E.
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Theorem 3.1. Consider the system (2.1) and suppose E is a separable Ba-
nach space. Let A be the generator of a Cy-semigroup in E and f : IXE — E
be a bounded B x ¥ measurable map satisfying the following approximation
property:

(al): there exists a sequence {f,} such that f,(t,z) € D(A) for x € E and
almost all t € I; and, further, for almost allt € I, and e* € E*,

< e, fult,x) >p g—< e*, f(t,x) >g- g for each z € E.

(aii): for any r > 0, there exists a sequence {a,n} € Li(I), possibly
| &t ||— 00 as n — oo, such that

| fn(t,2) = fu(ty) < arn@) | 2 =y [l 2,y € By

where B, C F is a ball of radius r around the origin.

Then, for every xo € E, the evolution equation (2.1) has at least one gener-
alized solution p € LY (I, My (E)) in the sense of definition (2.2). Further,
we LY (1,11, (E)) and it is w* continuous.

Proof. Let p(A) denote the resolvent set of the operator A and R(\, A) the
corresponding resolvent operator for A € p(A). Since A is the infinitesimal
generator of a Cp-semigroup there exists a nonnegative number w such that
(w,00) C p(A). Let A,, = nAR(n, A) denote the Yosida approximation of A
defined for all n € p(A). Now consider the sequence of evolution equations

&= Az + fu(t,x), t €1,

2(0) = o, = nR(n, A)xq. (2.D)n

By assumption, f is bounded measurable, and the sequence f, converges to f
in the sense described by hypothesis (ai). Thus {f,} must also be a bounded
sequence. Let the common bound be denoted by b, that is,

sup{[| f(£,€) |z, [| fu(t,€) &, (t,€) € I x E} < by.

Since f,, is contained in D(A) and, by assumption (aii), they are locally Lip-
schitz and the data z, € D(A), it follows from semigroup theory [see 1,
pl56] that for each n € p(A) this equation has a unique strong solution x,,
with values z,(t) € D(A) and &, € Li(I, E) satisfying the first identity of
equation (2.1),,, for almost ¢ € I. Since every strong solution is also a mild
solution, x, must also satisfy the integral equation

xn(t) = Sp(t)zon + /0 Sn(t —s)fn(s,zn(s))ds,t €1, (3.1)
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where S, (t), t > 0, is the semigroup generated by A,. In fact these are uni-
formly continuous semigroups since their generators are bounded operators.
Since

sup{|| S(t) |[,te I} <M

and

Sp(t) — S(¢)

in the strong operator topology in £(FE) uniformly on compact intervals, it
follows from uniform boundedness principle that there exists a finite positive
number M > M such that

sup{|| Sn(t) ||, £ € I} < M.

Hence it follows from equation (3.1) that that there exists a finite positive
number 7 such that

sup{|| z,(¢t) |l,t € I} < ]\ZI{H Zo || +bsT} =7 V¥Yn € N.

Thus for any r > 7, we have x,,(t) € B, C E for all t € I and all n € N. Since
{z,} is a sequence of strong solutions of equation (2.1),, it is clear that, for
every ¢ € F,

t

P(za(t)) = ¢(wo,n)+/0< D¢(wn(8)); Anwn(s)+ fu(s, 2n(s)) >p+ 5 ds. (3.2)

Let 6.(-) denote the Dirac measure on F with its mass concentrated at the
point e € E and define

A (dE) = bz, (1) (d€) and Ay (d€) = O, (dE)-

Using this notation we can rewrite equation (3.2) in the form

t
N0 =N(0)+ [ X Au(s)dds e T (33)
0
where the operator A,, is given by

(.Angzﬁ)(t,{) =< A;D¢(§)7§ >E*,E + < D¢(§)7 fn(tvg) >E*,E7 (34)

for ¢ € D(A). Clearly, for each integer n € p(A4), \" € LY (I,I,,(F)) C
LY (I, Mpo(E)) and it follows from our preceding analysis that

supp(Ay) C Bp,Vt € I,n € N.
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Our concern now is to show that the sequence {A\"} has a limit and that the
limit is a generalized solution of our original problem. Towords this goal,
consider the sequence of linear functionals {/,, } given by

)= [ eton (35
IXE
Clearly this is well defined for each ¢ € Ly (I, B(E)) and

n(0)| <[l ¢ llL,(1,B(E)), V7 € p(A).

In other words {¢,,} is a sequence of bounded linear functionals contained in
a bounded subset of (L1 (I, B(E)))* the dual of Ly (I, B(E)). Thus it follows
from the characterization of the dual space of the Banach space L (I, B(F)),
that the sequence {\"} is confined in a bounded subset of LY (I, Mya(E)).
Hence by Alaoglu’s theorem there exists a subsequence (subnet) of the se-
quence (net) {A\"}, relabeled as {\"}, and a A\° € LY (I, M4 (E)) such that

A" 5N, in LY (1, Mya (E)). (3.6)

We must show that \° is a measure (generalized) solution of the evolution
equation (2.1) in the sense of Definition 2.2. Let ¢ € D(A) with both ¢ and
D¢ being continuous and bounded having compact supports which may be
different for different ¢. Define

(Bn¢)(§) =< (A}, = A)D¢(£),€ >k
(Cn(t)9)(§) = (Cro)(t,§) (3.7)
=< D¢(f)afn<t7§) - f(tvé‘) >E* B, (t,§) elIxEk.

Using these expressions, equation (3.3) can be rewritten as

N@) = N5(0) + [ N(A(s)9)ds
0 (3.8)

t t
+/O )\Z(Bngb)ds+/0 AL (Cr(s)p)ds,t € 1.

Consider the first expression of equation (3.7). Since A,, — A on D(A) in
the strong operator topology and, for ¢ € D(A), Dp(§) € D(A*), and by our
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choice D¢ is continuous and bounded having compact support, it is clear that
B, ¢ € B(F) and that
(Bn¢) —— 0 in B(E).

Since B, ¢ is independent of ¢ and [ is a finite interval, it is evident that
(Bn¢) — 0in Li(I, B(E)) (3.9)

as n — oo. Consider the second expression of (3.7). By use of similar ar-
guments and assumption (ai) along with Lebesgue dominated convergence
theorem, one can easily verify that

(Cnop) == 0in Li(I, B(E)) (3.10)

also as n — oo. Let x, denote the characteristic function of any set ¢ € B. In
view of (3.6), (3.9) and (3.10), we have, for each t € I,

t
/ N (Byd)ds = / 0. (SIN(Bo)ds — 0
0 ! (3.11)

t
/O N(Co)ds = /1 o (N (Cud)ds — 0,

as n — oo. Note that for ¢ € D(A) with D¢ having bounded support, it

follows from Bx ¥ measurability and boundedness of f that A¢ € Li(I, B(E)).
Hence for the second term on the right hand side of equation (3.8), it follows
from (3.6) that

| xeaas = [ xoatsn A
0 ! (3.12)

. / X101 ($)A(A($)6)ds = / Xo(A(s)9)ds,
I 0

. S . . .
as n — 00. Since zg , — xo in E and ¢ is continuous and bounded we have

¢(20,n) — B(x0) (3.13)

as n — oo. Thus letting n — oo in (3.8), it follows from (3.11), (3.12), (3.13)
and (3.6) that

X2(6) = Mo(6) + / Xo(A(s)d)ds,t € T, (3.14)
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where A\g(¢) = 0z,(¢) = @(z0). Since \° € LY (I, Mp,(E)) and the second
term on the right hand side of the above identity is bounded for any ¢ € D(.A)
and the first term holds for any continuous (even bounded) ¢, it is clear that
equation (3.14) holds for all ¢ € D(A), and not just for only those having
compact supports. Since A\° € LY (I, Mp,(E)) and it is the (unique) weak
star limit of a sequence {A\"} from LY (I,II;,(E)) and that this set is weak
star closed we have \° € LY (I,11;,(E)). This proves that \° is a generalized
solution of the evolution equation (2.1) in the sense of Definition 2.2. The last
part of the theorem, asserting w* continuity, follows readily from the integral
expression (3.14). This completes the proof. (]

Remark. We have seen that supp(A}) C B, for allt € I and for alln € N
where the number r = (M, by, T, || zo ||) is as defined earlier which depends
on the parameters as displayed. Using this fact it is easy to verify that the
limit has similar support properties. Precisely, we have

supp(A7) C B,

forallt e 1.

The result given above depends on the existence of an approximating se-
quence {f,} approximating the nonlinear measurable map f. The existence
of such an approximating sequence follows from the following result. Thus
these assumptions are natural and do not in any way limit the results.

Proposition 3.2. Suppose E is a separable Banach space, A is a linear (gen-
erally unbounded) operator with domain and range in E having nonempty re-
solvent set p(A) with resolvent denoted by R(\, A). Then, for every bounded
B x ¥ measurable map f = f(t,z) which is Lebesque-Bochner integrable in
t on I, uniformly with respect to x in bounded subsets of E, there exists a
sequence { fn} satisfying the hypotheses (ai) and (aii) of Theorem 3.1.

Proof. By virtue of separability, the Banach space F has a Schauder basis
{e;}. Corresponding to this basis, let {F,,} C E be an increasing family of n-
dimensional subspaces of E' and {Q,,} the corresponding family of projections
of £ to E,. Let A,, : E — R"™ denote the linear map taking each element
x of E into it’s first n Fourier coefficients. That is A,z = col{(¢;(x)),i =
1,2,3---n}, where {/;} is a sequence of continuous linear functionals on F
with || ¢; ||g== 1 associated with the Schauder basis {e;} of E. We use C*°
molifiers to construct a smooth family {f,} approximating the given f. Let
n € N and p, € Cg°(R"™) be a family of C*° functions on R"™ with compact
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supports satisfying
pn(§) = 0, pn(§) = pn(—E), supp(pn) C{§ € R™ 1 [¢

and / pn(§)dE =1,n € N.

re < (1/n)}

Let J,, = nR(n, A) for n € p(A)NN and recall that J,, converges in the strong
operator topology to the identity operator in E and that J,(E) C D(A).
Define

fulte0) = [ I (t.Qur = 3 ()
i=1

By a simple change of variables this can be written as

falt,z) = /n Inf(t, Z niei)prn(Apz —n)dn. (3.15)

i=1

Since f is a bounded (B x 3) measurable map on I x E and p,, has compact
support, the integral is well defined and hence the sequence { f,, } is well defined
satisfying f,,(t,xz) € D(A) for all (t,z) € I x E. Further, for any e* € E*, it
follows from the following expression,

< fn(t,$),€* >E,E*:/ < Jnf(tazniei)ae* >E,E* pn(AnfB_n)dnv (316)
i=1

n

that, for almost all ¢ € I, and every x € E, f,(t, z) converges weakly to f(t,z).
This is weak star convergence of f,, point wise in x € E. Clearly this also
implies uniform convergence on compact subsets of E. Thus the hypothesis
(ai) is satisfied. For the local Lipschitz property, note that

fn(t,y)—fult ) = /n Jnf(t7Zniei){pn(Any_n)_pn(Anw_n)}dn- (3.17)

Using Lagrange formula applied to the modifier, we have

pu() = pu(€) + / (D€ +0(n — €)o7 — £)d0.1.€ € R”

where D denotes the first Frechet derivative. Taking any ball B, C E,r > 0,

and using this formula in equation (3.17) one can verify that there exists an
Q. € LT (I) such that

| futsy) = fu(t,2) [E< arn(®) [y — |5, VE € 1,
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for all z,y € B,. Indeed, by simple computation one can discover that the
function «;., can be chosen as

0rn®)= [ AN T0 Y e b (i

where the function g, , is given by

gr,n(n) = sup |l)pn(Anm —n+ H(Any - Anm)”R"
0<0<1;2,yeB,

and + is the smallest positive number for which |A,z|gr < v || x || for all z €
FE and for all n € N. Since Dp,, is also a C'"*° function having compact support,
it is clear that g, , vanishes outside a bounded subset of R™. Thus for the
given f which is a bounded B x ¥ measurable map taking values from F, the
integral defining the function «., is finite almost every where. Hence {o.,, }
is a well defined sequence of finite (actually bounded) measurable functions.
Since by our assumption, ¢t — f(¢,z) is Bochner integrable, uniformly with
respect to x on bounded subsets of F, it follows from Fubini’s theorem that
Q. € LT (I). Thus hypothesis (aii) holds. This completes the proof. O

Remark. Note that, for the proof of the previous proposition, we have only
used the B x X measurability of f and its uniform boundedness on E. In other
words it is not necessary that f be a bounded B x X measurable map on I X E.

Now we are prepared to prove the existence result for unbounded B x X
measurable map f defined on I x E taking values from E. We prove this result
under the assumption that f is B x ¥ measurable and that it is bounded only
on bounded subsets of F.

Theorem 3.3. Let A be the infinitesimal generator of a Co-semigroup in the
Banach space E and f: I X E+— E is B x % measurable, integrable in t on I
uniformly with respect to x on bounded subsets of E, and, for almost allt € I,
it is bounded on bounded subsets of E. Then, for each xo € E, the evolution
equation (2.1) has at least one measure solution X\ € LY (I,114(E)). Further
t— A\t 18 w* continuous.

Proof. The basic technique is similar to that of [5, Theorem 3.2, p1341]. We
give a brief outline. Define for each v > 0,

[y (t,z) = f(t,Ry(x))
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where R, is the retraction of the ball B, C E, that is,
13 if ¢ € B
m©) = { 2

(v/ 1 €11)€, otherwise.

Clearly, f, is Bx X measurable, and, for each { € E,t — f,(t,§) is integrable
while for almost all t € I, § — f,(¢,§) is uniformly bounded on all of E.
Thus, for each v < 00, it follows from Theorem 3.1 that the evolution equation

&t =Ax+ fy(t,x), t €1,

#(0) — 20, (3.18),

has at least one measure solution \Y € LY (I,1I;(E)). In other words, A7 is
a measure solution of the evolution equation (3.18)., satisfying

N (@) =330+ [ A1(4,0)ds,
0 (3.19)

= $(zo) + / N(A, (s)@)ds. t € T,

for each ¢ € D(A,), with D¢ having bounded support, where the operator
A, (t) is given by

(Ay(1)¢)(§) =< A"D¢(§),€ > + < Do(§), f+(t,€) > . (3.20)

Clearly for ¢ € D(A), the identity (3.20) can be rewritten as

Ay (t)o = A(t)¢ + B, ()0, (3.21)

where
B, (t)¢(§) =< Dp(&), f+(t,€) — f(t,€) >p~ .k - (3.22)
Now for each v > 0, the functional £, given by

0,0) = / ) (1)t

- /1 /E B(t, N (dE)dt,

is well defined on L (I, B(E)). Indeed, for all v > 0, we have

(D) <Y Ly .8 (3.24)

(3.23)
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for allype Ly (I, B(E)). Thus {{,,y>0} is a bounded subset of (L1 (I, B(F)))*,
and hence by the characterization of the dual spaces, the set {7,y > 0} is con-
tained in a bounded subset of LY (I, My, (E)). Therefore, again by Alaoglus
theorem, there exists a subnet or a generalized subsequence {\*¥ = A\7*} and
a A € LY (I, Mpa(E)) such that

AF 2500 as k — oo (3.25)

in LY (I, Mypo(E)). Defining A, = A, , B = B,,, it follows from (3.19) and
(3.21) that

N6 = M)+ [ M (Au(s)e)ds,
0 (3.26)

= $(zo) + / NE(A(8)6)ds + / Ne(Bi(s)@)ds, t € T,

for all ¢ € D(A). Since, for almost all ¢ € I,
fek=fy, — fask — o0

uniformly on bounded subsets of E, and fj is integrable in ¢ on I uniformly
with respect to = in bounded subsets of E, for each ¢ € D(A) with D¢ having
bounded support, it follows from dominated convergence theorem that

Bed —> 0 in Ly (I, B(E)).

This, combined with (3.25), implies that for each t € I,

/ N(Ba(s)d)ds — 0. (3.27)

0

Similarly, for each ¢ € D(.A) having Frechet derivatives with bounded support,
A¢p € Li(I, B(E)). Thus letting k — oo in (3.26), it follows from (3.25), (3.27)
that, for each ¢ € D(.A) having Frechet derivative with bounded support, we
obtain

X2(6) = Mo(6) + / Xo(A(s)6)ds.t € I. (3.28)

Hence \° € LY (I, Mp,(F)) is a measure solution of the evolution equation
(2.1) in the sense of Definition 2.2. Since for each integer k € N, \* €
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LY (1,11, (E)) and this set is a weak star closed subset of LY (I, My,(E)),
we conclude that A\° € LY (I,11,(E)). The last part of the statement asserting
w*-continuity follows trivially from the expression (3.28). This completes the
proof. O

In fact the evolution equation (2.1) has measure solution not only for initial
data given by a Dirac measure but also for any initial data described by a
measure 7y € Iy, (E). This is proved in the following corollary.

Corollary 3.4. The conclusions of Theorems 3.1 and Theorem 3.3 remain
valid for any initial state my € Iy, (E).

Proof. For any & € E, let \* € LY (I,11;,(E)) denote the measure solution
(see Definition 2.2) of evolution equation (2.1) with initial state given by
xg = &, that is A\g = d¢. Then clearly it follows from either of the above
results (Theorem 3.1 or Theorem 3.3) that \¢ satisfies the following functional
equation,

XE(6) = 6(6) + / M(A(s)d)ds,t € T, (3.29)

for every ¢ € D(A) with D¢ having bounded supports. Since t — )\f is
weak star continuous, it is clear that for any ¢ € D(.A) with bounded support,
t — X5(¢) is continuous and bounded. Also for fixed ¢t € I, and ¢ € D(A),
€ — X5(¢) is a bounded ¥ measurable function on E. This follows from the
fact that the function £ — Af((b) is the point wise limit of a sequence of
continuous and hence ¥ measurable functions {& — )\?"5(@, here A™¢ is the
measure solution of equation (2.1),, (see Theorem 3.1) corresponding to the
initial data xg = £. Integrating both sides of the identity (3.29) with respect
to the measure 7y and using Fubini’s theorem we obtain

M(6) = mo(6) + /0 Me(A(s)@)ds t € 1, (3.30)

where

no) = [ ( [ o <dn>)m<ds>,t el

(3.31)
- /E X (@)mo(de).t € 1.

Since this last integral is finite for any bounded ¥ measurable function ¢,
taking ¢ = xr, the characteristic function of any ¥ measurable set I' C F, we
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have

M(T) = /E XS (D)o (de). (3.32)

For I' = E,\(F) = 1,t € I. Hence A given by (3.31) satisfies the functional
equation (3.30) and is an element of the set LY (I,11;,(F)), and therefore a
measure solution of the evolution equation (2.1) corresponding to the initial
data given by the distribution my. This completes the proof. U

4. DIFFERENTIAL EQUATIONS ON THE SPACE OF MEASURES

Note that in view of our notion of measure solution (see Definition 2.2)
and the preceding results, we can reformulate our original Cauchy problem
defined on the Banach space F, as a Cauchy problem on the Banach space of
finitely additive measures My, (E) as follows:

(d/dt)yue = A" (Dot > 0,

4.1
Ho = To- (4.1)

This of course covers the original Cauchy problem as a special case. Ac-
cording to our existence results, we have seen that this equation has so-
lution in the weak sense as implied by our Definition 2.2. Hence it fol-
lows from these results, (Theorem 3.1, Theorem 3.3), that for each initial
data my € Ipo(E) C Mype(E), evolution equation (4.1) has at least one
solution p € LY (I,1po(E)) C LY (I, Mpo(FE)) which is weak star continu-
ous. Consequently there exists a weak star continuous transition operator
U*(t,s),0 < s <t < oo, which is a family of bounded linear operators on the
Banach space My, (E) defining the evolution of the measure solution

11 = U*(t,0)7o. (4.2)

Since for any pair (s,t) € I satisfying 0 < s < t, U*(t,s) is a bounded
linear operator on the Banach space My, (FE), it is necessarily continuous. In
particular, for s = 0, let my € I} (E) and let p denote the corresponding
solution of equation (4.1). Then for any ¢ € I, there exists a positive constant
(4, independent of 7g, such that

I et |t ()=l U*(t,0)70 [ Ay (2) < Ct || 70 [ My () -

So far we have not discussed the question of uniqueness of solutions. This is
of course equivalent to the question of uniqueness of the transition operator
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U*(t,s). In the absence of uniqueness, the transition operator may not satisfy
the expected evolution property

U(t,r)U*(r,s) =U"(t,5),0 < s <r <t <oo. (4.3)

In regards to this question of uniqueness we have only partial result. For
simplicity let us consider the time invariant case. Suppose A is a discrete
spectral operator with domain and range in the Banach space B(E). This
implies that it has a countably infinite set of eigen values each with finite
multiplicity which may be ordered as follows:

{ Yt2 <Yng1 SO0< 7y <91 <o

In this ordering each eigen value is repeated as many times as required by its
multiplicity. Let {y;,i € N} denote the corresponding eigen functions and
suppose this set is complete in B(E). Consider the bounded case (Theorem
3.1). Here we saw that the measure solution has bounded support B, (E),
for some finite positive number r which depends on the initial state. Choose
any two initial states zg = {&,n} and let B,(E) denote the closed ball of
radius o containing the supports of both the solutions {\$, \7}. Define the
measure yf’" = )\f — A/. Note that v5" € Lo (I, Mpe(E)) and not in the set
Lo (1,11, (E)). Using the eigen function ¢; in equation (3.14) corresponding
to two distinct initial states {£,n} and taking the difference, we obtain

ﬁwmz%@—%w+/u@mww
0

. (4.4)
= 0il6) ~ il + [ aE (st L
0
By virtue of Gronwall’s inequality, it follows from this that
e (@i)] < |@i(€) — wi(m)lexp{|nT},t € I. (4.5)

Hence as & — 7, Vf’"((pi) — 0 for all ¢ € I. This is true for every eigen
function ¢;. Since this set is complete in B(E), we conclude that 15 (¢) — 0
as { — n for all t € I and every ¢ € B(FE). This proves uniqueness of
solutions. Similarly, let 71, 7m2 € I}, (E) be two initial conditions for the
system (4.1) with A assumed time invariant. Suppose both have bounded

supports. Let ul, u? € LY (I,11,,(E)) be the corresponding solutions. Clearly
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for bounded f the solutions also have bounded supports see Theorem 3.1 and
the remark following it. Thus, again using the eigen functions, one can verify
that

1t (0i) = 1 (9i)] < |mi(pi) = ma(pi)leap{|vi| T}, t € 1. (4.6)

Again by virtue of completeness of the eigen functions, it follows from this
inequality that if m; — o in the weak star sense in Iy, (E), then u* — p? in
the weak star topology of LY (I, Mp,(E)). This implies uniqueness of solutions
as well as continuous dependence on the initial data.

In the unbounded case, the same argument can be used to prove uniqueness
of solution for each of the truncated problems

(d/dt)us = A% ()pas,t > 0,

4.7
Mo = To, ( )

associated with the truncated operator A,,0 < v < oo, (see Theorem 3.3)
provided 7y has bounded support. Since uniqueness holds for each finite
and the solution for the unbounded case is given by the w*-limit of the net
{7’} (if required a subnet) , uniqueness for the unbounded case follows. In
view of this uniqueness result, we are now assured that the transition operator
U*(t, s) is unique and that it satisfies the evolution property (4.3). Thus for
the evolution equation

(d/dt)py = A"y, t > 5> 0,

Hs =V,

(4.8)

starting at time s, the solution is given by pu; = U*(t, s)v,t > s.

Remark. We have seen that our solutions are only finitely additive bounded
measures. By use of the method of compactification [6], one can extend the
solution measures to ET = 3E, the Stone-Cech compactification of E. With
this extension the solutions are countably additive measure valued functions
on the sigma algebra o(X) induced by the algebra X.

Some Comments and Open Questions: (1): The uniqueness of mea-
sure solutions is based on our assumption that the unbounded operator A is
spectral. At this time we do not have a proof of this. (2): It would be inter-
esting to find an alternate method of proof for uniqueness without imposing
spectral assumption. (3): We believe that our results can be easily extended
to some quasilinear problems as found in [5]. (4): In fact these results can be
extended in several fronts like impulsive and stochastic systems of the form

dr = Axdt + f(t,z)dt + C(t,z)v(dt) + G(t,z)dW,t > 0,
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where v is a vector measure, W is a cylindrical Brownian motion, and {C, G}

ar

e suitable B x ¥ measurable operator valued functions. (5): The results

given in this paper can be used in control problems involving discontinuous
vector fields.

10.
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