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Abstract. In this paper, we study iterative approximations for finding a common element

of the fixed points of a nonexpansive mapping and the set of solutions of the variational

inequalities for an inverse-strongly monotone mappings in Hilbert spaces. The conditons

which guarantee strong convergence and stability of these approximations with respect to

perturbations of nonexpansive operator S, metric projection operator PΩ and constraint set

Ω are considered. We show that the sequence converges strongly to a common element of

two sets.

1. Introduction and Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let
Ω be a closed convex subset of H and let PΩ be the metric projection of H
onto Ω . It is well-known that PΩ is a nonexpansive mapping of H onto Ω and
satisfies

〈x− y, PΩx− PΩy〉 ≥ ‖PΩx− PΩy‖2,

for every x, y ∈ H. Moreover, PΩ is characterized by the properties: PΩx ∈ Ω
and

〈x− PΩx, y − PΩx〉 ≤ 0,

for all y ∈ Ω.
Recall a mapping T of Ω into H is called monotone if for all x, y ∈ Ω

〈x− y, Tx− Ty〉 ≥ 0.
The variational inequality problem is to find a u ∈ Ω such that
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〈v − u, Tu〉 ≥ 0,

for all v ∈ Ω (see [2-4]). The set of solutions of the variational inequality
is denote by V I(Ω, T ). A mapping T of Ω into H is called inverse-strongly
monotone if there exists a positive real number α such that

〈x− y, Tx− Ty〉 ≥ α‖Tx− Ty‖2,

for all x, y ∈ Ω. For such a case, T is called α- inverse-strongly monotone.
Recall also a mapping T of Ω into itself is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖,
for all x, y ∈ Ω. We denote by F (T ) the set of fixed points of T .

A mapping T of Ω into H is called strongly monotone if there exists a
positive real number η such that

〈x− y, Tx− Ty〉 ≥ η‖x− y‖2,

for all x, y ∈ Ω. In such a case, we say that T is η-strongly-monotone. If T is
an α-inverse-strongly monotone mapping of Ω into H, then it is obvious that
T is 1

α -Lipschitz continuous. We also have that for all x, y ∈ Ω and λ > 0,

‖(I − λT )x− (I − λT )y‖2 = ‖(x− y)− λ(Tx− Ty)‖2

= ‖x− y‖2 − 2λ〈x− y, Tx− Ty〉+ λ2‖Tx− Ty‖2

≤ ‖x− y‖2 + λ(λ− 2α)‖Tx− Ty‖2

so, if λ ≤ 2α, then I − λT is a nonexpansive mapping of Ω into H.
A set-valued mapping A : H 7−→ 2H is called monotone if for all x, y ∈

H, f ∈ Ax and g ∈ Ay imply 〈x − y, f − g〉 ≥ 0. A monotone mapping
A : H 7−→ 2H is maximal if the graph G(A) of A is not properly contained
in the graph of any other monotone mapping. It is known that a monotone
mapping A is maximal if and only if for all (x, y) ∈ H ×H, 〈x− y, f − g〉 ≥ 0
for every (y, g) ∈ G(A) implies f ∈ Ax.

Let T be an inverse-strongly monotone mapping of Ω into H and let NΩv
be the normal cone to Ω at v ∈ Ω, i.e.,

NΩv = {w ∈ H : 〈v − u,w〉 ≥ 0, ∀u ∈ Ω}
and define

Aη =
{

Tη + NΩη, η ∈ Ω,
φ, η /∈ Ω.

Then A is maximal monotone and 0 ∈ Aη if and only if η ∈ V I(Ω, T )(see,
[6,7]).

Now we introduce several lemmas for our main results in this paper.
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Lemma 1.1. [1] Let Ω1 and Ω2 are two convex closed sets. If H(Ω1, Ω2) ≤ σ,
then there exists a positive real number C such that for all x ∈ H

‖PΩ1x− PΩ2x‖ ≤ C
√

σ,

where
H(Ω1,Ω2) = max{supz1∈Ω1

infz2∈Ω2 ‖z1 − z2‖, supz1∈Ω2
infz2∈Ω1 ‖z1 − z2‖}

is the Hausdroff distance between Ω1 and Ω2.

Lemma 1.2. [5] Let (E, 〈·, ·〉) be an inner product space. Then, for all x, y, z ∈
E and α, β, γ ∈ [0, 1] with α + β + γ = 1, we have

‖αx + βy + γz‖2 = α‖x‖2 + β‖y‖2 + γ‖z‖2

− αβ‖x− y‖2 − αγ‖x− z‖2 − βγ‖y − z‖2.

Lemma 1.3. [8] Let {xn} and {yn} be bounded sequences in a Banach space
X and {βn} a sequence in [0, 1] with 0< lim infn→∞ βn≤ lim supn→∞ βn < 1.
Suppose

xn+1 = (1− βn)yn + βnxn,
for all integers n ≥ 0 and lim supn→∞(‖yn+1− yn‖−‖xn+1−xn‖) ≤ 0. Then,
limn→∞ ‖yn − xn‖ = 0.

Lemma 1.4. [9] Let αn be a sequence of nonnegative real numbers such that
αn+1 ≤ (1− γn)αn + δn,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(1) Σ∞n=1γn = ∞,
(2) lim supn→∞

δn
γn

= 0 or Σ∞n=1|δn| < ∞.

Then limn→∞ αn = 0.

2. Main Results

In this section, we study the stability of iterative approximation to a com-
mon element of the fixed points of a nonexpansive mapping and the set of
solutions of the variational inequalities for an inverse-strongly monotone map-
pings in Hilbert spaces. We assume that the following conditions hold:

(P1): Instead of Ω, there is a sequence of convex closed sets Ωn such that
the Hausdroff distance H(Ω, Ωn) ≤ σn, where {σn} is a sequence of positive
numbers with the properties (the function ζ(t) is defined below)

σn+1 ≤ σn, σn
αn
→ 0, ζ(σn)

αn
→ 0, as n →∞.

(P2): On each set Ωn, there is a nonexpansive self-mapping Sn : Ωn 7−→ Ωn

satisfying the condition: there exists the increasing positive for all t > 0
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functions g(t) and ζ(t) such that g(0) ≥ 0, ζ(0) = 0 and if x ∈ Ωi, y ∈ Ωj , ‖x−
y‖ ≤ σ, then

‖Six− Sjy‖ ≤ g(max{‖x‖, ‖y‖})ζ(σ).

Theorem 2.1. Let Ω be a closed convex subset of a real Hilbert space H and
let S be a nonexpansive mapping of Ω into itself. The conditions (P1)− (P2)
are fulfilled. Let T : H 7−→ H be an α-inverse-strongly monotone mapping
such that F (S) ∩ V I(Ω, T ) 6= ∅. Suppose x0 = u ∈ Ω and {xn} is given by

xn+1 = αnu + βnxn + γnSn+1PΩn+1(xn − λnTxn),

where {αn},{βn},{γn} are three sequences in [0, 1], satisfying αn +βn +γn = 1
and {λn} is a sequence in [0, 2α]. If {αn}, {βn}, {γn} and {λn} are chosen
so that

(1) λn ∈ [a, b], 0 < a < b < 2α,
(2) limn→∞ αn = 0, Σ∞n=1αn = ∞,
(3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(4) limn→∞(λn+1 − λn) = 0,

then {xn} converges strongly to PF (S)∩V I(Ω,T )u.

Proof. Put yn = PΩn+1(xn − λnTxn) and let x∗ ∈ F (S) ∩ V I(Ω, T ).
Since I − λnT is nonexpansive and x∗ = PΩ(x∗ − λnTx∗), we have

‖yn − x∗‖ = ‖PΩn+1(xn − λnTxn)− PΩ(x∗ − λnTx∗)‖
≤ ‖PΩn+1(xn − λnTxn)− PΩn+1(x

∗ − λnTx∗)‖
+ ‖PΩn+1(x

∗ − λnTx∗)− PΩ(x∗ − λnTx∗)‖
≤ ‖xn − λnTxn − (x∗ − λnTx∗)‖+ C

√
σn+1

≤ ‖xn − x∗‖+ C
√

σn+1.

Now we estimate ‖Sn+1yn − x∗‖ own to H(Ωn+1, Ω) ≤ σn+1, there exists
vn+1 ∈ Ωn+1 such that ‖vn+1 − x∗‖ ≤ Ωn+1, thus

‖Sn+1yn − x∗‖ = ‖Sn+1yn − Sx∗‖
≤ ‖Sn+1yn − Sn+1vn+1‖+ ‖Sn+1vn+1 − Sx∗‖
≤ ‖ynvn+1‖+ g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)

≤ ‖yn − x∗‖+ ‖vn+1 − x∗‖+ g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)

≤ ‖yn − x∗‖+ σn+1 + g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1).
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Then, we have

‖xn+1 − x∗‖
= ‖αnu + βnxn + γnSn+1yn − x∗‖
≤ αn‖u− x∗‖+ βn‖xn − x∗‖+ γn‖Sn+1yn − x∗‖
≤ αn‖u− x∗‖+ βn‖xn − x∗‖

+ γn{‖yn − x∗‖+ σn+1 + g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)}
≤ αn‖u− x∗‖+ (1− αn)‖xn − x∗‖

+ γn{C√σn+1 + σn+1 + g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)}
≤ max{‖u− x∗‖, ‖x0 − x∗‖}

+ γn{C√σn+1 + σn+1 + g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)}
≤ ‖u− x∗‖+ γn{C√σn+1 + σn+1 + g(max{‖vn+1‖, ‖x∗‖})ζ(σn+1)}.

Because σn → 0,
√

σn → 0, ζ(σn) → 0 as n → ∞, we know that {xn} is
bounded. Hence {yn}, {Sn+1yn},{Txn} are also bounded.

On the other hand, we have

‖yn+1 − yn‖
= ‖PΩn+2(xn+1 − λn+1Txn+1)− PΩn+1(xn − λnTxn)‖
≤ ‖PΩn+2(xn+1 − λn+1Txn+1)− PΩn+2(xn − λnTxn)‖

+ ‖PΩn+2(xn − λnTxn)− PΩn+1(xn − λnTxn)‖
≤ ‖xn+1 − λn+1Txn+1 − (xn − λnTxn)‖+ 2C

√
σn+1

= ‖xn+1 − λn+1Txn+1 − (xn − λn+1Txn) + (λn − λn+1)Txn‖
+ C

√
σn+1

≤ ‖xn+1 − xn‖+ |λn+1 − λn|‖Txn‖+ 2C
√

σn+1.

(2.1)

We estimate ‖Sn+2yn+1 − Sn+1yn‖ own to

H(Ωn+1, Ωn+2) ≤ H(Ωn+1, Ω) + H(Ωn+2,Ω) ≤ 2σn+1,

there exists wn+2 ∈ Ωn+2 and ‖wn+2 − yn‖ ≤ 2σn+1, therefore

‖Sn+2yn+1 − Sn+1yn‖
= ‖Sn+2yn+1 − Sn+2wn+2‖+ ‖Sn+2wn+2 − Sn+1yn‖
≤ ‖yn+1 − wn+2‖+ g(max{‖wn+2‖, ‖yn‖})ζ(2σn+1)

≤ ‖yn+1 − yn‖+ ‖wn+2 − yn‖+ g(max{‖wn+2‖, ‖yn‖})ζ(2σn+1)

≤ ‖yn+1 − yn‖+ 2σn+1 + g(max{‖wn+2‖, ‖yn‖})ζ(2σn+1).

(2.2)



822 Wei Xu and Yuanheng Wang

Let xn+1 = (1− βn)zn + βnxn. Then we obtain

zn+1 − zn = (
αn+1

1− βn+1
)u +

γn+1

1− βn+1
Sn+2yn+1 − γn

1− βn
Sn+1yn

= (
αn+1

1− βn+1
)u +

γn+1

1− βn+1
(Sn+2yn+1 − Sn+1yn)

+ (
γn+1

1− βn+1
− γn

1− βn
)Sn+1yn,

(2.3)

From (2.1)-(2.3), we obtain

‖zn+1 − zn‖ − ‖xn+1 − xn‖
≤ | αn+1

1− βn+1
|‖u‖+ | γn+1

1− βn+1
|‖Sn+2yn+1 − Sn+1yn‖

+ | γn+1

1− βn+1
− γn

1− βn
|‖Sn+1yn‖ − ‖xn+1 − xn‖

≤ | αn+1

1− βn+1
|‖u‖+ | γn+1

1− βn+1
− γn

1− βn
|‖Sn+1yn‖

− ‖xn+1 − xn‖+ | γn+1

1− βn+1
|{‖yn+1 − yn‖+ 2σn+1

+ g(max{‖wn+2‖, ‖yn‖})ζ(2σn+1)}
≤ αn+1

1− βn+1
|‖u‖+ | γn+1

1− βn+1
− γn

1− βn
|‖Sn+1yn‖

+ | γn+1

1− βn+1
||λn+1 − λn|‖Txn‖+ | γn+1

1− βn+1
|{2C

√
σn+1 + 2σn+1

+ g(max{‖wn+2‖, ‖yn‖})ζ(2σn+1)},

which implies that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 1.3, we obtain ‖zn − xn‖ → 0 as n →∞. Consequently

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− βn)‖zn − xn‖ = 0.

From (2.1) we also have ‖yn+1 − yn‖ → 0 as n →∞.
Since xn+1 − xn = αn(u − xn) + γn(Sn+1yn − xn), ‖Sn+1yn − xn‖ → 0 as

n →∞.
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Put M = sup{‖vn‖, ‖wn‖, ‖yn‖, ‖x∗‖}. Then, by Lemma 1.4, for x∗ ∈
F (S) ∩ V I(Ω, T ), we obtain

‖xn+1 − x∗‖2

= ‖αnu + βnxn + γnSn+1yn − x∗‖2

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn‖Sn+1yn − x∗‖2

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn{‖yn − x∗‖+ σn+1 + g(M)ζ(σn+1)}2

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn‖yn − x∗‖2 + γn{2‖yn − x∗‖σn+1

+ σ2
n+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1) + g(M)2ζ(σn+1)2}

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn(‖xn − λnTxn − (x∗ − λnTx∗)‖
+ C

√
σn+1)2

+ γn{2‖yn − x∗‖σn+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1)

+ σ2
n+1 + g2(M)ζ2(σn+1)}

= αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γndn

+ γn‖xn − λnTxn − (x∗ − λnTx∗)‖2

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γndn

+ γn{‖xn − x∗‖2 + λn(λn − 2α)‖Txn − Tx∗‖2}
≤ αn‖u− x∗‖2 + ‖xn − x∗‖2 + γndn + αna(b− 2α)‖Txn − Tx∗‖2,

(2.4)
where

γndn

= γn{2‖yn − x∗‖σn+1 + σ2
n+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1)

+ g(M)2ζ(σn+1)2}
+ 2‖xn − λnTxn − (x∗ − λnTx∗)‖C√σn+1

+ C2σn+1.

(2.5)

From (2.4) and (2.5), we have

− αna(b− 2α)‖Txn − Tx∗‖2

≤ αn‖u− x∗‖2 + γndn + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

≤ αn‖u− x∗‖2 + γndn + (‖xn − x∗‖+ ‖xn+1 − x∗‖)
× (‖xn − xn+1‖).

Since αn → 0, dn → 0, ‖xn−xn+1‖ → 0 as n →∞, we obtain ‖Txn−Tx∗‖ → 0
as n →∞.
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On the other hand
‖yn − x∗‖2

≤ ‖PΩn+1(xn − λnTxn)− PΩn+1(x
∗ − λnTx∗)‖2 + C2σn+1

+ 2‖PΩn+1(xn − λnTxn)− PΩn+1(x
∗ − λnTx∗)‖C√σn+1

≤ 〈(xn − λnTxn)− (x∗ − λnTx∗), yn − PΩn+1(x
∗ − λnTx∗)〉

+ 2‖PΩn+1(xn − λnTxn)− PΩn+1(x
∗ − λnTx∗)‖C√σn+1

+ C2σn+1

≤ 〈xn − λnTxn − (x∗ − λnTx∗), yn − x∗〉
+ |xn − λnTxn − (x∗ − λnTx∗)|σn+1 + C2σn+1

+ 2‖PΩn+1(xn − λnTxn)− PΩn+1(x
∗ − λnTx∗)‖C√σn+1

= 〈xn − λnTxn − (x∗ − λnTx∗), yn − x∗〉+ en

≤ 1
2
‖xn − λnTxn − (x∗ − λnTx∗)‖2 +

1
2
‖yn − x∗‖2

− 1
2
‖xn − λnTxn − (x∗ − λnTx∗)− yn − x∗‖2 + en

≤ 1
2
‖xn − x∗‖2 +

1
2
‖yn − x∗‖2 − 1

2
‖xn − yn − λn(Txn − Tx∗)‖2 + en

=
1
2
‖xn − x∗‖2 +

1
2
‖yn − x∗‖2 − 1

2
‖xn − yn‖2

+ λn〈xn − yn, Txn − Tx∗〉 − 1
2
λ2

n‖Txn − Tx∗‖2 + en,

(2.6)

where
en = 2‖PΩn+1(xn − λnTxn)− PΩn+1(x

∗ − λnTx∗)‖C√σn+1

+ |xn − λnTxn − (x∗ − λnTx∗)|σn+1

+ C2σn+1

(2.7)

Therefore
‖yn − x∗‖2 ≤ ‖xn − x∗‖2 + ‖xn − yn‖2

+ 2λn〈xn − yn, Txn − Tx∗〉
− λ2

n‖Txn − Tx∗‖2 + 2en.

(2.8)

From (2.6)-(2.8), we obtain

‖xn+1 − x∗‖2

≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn‖yn − x∗‖2

+ γn{2‖yn − x∗‖σn+1 + σ2
n+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1)

+ g2(M)ζ2(σn+1)}
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≤ αn‖u− x∗‖2 + βn‖xn − x∗‖2 + γn‖xn − x∗‖2 − γn‖xn − yn‖2

+ 2γnλn〈xn − yn, Txn − Tx∗〉 − γnλ2
n‖Txn − Tx∗‖2 + γnen

+ γn{2‖yn − x∗‖σn+1 + σ2
n+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1)

+ g2(M)ζ2(σn+1)}
≤ αn‖u− x∗‖2 + ‖xn − x∗‖2 − γn‖xn − yn‖2

+ 2γnλn‖xn − yn‖‖Txn − Tx∗‖+ hn.

(2.9)

Put
hn = γn{2‖yn − x∗‖σn+1 + σ2

n+1 + 2(‖yn − x∗‖+ σn+1)g(M)ζ(σn+1)

+ g(M)2ζ(σn+1)2}+ γnen.
(2.10)

From (2.9) and (2.10), we also have

γn‖xn − yn‖2 ≤ αn‖u− x∗‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+ 2γnλn‖xn − yn‖‖Txn − Tx∗‖+ hn

≤ αn‖u− x∗‖2 + 2γnλn‖xn − yn‖‖Txn − Tx∗‖+ hn

+ (‖xn − x∗‖+ ‖xn+1 − x∗‖)(‖xn − x∗‖ − ‖xn+1 − x∗‖).
Since αn → 0, ‖xn − xn+1‖ → 0, ‖Txn − Tx∗‖ → 0, hn → 0 as n → ∞,
therefore ‖xn − yn‖ → 0 as n →∞.

On the other hand, since

‖Sn+1yn − yn‖ ≤ ‖Sn+1yn − xn‖+ ‖xn − yn‖,
we obtain ‖Sn+1yn − yn‖ → 0 as n →∞. Let z0 = PF (S)∩V I(Ω,T )u.

Next we show that

lim supn→∞〈u− z0, xn − z0〉 ≤ 0.

To show this, we choose a subsequence {yni} of {yn}, such that

lim supn→∞〈u− z0, Sn+1yn − z0〉 = limn→∞〈u− z0, Sni+1yni − z0〉.
As {yni} is bounded, we have that a subsequence {ynij

} of {yni} converges
weakly to z. We may assume without loss of generality that yni ⇀ z. Since
‖Sn+1yn − yn‖ → 0, we obtain Sni+1yni ⇀ z as i → ∞. Then we can obtain
z ∈ F (S) ∩ V I(Ω, T ). In fact, let us first show that z ∈ V I(Ω, T ). Let

Aη =
{

Tη + NΩη, η ∈ Ω,
φ, η /∈ Ω.

and

Anη =
{

Tη + NΩnη, η ∈ Ωn,
φ, η /∈ Ωn.
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Let (η, ξ) ∈ G(A). Since ξ−Tη ∈ NΩη, we have 〈η−u, ξ−Tη〉 ≥ 0, ∀u ∈ Ω.
For {yn} ∈ Ωn+1, there exists {y′n} ∈ Ω, such that ‖yn − y′n‖ ≤ σn+1, then

〈η − yn, ξ − Tη〉 = 〈η − y′n, ξ − Tη〉+ 〈y′n − yn, ξ − Tη〉
and

〈η − yn, ξ〉 = 〈η − y′n, ξ − Tη〉+ 〈y′n − yn, ξ − Tη〉+ 〈η − yn, Tη〉
≥ 〈η − yn, Tη〉+ 〈y′n − yn, ξ − Tη〉.

On the other hand, by the properties of PΩ, for all u ∈ Ωn+1

〈xn − λnTxn − yn, u− yn〉 ≥ 0.

For η ∈ Ω, there exists η′n ∈ Ωn+1, such that ‖η′n − η‖ ≤ σn+1. So we have

〈xn − λnTxn − yn, η′n − yn〉 ≤ 0,

and

〈η′n − yn, yn−xn

λn
+ Txn〉 ≤ 0 .

Thus
〈η − yni , ξ〉 = 〈η − y′ni

, ξ − Tη〉+ 〈y′ni
− yni , ξ − Tη〉+ 〈η − yni , Tη〉

≥ 〈η − yni , Tη〉+ 〈y′ni
− yni , ξ − Tη〉

≥ 〈η − yni , Tη〉+ 〈η′ni
− yni ,

yni − xni

λni

+ Txni〉

+ 〈y′ni
− yni , ξ − Tη〉

= 〈η − yni , Tη〉 − 〈η − yni ,
yni − xni

λni

+ Txni〉

− 〈η − ηni ,
yni − xni

λni

+ Txni〉+ 〈y′ni
− yni , ξ − Tη〉

= 〈η − yni , Tη − Txni〉 − 〈η − ηni ,
yni − xni

λni

〉

− 〈η′ni
− η,

yni − xni

λni

+ Txni〉+ 〈y′ni
− yni , ξ − Tη〉

= 〈η − yni , Tη − Tyni〉+ 〈η − yni , T yni − Txni〉
− 〈η − ηni ,

yni − xni

λni

〉 − 〈η′ni
− η,

yni − xni

λni

+ Txni〉

+ 〈y′ni
− yni , ξ − Tη〉

≥ 〈η − yni , T yni − Txni〉 − 〈η − ηni ,
yni − xni

λni

〉

− 〈η′ni
− η,

yni − xni

λni

+ Txni〉+ 〈y′ni
− yni , ξ − Tη〉.

(2.11)
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By (2.11), we know that 〈η − z, ξ〉 ≥ 0 as i → ∞. Since A is maximal
monotone, we have z ∈ A−10, therefore z ∈ V I(Ω, T ). Let us show that
z ∈ F (S). Suppose z /∈ F (S), from Opial’s condition,

lim inf
i→∞

‖yni − z‖ < lim inf
i→∞

‖yni − Sz‖
≤ lim inf

i→∞
‖yni − Sni+1yni‖+ lim inf

i→∞
‖Sni+1yni − Sz‖

≤ lim inf
i→∞

‖Sni+1yni − Sni+1vni+1‖+ lim inf
i→∞

‖Sni+1vni+1 − Sz‖
≤ lim inf

i→∞
‖yni − vni+1‖+ lim inf

i→∞
g(M)ζ(σn+1)

≤ lim inf
i→∞

‖yni − z‖+ lim inf
i→∞

‖vni+1 − z‖
= lim inf

i→∞
‖yni − z‖.

This is a contradiction. Thus we obtain z ∈ F (S). Then we have

lim sup
n→∞

〈u− z0, xn − z0〉 = lim sup
n→∞

〈u− z0, Sn+1yn − z0〉
= lim

n→∞〈u− z0, Sni+1yni − z0〉
= 〈u− z0, z − z0〉
≤ 0.

(2.12)

Therefore

‖xn+1 − z0‖2 = 〈αnu + βnxn + γnSn+1yn − z0, xn+1 − z0〉
= αn〈u− x0, xn+1 − z0〉+ βn〈xn − z0, xn+1 − z0〉

+ γn〈Sn+1yn − z0, xn+1 − z0〉
≤ αn〈u− x0, xn+1 − z0〉+

1
2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+
1
2
γn(‖Sn+1yn − z0‖2 + ‖xn+1 − z0‖2)

≤ αn〈u− x0, xn+1 − z0〉+
1
2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+
1
2
γn{‖Sn+1yn − Sy′n‖2 + 2‖Sn+1yn − Sy′n‖‖Sy′n − SZ0‖

+ ‖Sy′n − SZ0‖2 + ‖xn+1 − z0‖2}
≤ αn〈u− x0, xn+1 − z0〉+

1
2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+
1
2
γn{g2(M)ζ2(σn+1) + 2g(M)2‖y′n − z0‖ζ(σn+1)

+ ‖y′n − z0‖2 + ‖xn+1 − z0‖2}
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≤ αn〈u− x0, xn+1 − z0〉+
1
2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+
1
2
γn{‖yn − z0‖2 + 2‖y′n − z0‖σn+1 + σ2

n+1 + g2(M)ζ2(σn+1)

+ 2g(M)‖y′n − z0‖ζ(σn+1) + ‖xn+1 − z0‖2}
≤ αn〈u− x0, xn+1 − z0〉+

1
2
βn(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+
1
2
γn{‖xn − z0‖2 + ‖xn+1 − z0‖2 + 2‖xn − z0‖σn+1 + 2σ2

n+1

+ 2‖yn − z0‖σn+1 + 2g(M)‖y′n − z0‖σn+1 + g2(M)ζ2(σn+1)}.

(2.13)

Simplify (2.13) we obtain

‖xn+1 − z0‖2 = (1− αn)‖xn − z0‖2 + 2αn〈u− x0, xn+1 − z0〉
+ γn{2‖xn − z0‖σn+1 + 2‖yn − z0‖σn+1 + 2σ2

n+1

+ 2g(M)‖y′n − z0‖σn+1 + g2(M)ζ2(σn+1)}.

From (2.12), we know that lim supn→∞〈u − x0, xn+1 − z0〉 ≤ 0, and by
introduction we obtain

lim sup
n→∞

γn

αn
{2‖xn − z0‖σn+1 + 2‖yn − z0‖σn+1

+ 2σ2
n+1 + 2g(M)‖y′n − z0‖σn+1 + g2(M)ζ2(σn+1)} = 0.

By Lemma 1.4, we have ‖xn+1 − z0‖ → 0 as n → ∞. This completes the
proof. ¤

Corollary 2.2. Let Ω be a closed convex subset of a real Hilbert space H,
and let T : H 7−→ H be an α-inverse-strongly monotone mapping such that
F (S) ∩ V I(Ω, T ) 6= ∅. The condition (P1) of this section is filled. Suppose
x0 = u ∈ Ω and {xn} is given by

xn+1 = αnu + βnxn + γnPΩn+1(xn − λnTxn),

where {αn},{βn},{γn} are three sequences in [0, 1] satisfying αn +βn + γn = 1
and {λn} is a sequence in [0, 2α]. If {αn}, {βn}, {γn} and {λn} are chosen
so that

(1) λn ∈ [a, b], 0 < a < b < 2α,
(2) limn→∞ αn = 0, Σ∞n=1αn = ∞,
(3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(4) limn→∞(λn+1 − λn) = 0,

then {xn} converges strongly to PV I(Ω,T )u.
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