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Abstract. In this paper, the study of implicit viscosity approximation methods for non-
expansive mappings in Banach spaces is explored. A new iterative sequence is introduced
for the class of nonexpansive mappings in Banach spaces. Suitable conditions are imposed
on the control parameters to prove a strong convergence theorem. Moreover, the strong
convergence of the newly introduced sequence to a fixed point of a nonexpansive mapping is
obtained which also solves the variational inequality problem. These results are improvement

and extension of some recent corresponding results announced.

1. INTRODUCTION

Following the idea of Attouch [3], the viscosity approximation method for
nonexpansive mappings in Hilbert spaces was introduced in 2000 by Moudafi
[10].

Let H be a real Hilbert space with inner product (.,.) and norm |||, K be
a nonempty, closed and convex subset of H. Let G : K — K be a contraction
(i.e., [|G(u) — G(v)|| < ¢|jlu — || for all u,v € K and for some ¢ € [0,1)), and
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let T': K — K be a nonexpansive mapping (i.e., ||[Tu — Tv|| < |ju — v]| for all
u,v € K). The set of fixed points of T" will be denoted by F(T"). Recently, Xu
et al. [16] proposed the implicit midpoint procedure:

2

where {\,} 2, C [0,1]. Under certain conditions imposed on the control pa-
rameter, it was established that the implicit midpoint procedure (1.1) con-
verges to a fixed point p of T' which also solves the variational inequality:

(I -G)p,x—p)>0,VaeFT). (1.2)

Ke and Ma [5] introduced generalized viscosity implicit rules which extend
the results of Xu et al. [16]. The generalized viscosity implicit procedures are
given by

Tnt1 = MG(zn) + (1 = A\)T (dpzn + (1 = 0p)xny1), n €N, (1.3)

Tt = MGl(zn) + (1= An)T (9”"”"“) , neN, (1.1)

and

Yn+1 = )\nG(yn) + ﬁnyn + VnT (5nyn + (1 - 5n)yn+1) , NE N7 (1'4)

where {A\n}o7 ) ABntoey { ey C [0,1] with A, 4+ B, + v, = 1. Suitable
conditions were imposed on the control parameters to show that the sequence
{xn}2, converges strongly to a fixed point p of the nonexpansive mapping
T, which is also the unique solution of the variational inequality (1.2). In
other words, p is the unique fixed point of the contraction Pr1)G, that is,
Prp1G(p) = p. Replacement of strict contractions in (1.4) by the generalized
contractions and extension to uniformly smooth Banach spaces was considered
by Yan et al. [17]. Under certain conditions on imposed on the parameters
which are involved, the sequence {x,} . | converges strongly to a fixed point
p of the nonexpansive mapping T, which is also the unique solution of the
variational inequality

(I-G)p,J(x—p) >0, Ve F(T), (1.5)
where J is the normalized duality mapping.

Inspired by the previous works in this direction, we propose a new implicit
iterative algorithm. Precisely, for a nonempty closed convex subset K of a
uniformly smooth Banach space E and for real sequences {{)\Z}Zozl}le -
0,1] and {d,},2, C (0,1), the implicit iterative scheme is defined from an
arbitrary x; € K by

Tp+1 = >‘711G1 (:En) + )\ifﬁn + )‘iT ((1 - 5n)G2(xn) + 5nxn+1) ) (1'6)

where T : K — K is a nonexpansive mapping and GG; : K — K is a generalized
contraction mapping for each i = 1, 2.
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2. PRELIMINARIES

Let F be a real Banach space with dual £* and denotes the norm on FE by
||l The normalized duality mapping J : E — 2¥" is defined as

J(@) ={f € E": (z, f) = l=[IS1 =]l = W A1}

where (-, ) is the duality pairing between E and E*. Let Bp denotes the unit
ball of E. The modulus of convexity of F is defined as

dg(€) = inf {1 = ;L vl

E is uniformly convex if and only if 0z (€) > 0 for every € € (0,2]. E is said to
be smooth (or Gateaux differentiable) if the limit

:x,yEBE,Hx—sze}, 0<e<2.

ety o]
im
t—0+ t

exists for each x,y € Bg. F is said to have uniformly Gateaux differentiable
norm if for each y € Bpg, the limit is attained uniformly for z € Bp and
uniformly smooth if it is smooth and the limit is attained uniformly for each
x,y € Bpg. Recall that if E is smooth, then J is single-valued and onto if
E is reflexive. Furthermore, the normalized duality mapping J is uniformly
continuous on bounded subsets of F from the strong topology of E to the
weak-star topology of E* if E is a Banach space with a uniformly Gateaux
differentiable norm.

Let T be a self-mapping of K. T : K — K is said to be L-Lipschitzian if
there exists a constant L > 0, such that for all u,v € K,

|7~ Tol < Ljju— o]l

Let (X, d) be a metric space and K a subset of X. A mapping G : K — K is
said to be a Meir-Keeler contraction if for each € > 0 there exists § = d(e) > 0
such that for each u,v € K, with € < d(u,v) < € + 0, we have

d(G(u), G(v)) < .

Let N be the set of all positive integers and R the set of all positive real
numbers. A mapping ¢ : Rt — RT is said to be an L-function if ¢(0) =
0, ¥(t) > 0 for all ¢ > 0 and for every s > 0, there exists u > s such that
Y(t) < sforeacht € [s,u]. A mapping G : E — E'is called a (¢, L)-contraction
if ¢ : Rt — R" is an L-function and

d(G(x),G(y)) < ¢(d(z,y)),

for all z,y € E, x # y.
The following interesting results about the Meir-Keeler contraction are well
known.
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Proposition 2.1. ([9]) Let (X,d) be a complete metric space and let G be a
Meir-Keeler contraction on X. Then G has a unique fized point in X.

Remark 2.2. If K is a nonempty closed (convex) subset of a complete metric
space (X, d), then the conclusion of Proposition 2.1 is still true.

Proposition 2.3. ([13]) Let E be a Banach space, K a conver subset of E
and G : K — K a Meir-Keeler contraction. Then for all e > 0, there exists a
c € (0,1) such that

1G(u) = Gv)|| < cllu —of (2.1)
for all u,v € K with ||u —v|| > e.

Proposition 2.4. ([8]) Let K be a nonempty convex subset of a Banach space
E, T : K - K a nonexpansive mapping and G : K — K a Meir-Keeler
contraction. Then TG and GT : K — K are Meir-Keeler contractions.

The following lemmas are also needed in the sequel.

Lemma 2.5. ([11]) Let K be a nonempty closed and convex subset of a uni-
formly smooth Banach space E. Let T : K — K be a nonexpansive mapping
such that F(T) # 0 and G : K — K be a generalized contraction mapping.
Then {x} defined by
Ty = tG(l‘t) + (1 — t)Tl’t
for t € (0,1), converges strongly to p € F(T'), which solves the variational
mequality:
(G(p) —p,J(z—p)) <0, Yze F(T).

Lemma 2.6. ([11]) Let K be a nonempty closed and convex subset of a uni-
formly smooth Banach space E. Let T : K — K be a nonexrpansive mapping
such that F(T) # 0 and G : K — K be a generalized contraction mapping.
Assume that {x;} defined by

fort € (0,1), converges strongly to p € F(T') ast — 0. Suppose that {x,} is a

bounded sequence such that ||z, — Tx,|| = 0 as n — co. Then

limsup (G(p) — p, J(zn —p)) < 0.

n—o0

Lemma 2.7. ([12]) Let {un},~, and {v,},—, be bounded sequences in a
Banach space E and {t,},—, be a sequence in [0,1] with 0 < liminft¢, <
n—oo

limsupt, < 1. Suppose that for all n > 0,

n—oo
Upt1 = (1 — tp)up + thoy
and
lim sup (41 = ta] = [vns1 — vall) < 0.
n—oo
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Then lim |lu, — v,| = 0.
n—oo
Lemma 2.8. ([15]) Let {a,} be a sequence of nonnegative real numbers sat-
1sfying the following relations:
an+1 < (1 - an)an + anop + Yn, N E N,

where

(i) {a}, C (0,1), Z

(ii) limsup o, < 0,

n—oo

o0
(i) Y0 >0, Y < 0.

n=1
Then, a, — 0 as n — oo.

In this paper, the generalized contraction mappings refer to Meir-Keeler
contractions or (¢, L)-contractions. It is assumed from the definition of (¢, L)-
contraction that L-function is continuous, strictly increasing and ltlim o(t) =

— 00

o0, where ¢(t) =t —1)(t) for all t € RT. Whenever there is no confusion, ¢(t)
and 1 (t) will be written as ¢ ¢ and v t, respectively.

3. MAIN RESULTS

Assumption 3.1. Let K be a nonempty closed convex subset of a uniformly
smooth Banach space E. Let G; : K — K be generalized contraction mappings
and T a nonexpansive self-mapping deﬁned on K with F(T) # 0, for each
i = 1,2. The real sequences {{\, }n 1} [0,1] and {0,},2, C (0,1) are
assumed to satisfy the following condztzons

i) Z )\fl =
i=1

.. a2 . —
(ii) 7}1_)11010(1 A =0, 50n) = 00;
(iii) 0 < hm mf)\ < limsup A2 < 1

n—o0

. 3 301 _

(iv) nlgn;ok =0, Z)\n(l 0pn) < 00

n=1
(v) 0<e<6,<6pp1 <6<1, VneN.

The convergence of the iterative scheme (1.6) is being considered under the
conditions (i)-(v) of Assumption 3.1 stated above.
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First, it is observed that for all w € K, the mapping defined by
w—=T,(u): = AG1(w) + w4+ NT((1—06,)Ga(w) + d,u), (3.1)

for all u € K, where {{)‘%}20:1}?:1 C [0,1], {dn},2; C (0,1), is a contraction
with the contractive constant § € (0,1).
Indeed, for all u,v € K,

1T (u) = Tu () A IT((1 = 8n)G2(w) + dnu) = T((1 — 0,)Ga(w) + 6,0)]|

< M =6,)G2(w) + pu — (1 = 6,)Ga(w) — 5,0

< Adnllu— o]

< dnllu—

< Ollu—o. (3.2)

Therefore, T, is a contraction. Thus, (1.6) is well defined since every contrac-
tion in a Banach space has a fixed point.

The proof of the following lemmas which are useful in establishing our main
result are given as below.

Lemma 3.2. Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E. Let G; : K — K be a generalized contraction mapping and
T a nonexpansive self-mapping defined on K with F(T) # 0 for each i =1,2.
For an arbitrary x1 € K, define the iterative sequence {xy,},., by (1.6). Then
the sequence {xy}, | is bounded under the conditions (i)-(v) of Assumption
3.1.

Proof. 1t is shown that the sequence {z, },~ ; is bounded. Let ¢ = max {¢1, 2}
and G = max {[|G1(p) — pl, [|G2(p) —p|}. For p € F(T),

[Zni1 = pll = IMG1(zn) + Non + AST((1 = 6,)Ga(n) + Onni1) — pl|
< MG (zn) = pll + Aol — pll
+ AT ((1 = 60)Ga(2n) + Onng1) — pll
< MG (@n) = Gi(D)]| + MIG1(p) — pll + Ao |2 — pl|
+ A1 = 60)Ga(n) + dpansr — p
= Ml Gi(zn) = Gip)| + Al Gi(p) = pll + X[l — pl]
+ 2 1(1 = 6,)(Ga(xn) — p) + (i1 — D)
<G (@n) = Gi(p)|| + MG (p) — pll + ol — pll
+ A0 (1= 6,)[|G2(n) — G2(p)|| + A3 (1 = 6,) (| Ga(p) — pll
+ A3 Onllzns1 — pll
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<X llzn = pll + AllGi(p) = pll + A% ll2n — pl]
+ A0 (1= 8n)allan — pll + X5 (1 = 60)[|Ga(p) — pll
+ )‘gzénnxn-i-l -7
< (A + X2+ 251 = 6,)9) [|lzn — p
+ (AL + A1 = 8,)) G+ A2bnl|zngr — D
= (¢ + )‘31,(1 — ) — Aiénw) lzn — pll
+ (1= A2 = A26,) G+ X2dn|lznt1 — pll.
Therefore, we have

Y+ A1 — 1) — Ajony) 1— A% — Nidn

_ < _
e —pll < T = gl + TG
_ (1= A% — Aadn)o ) Lo
< max{flan - pll, 671G} (33)

Then by induction,
|Znr1 = pll < max {|lz1 —p[, ¢7'G}.

This shows that the sequence {xy,},- ; is bounded and hence { {Gi(:zjn)}zo:l}?:l
and {T'((1 — 0,)G2(xpn) + OpZni1) by are bounded. Certainly, for p € F(T),

1G1(@n)|| < [[Gr(zn) = GL(P) | + [|G1L(P) |
< il —pll + |G1(p) ||
< maX{LDlel -, 1111<;5_1G} + |G1(p)|| (by induction).
Similarly,

IG2(zn)l < max {1z - pll, Y167 G} + [|G2(p)ll.

Furthermore,

IT((1 = 0)G2(zn) + Snznt1)|l
= [|T((1 = 0,)G2(zn) + 6nxn+1) —p + p|
< |T((1 = 6n)G2(@n) + Onwnt1) — T + [|p||

< (1 = 8,)Ga(zn) + Spania — pll + [P

< (1= 6)|Ga(zn) — pl| + dnllTns1 — pll + |2l

< (1= 0n)|G2(2n) = G2(p) |+ (1= 0n) |G2(p) — I+ On | Tns1 —pl| +||pl]
< (1= dn)bllzn — pll + dnllns1 — pll + (1 = 60) |G2(p) — pll + [|p]]
< (1= e)hallzn — pl| + 8| @ns1 — pl| + (1 — €)||Galp) — pl| + ||pll-
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Therefore, we have
|T((1 = 0r)G2(n) + SnZn1) |l
< max {(1+8 — )¢z —pll, 1+ — e)pd™ ' G}
+ (1 = 6)|Ga(p) — pll +[lpl| (by induction).
O

Lemma 3.3. Let K be a nonempty closed convex subset of a uniformly smooth
Banach space E. Let G : K — K be a generalized contraction mapping and
T a nonezpansive self-mapping defined on K with F(T) # 0. Suppose that
{0n}02 1 is a real sequence in (0,1) and {z,},~; C K. Set
= (1—=109,)G(xn) + 6nTpi1-
Then, we have
[Tvn11 — Tog|| < (1= 6ns1)¥)|Tns1 — Tall + (Ons1 — 6n) [ Tna1 — G(2)]]
+ Ont1l|Tnt2 — Tt
Proof.
[T vn41 — Toy|
— (1 = 041G ns1) + Fns18ns2) — T((1 = 6)G ) + buzns)|
< (1 = 0n41)G(Tn+1) + Snt1Znt2 — (1 — 60)G(20) — Snnt |
= [|(1 = 0p+1)G(znt1) — (1 — 6n41)G (@)
+ (1 = 0p41)G(zn) — (1 = 60)G(an)
+ 0n41Znt2 — Ont1Tn41 + Ont1%nr1 — OnZni1|
(1 = 01 1)(G@ns1) — Gl@n)) — (Bt — 02)G ()
+ On+1(Tnt2 — Tnt1) + (On+1 — On)Tnta |
(1 = 601 1)(G(@ns1) — Gl@n)) + Gutr — 00) (Bns1 — Gla)
+ On+1(Tnt2 — Tnt1) ||
< (1= 6pi)IG(@ns1) — Glan)l + Buss — 80)llensr — Glan)
+ Ont1[|Znt2 — o |
< (1= 0ng1)¥l@ns1 — @nll + (Ont1 = ) llTntr — Glan) ||
+ Ont1l|Tnt2 — Tt - (3.4)
O

Theorem 3.4. Let K be a nonempty closed convex subset of a uniformly
smooth Banach space E. Let G; : K — K be generalized contraction mapping
and T a nonexpansive self-mapping defined on K with F(T) # 0, for each

T
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i =1,2. Assume that the conditions (i) — (v) of Assumption 3.1 are satisfied.
Then the iterative sequence {xy, }oo | which is defined from an arbitrary v, € K
by (1.6), converges strongly to a fixed point p of T, which solves the variational
mequality

(I -Gy)p,J(x—p)) >0, Ve F(T). (3.5)

Proof. Set u, = % and v, = (1 — 0,)Ga(xy) + dnTpt1. Then it could
be obtained that,

2
_ Tn42 — >\n+1$n+1 Tn41 — )\%xn
Un+1 — Un = -

1-X% 1—A%
_ )‘711+1G1(=Tn+1) + X0 T (Ynt1) NG (@n) + AT (yn)
N — Aoi1 1=A2
Ans1 Ani
— 2 (Gaan) = Galan)) + (2 Cr(on)
1-X2, 1-22,, 1—/\%
A, +1 )‘3+1
+ 157 (L) — )+ < ntl T(yn)
)‘721+1 o 72z+1 1- )‘%
A1 1 A
= ni(Gl(an) G1(zn)) < nt - — >G1(xn)
N1 1- )\gl—l-l 1-A7
)‘n-i-l n+1 )\3
e (T(y, _ n T(yn,
+ )‘31—&-1( (Yn+1) )+ <1 n+1 =2 (Yn)
/\1 1
= 157 (Gi(eni) = Gi(an))
n+1
A3 A3
+ ( g = ) (T'(yn) — G1(zn))
N, 1-%
Ant
+ 152~ (Tyns1) = T(yn))-
n+1
Let

M} = sup{[|T () = Gaaa)ll}
M2 = sup {Jla = Ga(an) [}

My} = sup {||zn41 — Ga ()1}

and M = max{ , M2 MSL’} Put ¢ = max{¢1, 12}. Then, it can be
obtained from (3. 4) that
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A
ﬁ”Gl(mn—H) — G1(z) |
n+1
N w1 A
1-X2,, 1-X2

n

1T (yn) — Gr(zn) |l

)\3+1
+n7”T(yn+l> = T(yn)l

Y
)\1
+1
1_n7>\%+1¢1||$n+1 — Zn|
A1 A
- T(y) — G
5 1)~ Gt

3

An
8 (= Gng)2llwnss — 2l
n+1

+(0nt1 = On)l[nt1 — Go(2n) || + Ontal|Tnt2 = T ]

)\711+1¢) + )\%H(l — Opt1)
1— )2

Y
[#n4+1 — @]

n+1
+ <‘ )‘2+1 _ A?L )‘2—1—1(571—1—1 _6n)> M
1-X2,, 1-x2 1-22,,
A2 10nt
T lonse = anaal) (3.6)
n+1

Next is to evaluate ||zp4+1 — xn |-

Tn+2 — Tn+l

A%L+1G1 (Tnt1) + )\i+11’n+1 + )‘i+1T?/n+1

— (A%Gl (zn) + /\%xn + /\%Tyn)

)‘711+1(G1 (Tn41) — Gi(zn)) + )\?L+1(xn+1 — Tp)
A0 1 (Tyngr = Tyn) + (Apps — AL)Ga (@)
+(Aoy = Az + (Ao = ATy
)\}l-i-l(Gl(xn“Fl) — Gi(zn)) + )‘31+1(xn+1 — n)
X (Tyns1 — Tyn)

H(AD = Anr) + (A = X 11)) G ()

+(Aoy = Az + (Ao = ATy

A7£+1(G1 (Tn+1) — Gi(zn)) + )\Z+1(xn+1 — n)
+>‘?1+1(Tyn+l —Tyn) + (>‘721+1 - A%)(zn — G1(zn))
F (A1 = M) (Tyn — Gi(n)).
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Then, from (3.4)) it leads to

|Znt2 = zpiill < Ansa®llzars — 2l + AbpillTnts — 2
A1 [ Tyn41 — Tyl
HAn 1 = Adlllzn — Gi@n) |
HA 1 = Ml Ty — Gi(za) |
Mr¥llZnsr = all + X5 @01 —
+>‘n+1[(1 = Ot 1) V]| pg1 — 24|
+(0nr1 = ) lTns1 — Go(@n) || + dna1llTnae — Tngall ]
HAnp1 = Alllan — Gilza)|
HA 1 = Ml Ty — Gi(zn) |
= A+ M A D0 =X 1601 ?) (201 — 24|
+)‘n+15n+1”$n+2 — Tpp1]|
(|/\n+1 )‘2| + ‘)‘nJrl >‘3’ + )\i+1(5n+1 - 571)) M
= Mg+ 0=X0)0 =X 10m1?) [T — 20|
+)‘?z+15n+1||xn+2 — Tnp1]|
+ (A2 = Ao+ A = A+ A (B — 0n)) M
= (w + )‘n+1(1 — ) — )‘n+15n+1w) me-l - an
+>‘?z+16n+1||xn+2 — Tpy|
(’/\nJrl )‘2‘ + ‘)‘n+1 /\3’ + )\i+1(5n+1 - 571)) M
= ()\n-‘,-l( — )+ (1 - /\3+15n+1) ) [ Tna1 — 2nl|
+>‘n—i-15n+l||fvn+2 — Tpy|
(’/\n-l-l )‘2‘ + ‘)‘n-‘rl /\i’ + )‘zr))z+l(6n+1 - 571)) M.

IN

Putting d, = (|A2,; — A2|+ A3, — A3| + A3, (6n41 — b)), it could be ob-
tained that,

A (M=) + (1= A 16n41)

T - < T —T
” n+2 n—l—IH > 1_)\%+15n+1 H n+1 n”
dp M
—a (3.7)
1- )‘n+15n+1
On+1—0n . .
Let S, = 1>";\§1 1&\2 + A”*i( )\2“ ) and substitute (3.7) into (3.6) to
n+1 n n+1

obtain
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[Unt1 — unl|

A1+ (1= 6pp1)0 N )\?L+15n+1

[
1— /\721+1 )‘31-5-1
A +(1 =X 6,
n+1( ¢) ( n+1 +1)'¢ ]Hxn—i-l . an
1- )‘n+16n+1
LS. M+ A 10n41 dy M

1- )‘721-1—1 1- )‘73;+15n+1
n+1¢ + )\n—l—l(l — 1) — )\%+15n+1()‘711+1¢ + )‘%-5-1(1 — On+1)V)

[1 - )\%H][ )‘i+15n+1]
Mg 10n1 (A0 (1= 9) + (1= A) 1 0n1)9)
[1 - )‘?H—l”l - >‘§1+15n+1}

[

1 I S
+( 8, + nontlnt )M
( [1 - )‘%H][l - )‘?z+15n+1]

+1w + AnJrl(1 - 5n+l)w )‘%Jrl(sn—f—l()\?lwrlw + )\%+1’L/J — )‘%+15n+1w)

| TR TR Sy

i Ao10n1(ANn1 = Ap1 ¥+ = Aby10n419)

Tn+l — Tn
[1- )\n+1][1 /\%+15n+1] lnes I
dn A 1 0n1
+( Sn+ bt > M
< [1 - )‘%HH )‘%+15n+1]
[ +1¢ + >‘n+1(1 — Ont1)Y — )‘%+15n+1((1 — )‘%,H)q/} - )‘:r))z+15n+l¢)
L= Al = Aoy 10nt]

Ao 101 (Aa + (A= A2 )Y = A 10n17)
[1 - A%H][l )‘?z+15n+1]
dp )3 Ot
+( S, + nonflnh >M
< [ - )‘121+1][1 - >‘§L+15n+1]
A1+ A8 (1= 0y + A3 1601102

|1 =

- X1 — A3 0 fens =l
dn)\ 5n+1
+ <Sn + n+1 >M
(1= A2 ][ = A1 0n41]

(1- >\n+1)7/) )\i+15n+1¢ + )\5’1+15n+1)\i+1
[1 - /\n+1][1 )‘%+15n+1]

d )\ 5n+1
+ <Sn + n+1 >M
[ )‘%HH )‘%+15n+1]

[#n4+1 — @]
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- (-t — X0 — ) - A%“d"““‘w)|ya:n+1—xn||

[ )‘%HH )‘%+15n+1]
dp, A3 On
(S e )
- (- e e
dp, A3 On,
* <Sn - [1 - )‘%+1]F+i )‘%ilénﬂ]) M
- (1 [(1 _;273[ Anﬁfﬂﬂ) 41 =zl
On
#(sr g A%ijfﬂ A%ilén+11) M
< (1-Uhasgabelyy, )
On
* (S” = A?ijfﬂ A%ilén+11> M

It then follows that

(1= X1 = M1 0n41)0

703

|tns1 — tnll = |Tni1 —2nl] < — 122 |Znt1 — on|
n+1
d /\3 5n+1
+ (S + n+1 )M,
(1 - )\%L+1)( - >‘2+15n+1)
and thus,
lim sup ([lun41 = tnl| = |2n41 — znl]) <0 (3-8)
n—oo
Invoking Lemma 2.7 gives
nlg]go |un, — zp| = 0. (3.9)
Consequently,
[Znt1 — 2l = [|(1— )‘i)un + )‘7213% — Zn|
= (11 = AD)un — (1= X))
= [I(1 =A%) (un — @)l
< (1 =X)||up —xp)| = 0as n— oo (3.10)
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Next is to show that lim ||z, —T(x,)|| = 0. From (1.6), we could have that
n—oo

|2n = Tan| < llon — zni1ll + l2n — T(zn)||

< lznt — aall + HA}LGl(xn) + /\%xn + AiT(Un) = T'(zn)||

< l@ns1 = all + ApllG1(zn) = Tza)|l + Adllwn — T(xa)l|
+ XN (vn) = T(z)|

< J[nsr = @l + ApllG1(@n) — T(an)| + Adllan — T(zn)|
+ )‘invn — n |

< [[nt1 = @l + ApllG1(@n) = T(an)ll + Adllan — T(zn) |
+ )‘iH(l = 0n)Ga(zn) + OnZpi1 — Tn|

< N#ns1 = all + ApllG1 () = T() || + Adllen — T(xa)l|
+ A0 (1= 8n) 20 — Go(an) || + Aydnllznts — @nll

= (L + A30n)ln41 — @l + (A + A5 (1 = 6,)) M
+ Aoz — T (x|

=(1+ >\25n)Hxn+1 — x|+ (1 - )‘7?;571 - /\%)M
+ Anllzn — T(@n)|-

From 0 < liminf A2 < limsup A2 < 1, let 0 <1 < A2 < 1. Then

n—oo

n—o0
L+ A6 1—X2 - )36
|z — Tan|| < 1_7;\27;1”%+1—37n||+1n_—)\wM
L+ A3 1—X2 - )36
< TMH%JA—%HJF%MM, (3.11)

which goes to zero as n — oo by (3.10) and condition (ii) of Assumption 3.1.

Let a net {x:} be defined by z; = tGi(x) + (1 — t)Tz for t € (0,1). It is
known by Lemma 2.5 that {x;} converges strongly to p € F(T), which solves
the variational inequality:

(Gi(p) —p, J(z —p)) <0, Yz € F(T),
which is equivalent to

(I =Gr)p, J(x—p)) >0, Vae F(T).
It is claimed that

limsup (G1(p) —p, J(¥p+1 —p)) <0, (3.12)

n—o0
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where p € F(T) is the unique fixed point of the generalized contraction
PpyG1(p) (Proposition 2.4), that is, p = Pp)G1(p).
By (3.11), lim ||zp — T'z,|| = 0. So it follows from Lemma 2.6 that
n—oo

limsup (G1(p) — p, J(zn — p)) < 0.

n—oo

Due to the norm-to-weak™ uniform continuity on bounded sets of the duality
map and the fact that ||x,4+1 — 2| — 0 as n — oo by (3.10), we obtain that,

limsup (Gi(p) — p, J(@nt1 — D))

n—o0

= lim sup <G1(p) - D J(xn-i-l — Tp + Ty — p))

n—oo

= limsup (G1(p) — p, J(z, —p)) <O0. (3.13)

n—0o0

Lastly, it is established that z, — p € F(T) as n — oo. Suppose that the
sequence {z,},.; does not converge strongly to p € F'(T). Then there exists
€ > 0 and a subsequence {xy, }; of {z,},— such that ||z,, —p| > €, for all
k € N. Therefore, for this €, there exists ¢; € (0, 3) such that

1Gi(en,) — Gip)l < cillzn, —pll, i = 1,2,

Let ¢ = max{cy,co} . Then,

|Zney — 217 = AL {(Gi(@n) — Py J(Tngyy — D))
+)\?Lk <xnk - Db J(xnk“ - p)>
A3, (T () = P T (T — D))
= AL Gi(@ny) — G1(D), (T — D))
AL (G1(p) = p, J(Tnsy — D))
X2, (T, — P (@0, — D))
X0, (T (Yny) = P, J (T, — D))

< ey lwn, = pll 20, — ol

AL (G1(p) = p, J(Tnyy, — D))

A2 M@, = pll |@ngsy — Pl

+ A0 (1= 6n,)Ga(wn,) + Ony gy — Pl ||y — 2]
< A @n, = pll 2041 — Dl
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+2, (G1(p) = py T (Tnyy, — D))
X%, 2, = pll 20, — 2l
A0, (1= 6u )| G2(@n,) = pl| 120y, — ol
+)\§Lk5nk”xnk+l _pH2
Az, = pll 2, = pll+ X (Gi(p) = p, J(@nysy —P))
+)\2Lk||‘rnk _pH Hxnk-u _pH + C)‘ik(l - 5nk)‘|xnk _pH ”xnk+1 _pH
+A5, (1= 6,)1G2(p) = pl| [[@ny sy — Pl + A0 2, — 2l
+)‘111 <G1(p) - D J($nk+1 _p)>
A0, (1= 8u)IG2(0) = pl| 1Tngy — Pl + A3, Onellnysy — 2l
1
5 (AL + X2+ exl, (1= 0)) (llew, =PI + [z, — 2l
+)‘£ <G1(p) =P Tngyq _p> + )‘ikénkuxnkﬂ _p”Q
1
52, (1= 60, (162 () =PI + 12, — 21)
1
1

2

1
#3578, (1= 60,)[Gap) — ol

1
3 (c(An, + A3, (1=6n,)) + A2,) llzn, — P
A A{G1(P) = py J(Tny,, — D))

1

5 (€ + X0 (1= 8n,)) + A0, + A0 (1 +00) oy, —
1

5 X0, (1= 80, Galp) — I

1

+)‘711 <G1(p) - D, J(xnk+1 - p)>

1 2

1
52 (1= 0 )lIG2(p) — pII* (3.14)
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Observe that
2— (1=, — A 6n,) — A0, — AD (1+0p,)
=2—cH A, + N Oy — AL —AD = AD b,
=2—c—(1—- c))\ik - (1- c))\ikénk - )\%k
=1l—-c—(1- c))\ik - (1- c)/\f’%%k +1-— )\ik

2 3 3
=14+ (1—c)(T=X, =X, 0n) — A, (3.15)
and
1 _ 2 3
Ay = L=X =)
< 1-X2, — A} 6y, (since &y, € (0,1)). (3.16)

Simplifying (3.14) by 2 gives

||x"k+1 _pH2
< c(1 - )‘%k B )\Ebk&nk) + )‘72%
1410 (1=, 1_ A3 O ) — A3
1+ (1—c)(1- /\)7\2;: — A3, Ony) — A3, (Gi(p) =P, J(@nyy = D))
N A3 (1= 0ny)
L+ (1—c) (1=X2, = A3 6n,) — A3,
(L—=2c)(1— A2, — A3 6n,) + A, ,
(1_ L+ (1—c)(1—22, =3 6,,) — A > lzn, = P
k k k
A
T+ (1—c) (L=X2, = A3 6n,) — A3,
n Ay (1= 0n,)
L+ (1—c) (1= X2, — A3 6n,) — A3,
1—-2e)(1 =X — X3 6,
= (1‘ 1+<§_C> ()1(_ SERE T )’“)_ 3 ) iz, = pl*
Nk ng Nk ng
(L= 20)(L = A, = X5, Ony) 1
1+ (1—c)(1—A2, — A3 3, ) — A3, 1—2c
A3 (1= 0n,)
1+ (1—c)(1=X2, — A3 6n,) — A3,

2
[, = pll

+

1G2(p) — pl?

+ <G1(p) - D, J(l’nk+l _p)>

1G2(p) — pl?

<G1 (p) - D, J(xnk+1 - p)>

+ IG2(p) — plI? (By (3.16)).
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By taking a,, = (1 — 2¢)(1 — )\?Lk — A%kénk)v op = <G1(p) =05 J(Tngy, —p)>
and vy, = )\f’%(l —dp, ) in Lemma 2.8, it shows that x,, — p as k — oo, which
is a contradiction. Hence, {xy} - | converges strongly to p € F(T). O

The next result shows that under suitable conditions, the implicit iterative
sequences (1.4) and (1.6) converge to the same fixed point.

Theorem 3.5. Let K be a nonempty closed convexr subset of a uniformly
smooth Banach space E. Let G; : K — K be a c-contraction mapping and
T be a nonexpansz’ve self mapping defined on K with F(T) # 0 for each i =

1,2. Let {{X\, }n 1} [0,1] and {n},~; C (0,1) be real sequences such

that Z)\% = 1. Suppose that G in (1.4) is the same as Gy in (1.6) and

A3
7}1_{%0 =22 =25, = 0. Then {z,}.>, defined by (1.6) converges to p if

and only if {yn}f;l defined by (1.4) converges to p.

Proof. Let ¢ = max {ci1, ca2}.

|Zn+1 — Yntall
= |[ALGy(z) + N2, + X2 T((1 = 6,)Ga(zn) + 0pny1)

— (MG Wn) + Aoy + AT (Bnyn + (1 = 6n)yns1)) ||
= AL (G1(2n) = G1(yn)) + No(#n — yn)

+ X0 (T((1 = 62)Ga(wn) + Snns1) — T(0nyn + (1 = 6n)ynr1)) |
< MG (mn) — Gi(yn)|l + Aol 2n — yal

+ AT ((1 = 62)Ga(n) + 6nni1) = T(6nyn + (1 = 0n)yni1) |
< Aetllzn = yoll + Ao |20 — al

+ X111 = 6,)(Ga(xn) = Ynt1) + On(Tns1 — yn)|
< Anetllzn = yall + An 20 — ynll

+ A5 (1= 60)[|Ga(2n) — G2(yn) + G2(yn) — Ynt1 |

+ A 0nl|Zng1 = Ynt1 + Ynt1 — Unll
< Merllzn = ynll + Ao llzn = ynll + X5 (1 = 8a)callzn — al

+ A5 (1= 0 [ynr1 — Ga(yn) | + AndnllZnir = ynsall + X2bnllyns1 — vl
= (e + A0 (1 =8a)e+ A%) [lzn = ynll + Abdallznts — yns

+ X0 (1= 6u)lyns1 — Ga(yn) | + A3 0nllynsr — ynll-
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Since {yn},-; and {Ga2(yn)},—, are bounded [5], let

zm:mMFWMMr4M%mwM%H—%@.
n n

Then
[Zn41 = Yt
Me+ A3 (1 —6,)c+ N2 A3
< In n n N n
= 1= A2, o =unll + =535, M2
(L= A2 = A2n)(1—0) A
(- on =l + 735,
(1—=X2 = 726,)(1—c) A3
- <1_ T e =l + 755, M2
A
= (1 - Bn)“-ﬁn - ynl\ + (1 — /\% — )\%5”)0 — C)ﬁnMg, (3.17)
where 3, = (1_’\%1:):\%,55‘73 (=9 From the given condition, it follows that
3
lim sup L <0.

el (1= X2 = X35,

Apply Lemma 2.8 with ~,, = 0 to (3.17) to get that ||z, —yn|| — 0 as n — oc.
Furthermore, suppose ||y, — p|| = 0 as n — oo, it follows that,

l|xn = pll = llZn —Yn +Yn —pl|
< Hxn_yn”"i_Hyn_pH
= |lyn —pl|

— 0 (asn — 00).

Similary, suppose ||z, — p|| = 0 as n — oo, it follows that,

llyn =2l = |[lyn — Tn + 20 — pl|
< Nlyn — @nll + |20 — pl|
= |lzn —pl|

— 0 (asn — 00).
O

Corollary 3.6. ([17]) Let E be a uniformly smooth Banach space and K
a nonempty closed convex subset of E. Let T : K — K be a nonexpansive
mapping with F(T) # 0 and G : K — K a generalized contraction mapping.
Pick any xo € K. Let {x,,},-, be a sequence generated by

Tp4+1 = anG(xn> + bpxy + ¢, T (Snxn + (1 - Sn)$n+1) ) (318)
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where {an}o.q,{bn}rey and {c,}oo, are three sequences in [0,1] satisfying
the following conditions:

(i) an+bn+cn=1;
o

(ii) E an = oo, lim a, = 0;
1 n—o0
-

(iii) Z |bp+1 — bn| < 00 and 0 < hnni)gfbn < limsupb, < 1;

n—00
n=1

(iv) 0 < e<sp <spy1 <1 forallneN.
Then {x,},> | converges strongly to a fized point p of the nonexpansive map-
ping T, which is also the solution of the variational inequality (1.5).

Proof. Observe that A\l = a,,, A2 = b, and A} = ¢,, by comparing (1.6) and

(3.18). Taking G1 = G, 0, = 1—s,, and G2 to be the identity mapping of K in
(1.6), we obtain (3.18). Hence, the conclusion follows from Theorem 3.4. [

Corollary 3.7. Let K be a nonempty closed convexr subset of a uniformly
smooth Banach space E. Let T be a nonexpansive self-mapping defined on
K with F(T) # 0. Assume that the real sequences {A,},-, C (0,1) and
{0n}o2, C (0,1) satisfy the conditions:

0 5 An =0
(ii) Z An = 00;
n=1

(i) 3 Pt — Al < o5

n=1
(iv) 0 < e <dp < dpt1 <1 foralln € N.
Then the iterative sequence {y, }, -, which is defined from an arbitrary z1 € K
by
Tnt1 = AnZn + (1= X)T((1 = )z + 0nZnt1) (3.19)
converges strongly to a fized point p of T' which solves the variational inequality

(1.5).

Proof. The result follows from Theorem 3.4 by simply taking G; = G3 to be
the identity mappings of K in (1.6). O

Corollary 3.8. ([1]) Let E be a uniformly smooth Banach space and K a
nonempty closed conver subset of E. Let T : K — K be a nonexrpansive
mapping with F(T) # 0 and G : K — K an a-contraction. Suppose that the
real sequences {an} C (0,1), {b,} C [0,1) and {c,} C (0,1) are such that
an + by +cp =1, for all n € N and satisfy the following conditions:

0 JHg.0n =0
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(0.9]
(ii) z ay, = 00;
n=1
(iii) 0 < liminfb, <limsupb, < 1;
n—00 n—o0

(iv) T}Ln;o |bp1 — bp| = 0.

For an arbitrary 1 € K, define the iterative sequence {x,} by

2

Then the sequence {x,} converges in norm to a fized point p of T, where p is
the unique solution in F(T) to the variational inequality (1.5).

Tnt1 = anG(xy) + bpxy, + T <m"+$"+1> , neN. (3.20)

Proof. It is known that a generalized contraction is more broad that an «-
contraction. Comparing (1.6) and (3.20), it is noted that A\ = a,, A2 = b,
and A3 = c,. Taking G to be the identity mappings of K and 6, = 2 for all
n € Nin (1.6), it reduces to (3.20) with G; = G. Therefore, the desire result
follows from Theorem 3.4. U

Corollary 3.9. Let K be a nonempty closed convex subset of a uniformly
smooth Banach space E. Let T be a nonexpansive self-mapping defined on K
with F(T) # 0. Assume that the real sequence {\,}oo; C (0,1) satisfies the
following conditions:

(1> nhar{olo An = 0;
(ii) Z Ap = 00;
n=1

o0
(i) Y [Ans1 — An| < o0
n=1
Then the iterative sequence {x,}
by

o0

ne1 Which is defined from an arbitrary x1 € K

Tn+x
Tn1 = Anan + (1 — )\n)T(%"H

converges strongly to a fized point p of T which solves the variational inequality
(1.5).

) (3.21)

Proof. The result follows from Theorem 3.4 by simply taking G; = G5 to be
the identity mappings of K and 6, = 2 for all n € N. Therfore, this improves
and extend the results of Alghamdi et al. [2]. O
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