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Abstract. In this article, we introduce a new modified SP-iteration algorithm for solving
fixed point problems of continuous functions on an arbitrary interval. Convergence theorems
are established for the new iteration algorithm. Further, we test numerical experiments of
the proposed algorithm to compare with Mann, Ishikawa, Noor, CP and SP- iterations.

1. INTRODUCTION

Let C be a closed interval on the real line and let f : C' — C' be a continuous
function. A point p € C' is called a fized point of f if f(p) = p.
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In the original way to estimate a fixed point of a nonlinear mapping, Mann
[4] introduced Mann iteration, which generates a sequence {x,} as follows :

Tnt1 = (1 — an)Tn + anf(z,) (1.1)

for all n > 1, where {a,,} € [0,1]. In 1991, Borwein and Borwein [1] proved
the convergence theorem for a continuous function on the closed and bounded
interval in the real line by using iteration (1.1).

Another classical iteration process was introduced by Ishikawa [3] which is
formulated as follows:

Yn = (1 - 5n)xn + ﬂnf(l'n)y

Tne1 = (1 — ap)zn + anf(yn) (1.2)

for all n > 1, where {a,} and {3,} are sequences in [0, 1]. Such an iterative
algorithm is called Ishikawa iteration. In 2006, Qing and Qihou [8] proved
the convergence theorem of the sequence generated by iteration (1.2) for a
continuous function on the closed interval in the real line (see also [7]).

In 2000, Noor [5] defined the following iterative scheme by z; € C' and

(1 - Nn)xn + ,unf(xn)a
Yn (1 - /Bn)xn + an(zn)a (1.3)
Tpy1 = (1 — an)zn + anf(yn)

Zn

for all n > 1, where {a,} and {8,} are sequences in [0, 1], such an iterative
algorithm is known as Noor iteration.

Next Phuengrattana and Suantai [6] introduced and studied the SP-iteration
as follows: 1 € C and

Zn = (1 - Nn)xn + ,unf(xn)a
Yn (1 - /Bn)zn + /an(zn)a (1.4)
Tn4+1 = (1 - an)yn + anf(yn)

for all n > 1, where {a,,} , {Bn} and {u,} are sequences in [0,1].

Recently, Cholamjiak and Pholasa [2] introduced the CP-iteration as fol-
lows: z1 € C and

Zn (1 - Mn)fEn + Mnf(xn)a
Yn = (1 — Tn — Bn)ﬁn + Thzn + ,an(zn), (15)

Tn41 = (1 —Tn — O‘n)zn + YnYn + anf(yn)
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for all n > 1, where {an} , {Bn} , {tn} , {7n} and {7y, } are sequences in
[0,1]. They proved a convergence theorem of the iteration (1.5) for continuous
function on an arbitrary interval in the real line.

In this paper, motivated by the previous ones, we suggest a new modified
SP-iteration algorithm for solving a fixed point problem of continuous function
on an arbitrary interval in the real line. Such an iterative algorithm is called
MSP-iteration. We also present numerical examples and the comparison to
iteration of Mann, Ishikawa, Noor, CP and SP iterations.

2. MAIN RESULT

In this section, we give some crucial lemmas.

Lemma 2.1. Let C be a closed interval on the real line (can be unbounded)
and let f : C — C be a continuous function. Let {an},{Bn}, {tn},{m} and
{mn} be sequences in [0,1]. Choose an arbitrary initial guess 1 € C. Assume
{zn}, {yn} and {z,} have been constructed. Compute x,1 via the formula
Zn = (1 - Mn)xn + an(xn)a
Yn = (1 —Tn — /Bn)zn + Tnf(xn) + /an(zn)y (2.1)
Tnt1 = (1= — an)¥yn + W f (20) + anf(yn), n>1,

(o] o0 o oo
where E:lozn = 00, nli_)rgloozn =0, E:lﬂn < 00, E:l,un < 00, zzlvn < 00 and
n= n= n= n—=

oo
ZT” < 00. If x, — a, then a is a fived point of f.

n=1

Proof. Let z, — a, and suppose a # f(a). Then {z,} is bounded. So,
{f(zy)} is bounded by the continuity of f. So are {yn},{zn},{f(yn)} and
{f(2zn)}. Moreover, z, — a since z,, — a and p, — 0. We also have y,, — a
since z, — a, 7, — 0 and S, — 0. From (2.1), we obtain
Tn+1 = (1 - 'Yn)yn — QpYp + 'an(zn) + anf(yn)
= (1 - 'Yn)yn + 'Ynf(zn) + an(f(yn) - yn)
= (1 - ’Yn)yn(l — Tn — Bn)zn + (1 - ’Yn)Tnf(xn) + (1 - Vn)ﬁnf(zn)
+an(f(Yn) — Yn)
= (1 - ’Yn)zn - (1 - 'Vn)TnZn - (1 - 'Yn)ﬁnzn + (1 - 'Yn)Tnf(mn)
+ (1 - ’Yn)ﬁnf(zn) + ’Ynf(zn) + an(f(yn) - yn)
= 2n — Tnén — (1 - ’Yn)TnZn - (1 - ’Yn)ﬁnzn + (1 - ’Yn)Tnf(J:n)
+ (1 - ’Yn)ﬁnf(zn) + ’Ynf(zn) + an(f(yn) - yn)
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= zn — (1 = ) Tzn + (L = )70 f (¥0) + 1 (f(20) — 20)
+ (1 = 90)Bn(f(20) — 2n) + n(f(Yn) — yn)
= (1= (1 =9)7)(1 = p)xn + (1 = (L = ) T0) i f (1)
+ (L= )7 f(@n) + 1 (f(2n) — 20) + (1 = 70) B (f (20) — 2n)
+ an(f(Yn) — yn)
= (1= (1 =v)m)2n — (1= (1 = %)) pnn + (1 = (1 = ) 0) pin f (2)
+ (L= )7 f(@n) + 1 (f(2n) — 20) + (1 = 70) B (f (20) — 2n)
+ an(f(Yn) = yn)
=2n — (1 = %) T@n — (1 = (1 = )70 tin@n + (1 — (1 = v0) ) i f (T1)
+ (L= )7 f(@n) + W (f(2n) — 20) + (1 = 70) B (f (20) — 2n)
+ an(f(Yn) — yn)
=2n + (1= %) (f (@) — 2n) + (1 = (1 = ) m0) pin (f (20) — Tn)
+ 9 (f(2n) = 20) + (L= 70) B (f(2n) — 2n) + an(f(Yn) — Yn)
=2n + [(1 = )70+ (1= (1 = 7)) ta) (f (z0) — 25)
+ [Yn + (1 =) Bal(f(2n) — 2n) + an(f(yn) — yn)
= Ty + (Tn = WnTn + Hn — EnTn + YnToktn) (f(Tn) — Tn) + an(f(Yn) — yn)
+ (771 + B — ’Ynﬂn)(f(zn) - Zn)

Let pr = f(xg) — 2k, qx = f(yx) — yr and 1, = f(zx) — zx. Then, we see ‘5121;‘5)
Jm pp = lim (f(zx) — @) = f(a) —a #0,
Jim g = lim (f(yx) —yr) = fla) —a #0, (2.3)
Jim = lim (f(2) = 2k) = f(a) —a # 0.

So, from (2.2) we obtain

T =21+ > (Th = Wk + ik — Tk + YeThin) (f (1) — 1)
k=1

+Zak — Yk +Z Vi + B — veBr) (f (2k) — 2k)

k=1

=+ Z(Tk — YTk + Bk — [Tk + Ve Tk k) Pk + Z Gk
k=1 k=1

+ ) (B — Br)r

k=1
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oo [ee] o
Since kli_)ngopk # 0 and Z,uk < 00, ka < oo and ZTk < 00, it is easy to

k=1 k=1 k=1
see that
(e.)
Z(Tk = VkTk + Mk — MkTk + VeTkik)Pk < 0O
k=1
o0 [o¢]
Similarly, we have Z(Wf + Bk — Vi) < 0o since lim rg # 0, Z/Bk <
k=1 ko0 k=1

oo
and Z vk < oo. This shows that {z, } is a divergent sequence since lim g # 0
1 k—o0
o0

and Zozk = o0o. This is a contradiction to the convergence of {z,}. Hence

k=1
f(a) = a and a is fixed point of f. O

Lemma 2.2. Let C be a closed interval on the real line (can be unbounded)
and let f : C — C be a continuous function. Let {on}, {Bn}, {tn}, {1} and
{mn} be sequences in [0,1]. Let {x,} be a sequence generated iteratively by
x1 € C and

Zn = (1= pin)Tn + pin f (1),
Yn = (1 — Tn — /Bn)zn + Tnf(xn) + /an(zn)7
Tpy1 = (1 =9 — @n)yn + Yo f(2n) + anf(yn), n > 1,

o0 o o oo
where Zlozn = 00, nli_)ngoan =0, Zlﬁn < 00, Zl,un < 00, zjlfyn < oo and
n= n= n= n=

o
ZTn < o0o. If {xyn} is bounded, then {x,} is convergent.

n=1

Proof. Suppose {z,} is not convergent. Let a = liminf,, z,, and b = lim sup,, zy,.
Then a < b. We first show that if @ < m < b, then f(m) = m. Suppose
f(m) # m. Without loss of generality, we suppose f(m) —m > 0. Since f is
continuous, there exists 0 with 0 < § < b — a such that for |z —m| <4,

flz) —xz>0.
Since {z,} in bounded and f is continuous, {f(x,)} is bounded. Hence
{zn}s {yn}, {f(2n)} and {f(yn)} are all bounded. Using
Tn1 — Tn = (L =Y — an)(yYn — 20) + 1 (f(20) — 2n) + 0 (f(yn) — zn),
Yn — Tn = Tn(f(2n) — 2n) + Bu(f(2n) — 20) + (20 — Tn),
Zn — Ty = pn(f(2n) — Tn),
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we can easily show that |z, — x| = 0, |yn — x| — 0 and |xp41 — 5| — 0.
Thus, there exists a positive integer N such that for all n > N,
) 1) 4
| Tpy1 — x| < bR [Yn — x| < 2 |20 — on| < 9 (2.4)
Since b = limsup,, x,, > m, there exists k; > N such that Tpy,, > M. Let
ng, = k. Then z; > m. For xj, there exist the following two cases

>

(i) 75 > m + &, then z11 > x — § > m using (2.4). So, we have
Tpy1 > M.

(13) m < xy, <m+g,thenm—g < yr <m+d and m—g <z < m—+4 by
(2.4). So, we obtain |xp — m| < g < 0,y —m| < § and |z, —m| < 6.
Hence
flzr) — 2z >0, f(yx) — yx > 0 and f(zx) — 2z > 0. (2.5)
From (2.2) and (2.5), we have
Tp1 = T + (T — W + p — T + YeTein) (f (2) — 1)
+ar(f(yx) = y) + (v + Br — wBr) (f (2x) — 2x)

> Tg.
Thus xg41 > x> m. From (i) and (ii), we have xp1 > m. Similarly, we get
that x4 > m, xgy3 > m,... . Thus we have x,, > m for all n > k = ny,. So
a= klim Ty, > m, which is a contradiction with a < m. Thus f(m) = m.
—00

We next consider the following two cases.

(1) There exists xps such that a < xzps > b. Then f(xyr) = xar. It follows that

v = (1= par)en + paf(xar) =z

and
yv = (1 —7ar — Bur)enr + ma f(war) + B f(2ar)

=1 —7m — Bm)zm + T f(xar) + B f(zar)
= 2.
Hence, we obtain
ryr1 = (L —ym — ann)ym + v f(zm) + o f(ymr)
=(1—vm —am)zym +ymf(@em) + anm fxnr)
=xM.

Similarly, we obtain zp; = zpr41 = Zpr42 = ... . So, we conclude that x, —
x . Since there exists xy,, — a, xpr = a. This shows that x,, — a, which is a
contradiction.
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(2) For all n,x, < a or x, >b. Since b —a > 0 and lim, o |Tpt1 — 2n| = 0,
there exists N such that |2, 1 —z,| < (b;a) for n > N. So, it is seen that z,, <
a for n > N, or it is always that =, > b for n > N, then b = lim;_,oo Ty, < a,
which is a contradiction with ¢ < b. If z,, > bforn > N. It z, < a for
n > N then a = limy_oo Zn, > b, which is a contradiction with a < b. Thus

we conclude that x,, = a. This completes the proof. O

Now, we are ready to prove the main results of this paper.

Theorem 2.3. Let C be a closed interval on the real line (can be unbounded)
and let f: C — C be a continuous function. Let {on},{Bn}, {ttn}, {1} and
{m.} be sequences in [0,1]. Let {x,,} be a sequence generated iteratively by
x1 € C and

zn = (1= pn)Tn + pin f(2n)
Yn = (1 — Tn — /Bn)zn + Tnf($n) + /an(zn)
Tn+l = (1 — Tn — an)yn + f}/nf(zn) + anf(yn)7 n > 17

[o.¢] o0 o (e.)
where Zlan = 00, nlLr&an =0, z:l,Bn < 00, Z:l,un < 00, Z:lfyn < 00 and
n— n= n= n=

oo
Z Tn < 00. If {xy,} is bounded, then {x,} is convergent to a fixed point of f.

n=1

Proof. Let {z,} be a bounded sequence. Then, by Lemma 2.2, {z,} is con-
vergent. Hence, by Lemma 2.1, it converges to a fixed point of f. O

As a direct consequence of Theorem 2.3, we obtain the following result.

Theorem 2.4. Let C be a closed interval on the real line (can be unbounded)
and let f: C — C be a continuous function. Let {caun},{Bn}, {ttn}, {1} and
{mn} be sequences in [0,1]. Let {x,} be a sequence generated iteratively by
r1 € C and

zn = (1 = pn)Tn + pin f(2n)
Yn = (1 — Tn — Bn)zn + Tnf(xn) + ﬁnf(zn)
Tn+l = (1 — Yn — an)yn + 'Ynf(zn) + anf(yn)a n>1,

o0 o0 (o] o0
where Zan:oo, nli_}rgoan:O, Zﬁn<oo, Z,un<oo, Z'yn<oo and
n=1

n=1 n=1 n=1

oo
Zm < 00. Then {x,} converges to a fixed point of f if and only if {xy} is
n=1

bounded.
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Corollary 2.5. Let f : [a,b] — [a,b] be a continuous function. Let {ca,}, {Bn},
{pn}, {1} and {1} be sequences in [0,1]. Let {x,} be a sequence generated
iteratively by x1 € [a,b] and
Zn = (1 = pn)Tn + pin f(20)
Yn = (1= Tn — Bn)zn + T f(xn) + Bnf(2n)
Tn+1 = (1 —TYn — an)yn + Y f(2n) +anf(yn), n > 1,

o oo o oo
where Z:lozn = 00, nli_)rgloan =0, zjlﬁn < 00, E:I,un < 00, zzlfyn < 00 and
n= n= n= n—=

o0
ZT” < 00. Then {x,} is convergent to a fized point of f.
n=1

If we take o, = B, = 0, then we obtain the following result.

Corollary 2.6. Let C be a closed interval on the real line (can be unbounded)
and let f : C — C be continuous function. Let {pn}, {7y} and {r,} be
sequences in [0,1]. Let {x,} be a sequence generated iteratively by 1 € C and

Zn = (1 - ,Un)$n + /Lnf(xn)a
Yn = (1 - Tn)zn + Tnf(l'n)a
Tn+1 = (1 - ’Yn)yn +’Ynf(zn)> n =1,

o [o@) 0
where Z,un < 00, Z% < o0 and ZTn < 0.

n= n=1 n=
Then {xzy} is convergent to a fized point of f if and only if {x,} is bounded.

If we take 7,, = v, = 0, then we obtain the following result.

Corollary 2.7. Let C be a closed interval such that on the real line (can be
unbounded) and let f : C — C be continuous function. Let {apn},{Bn} and
{in}. Let {zn} be a sequence generated iteratively by x1 € C' and

Zn = (1 - Mn)l'n + an(xn)a
Yn = (1 = Bn)zn + Buf(zn),
Tn+l = (1 - an)yn + anf(yn)a n>1,

o0 (o]
where Zan = 00, lim an =0, Zﬁn < o0, and Z,un < 00. Then {x,} is

n=1

convergent to a fixed point of f if and only if {l‘n} i b0unded

Remark 2.8. Corollary 2.7 extends the main result obtained in [8] from the
modified Ishikawa iteration to the modified Noor iteration.
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3. NUMERICAL EXAMPLE

In this section, we give numerical examples to demonstrate the convergence
of the algorithm defined in this paper. For convenience, we call the iteration
(2.1) the MSP-iteration.

Example 3.1. Let f : [1,00) — [1,00) be defined by f(z) = v/0.9lnz + 1.

Then f is a continuous function. Use the initial point z; = 3 and the control
1 1

oy . 1 1
conditions a;, = myﬂn = s Hn = s I T Ganto and 7, =

m. The stopping criterion is |z,11 — 2,| < 1077,

n Mann  Ishikawa  Noor CP SP MSP iteration
Tn Tn Tn Tn Tn Tn |f(zn) — |

3 3 3 3 3 3 1.5897

1.2460 1.2375 1.2371 1.1692 1.1288 1.0510 0.0288

10 1.0741 1.0715 1.0714 1.0469 1.0348 1.0124 0.0068

15 1.0313 1.0302 1.0302 1.0190 1.0140 1.0047 0.0026

20 1.0154 1.0149 1.0149 1.0091 1.0066 1.0022 0.0012

25 1.0083 1.0080 1.0080 1.0048 1.0035 1.0011 0.0006

30 1.0048 1.0046 1.0046 1.0027 1.0020 1.0006 0.0003

35 1.0029 1.0028 1.0028 1.0016 1.0011 1.0003 0.0002

40 1.0018 1.0017 1.0017 1.0010 1.0007 1.0002 0.0001

Iterations No. 152 151 151 139 132 111

TABLE 1. Comparison of the convergence rate of Mann, Ishikawa, Noor,
CP, SP and MSP iterations for the function given in Example 3.1.

34 —MSP
Mann
—— Ishikawa
Noor
—CP

-SP

x values

n

FIGURE 1. Convergence behavior of Mann, Ishikawa, Noor, CP, SP and
MSP for the function given in Example 3.1.
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Example 3.2. Let f: [1,00) — [1,00) be defined by f(z) = 0.2vz + 1+ /.
Then f is a continuous function. Use the initial point 1 = 5 and the control
Conditions Qyn = m,,@n = m,/jn = W,’}Cn = W and Tn =

W. The stopping criterion is 2,11 — 2, < 1077,
n Mann  Ishikawa  Noor CP SP MSP iteration
T, T, T, T, T, ZTn, |f(xn) — xnl
1 5 5 5 5 5 5 2.2740
5 2.1774 2.1257 2.1197 1.9052 1.8012 1.6668 0.0491
10 1.7709 1.7533 1.7514 1.6623 1.6300 1.5940 0.0093
15 1.6613 1.6536 1.6528 1.6093 1.5962 1.5824 0.0031
20 1.6192 1.6153 1.6149 1.5916 1.5854 1.5791 0.0013
25 1.6000 1.5979 1.5976 1.5842 1.5810 1.5778 0.0006
30 1.5903 1.5890 1.5889 1.5808 1.5790 1.5773 0.0003
35 1.5850 1.5842 1.5841 1.5791 1.5780 1.5770 0.0001
40 1.5819 1.5814  1.5814 1.5781 1.5775 1.5769 0.0001
Iterations No. 177 175 174 142 131 106

TABLE 2. Comparison of the convergence rate of Mann, Ishikawa, Noor,
CP, SP and MSP iterations for the function given in Example 3.2.

51 ——MSP
Mann
Ishikawa
Noor

—CP
Sp

x values

n

FIGURE 2. Convergence behavior of Mann, Ishikawa, Noor, CP, SP and
MSP for the function given in Example 3.2.

Remark 3.3. From Table 1, Figure 1,Table 2 and Figure 2 ,we observe that
the sequence generated by the MSP-iteration converges to a fixed point faster
than that of Mann, Ishikawa, Noor, CP and SP iterations.
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