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Abstract. Let P(z) = Z?:o a;2’, a; > aj_1, ap > 0,7 = 1,2,--- ,n is a polynomial of
degree n. Then by a classical result of Enestrom-Kakeya, all the zeros of P(z) lie in |z| < 1.

In this paper, we prove some generalizations of this result.

1. INTRODUCTION

Let P(z) = Z?:o ajzj be a polynomial of degree n. Then concerning the
distribution of zeros of P(z), Enestrém and Kakeya [10, 11] proved the follow-
ing interesting result.

Theorem 1.1. Let P(z) = Z?:o a;jz’ be a polynomial of degree n such that
Ap > Ap_1 > - > a1 > ag > 0. (1.1)

Then P(z) has all its zeros in |z| < 1.

In the literature [1-11], there exist several extensions and generalizations
of this theorem. Joyal et al. [9] extended Theorem 1.1 to the polynomials
whose coefficients are monotonic but not necessarily non-negative. In fact,
they proved the following result.
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Theorem 1.2. Let P(z) = Z?:o a;jz? be a polynomial of degree n such that
(p 2 Ap—1 2+ 2 a1 2 QQ.

Then P(z) has all its zeros in the disk

1
’Z| < ‘a ’ (‘an| —ap + |a0‘)'
n

Govil and Rahman [8] extended the result to the class of polynomial with
complex coefficients by proving the following interesting result.

Theorem 1.3. Let P(z) = Z?:o ajzj be a polynomial of degree n with complex
coefficients such that for some real (3,

larg ¢ ~fl<a<Z, 0<j<n
and
|an| = |an—1] = -+ = |a1| = |aol.
Then P(z) has all its zeros in the disk

12| < (Sina +C )+2Sina§| |
z ino osa) + —— ajl.
= an] 2%

Aziz and Zargar [2] relaxed the hypothesis of Theorem 1.1 and proved the
following;:

Theorem 1.4. Let P(z) = Z}l:o ajz’ be a polynomial of degree n such that
for some k> 1,
kap, > ap_1>--->a1 > ag > 0. (1.2)

Then P(z) has all its zeros in |z + k — 1| < k.

2. MAIN RESULTS

In this paper, we prove some generalizations of the Enestrom-Kakeya the-
orem. In this direction we first present the following result which is a gener-
alization of Theorem 1.2.

Theorem 2.1. Let P(z) = Z?:o a;jz) be a polynomial of degree n with complex
coefficients. If Re a; = a; and Im aj = B for j = 0,1,2,--- ,n, such that
for some real t > 0, and 0 < A< n-—1,

ap —t<op1 S-Sy, )2 ax-1 20 20 2 Qp,
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then all the zeros of P(z) lie in

t 1 -
2= —| < =120\ — (an —t) —ag + ool + >_ [8i — Bia| + |Bol - (2.1)
Gn jan] i=1
Proof. Proof follows from next Theorem 2.2 as a special case. g

If the imaginary parts of the coefficients are also monotonic and non-negative,
then we obtain the following result.

Corollary 2.1. Let P(z) = Z?:o ajz’ be a polynomial of degree n with com-
plex coefficients. If Re aj; = o and Im aj = B; for 5 = 0,1,2,--- ,n, such
that for some realt > 0, and 0 < A <n —1,

p —t<op1 S-Sy, )2yl 2 2 a1 2 Qp,
and
ﬁnZﬁnflz"'251250>0a
then all the zeros of P(z) lie in

< al|{2a,\—(an—t)—a0+|a0|+ﬂn}. (2.2)

t
H—
Gn

Remark 2.1. Taking t = (1 — k)ayp, 0 < k <1 in Theorem 2.1, we obtain the
following result.

Corollary 2.2. Let P(z) = Z?:o ajzj be a polynomial of degree n with com-
plex coefficients. If Re a; = o; and Im aj = B for j = 0,1,2,--- ,n, such
that for some 0 < k<1,0<A<n-—1,

kap <ap—1 < - <ay, ax>ax-1 > > o >,

then all the zeros of P(z) lie in

Z—%(l — k)' < i {2a>\—kan—a0+|ao\+z ’,Bi_ﬁi—l“i“ﬁo‘} . (2.3)

n = lan] i=1

If g > 0, then we get the following result.

Corollary 2.3. Let P(z) = Z?:o ajzj be a polynomial of degree n with com-
plex coefficients. If Re a; = o and Im aj = B for j = 0,1,2,--- ,n, such
that for some real t > 0, and 0 < A <n —1,

ap—t<ap1<--<ay, ayZayi>->o>ap >0,
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then all the zeros of P(z) lie in

< 1{204)\—(an—t)—i-zwz'—ﬂi—ﬂ‘f“ﬁo‘}- (2.4)
i—1

t
b
Qn

= an|

Instead of proving Theorem 2.1, we prove the following more generalized
result.

Theorem 2.2. Let P(z) = Z?:o a;jz’ be a polynomial of degree n with complex
coefficients. If Re a; = a; and Im aj = B for j = 0,1,2,--- ,n, such that
for some real t,s > 0, and 0 < X <n—1,

Qp —t<Qp1 <. <y, QN2 Qyp 22 Q2 Qg S,
then all the zeros of P(z) lie in

t
P
an

n
S,aln| {204)\_(an_t)_(a0—5)+(1+3)|a0|+; |/J’i—5i1|+|/50|} ,
(2.5)
Proof. Consider the polynomial
F(z) = (1 -2)P(2)
=(1-2) (anz” +ap 12" 4 taz+ ag)
= —a, 2" (ap — an_1)2" + (an-1 — an_2)2" L4+ + (a1 — ag)z + ag
=—2"(anz—t)+{(an —t—ap_1)2" 4+ + (1 —ap+8) 2 — sapz + ap}
+i{(Bn = Bn-1) 2" + -+ (b1 — Bo) 2+ o} -
This gives
[F(2)| = |2[" lanz — t] — { [t =t — 1] |2 + a1 — apa [z[" 7" + -

+laasr — aal [+ fax — anal |2+ + |aa — (a0 — 9)] |2]
+ slao||z| + |ao] + 18 = Bae1| 12" + |Bnet1 — Bu—z||2|""* + -

+ |1 — Bol |2] + !ﬁo!}

= |Z|n[|an2_t|_ { ’an—t—anﬂ‘f‘W‘i"“
loxi1r —an| | ax —ax| lan — (g — 8)| | sl
+ ’Z‘n—)\—l |Z|n—)\ + + ’Z‘n—l |Z’n—1
|| |Bn—1 — Bn—2| 161 — Bol |0l
+ 2 + |Bn — Brn-1] + B +- 4 o + EadE
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Now, let |z| > 1, so that —+— < 1,0 < j <n. Then we have

|z|m—d
F()| > |zr”[\anz—tr - { i — 1 — ] + [t — Q] + -+
+arsr —an| + lax —ax—1| + -+ |ar — (ao — )| + (1 + s)|ao]

+ Bn — Bn-1| + |Bn=1 — Bn—2| + -+ + |61 — Bo| + |BO|H

=|z|"[\anz+t|—{—ozn+t+ozn_1—an_1+an_2—m

—app1taytay—ay_1+--+ar—(ap—3)+ (1 + )|a|

+) 18— Bical + !ﬁ0|}]
i=1

—|z["[|anz—t\—{—an+t+2a>\—(a0—3)+(1+s)]a0|

+) 18— Bical + !50!}

i=1
> 0.

If

n
lanz—t| > {_an +t+2a) — (o — 8) + (1 + 8)|ao| + Z |Bi—Bi—1| + |50\} ;
i=1

ie,

t 1 -
S {2ax+t—an —ag+ s+ (1+s)|aol+ Y |Bi—Bia| + \Bo\},
n n =1

then all the zeros of F'(z) whose modulus is greater than or equal to 1 lie in

t 1 i
z——| < {2% +t—a, —ap+ s+ (1+ )|l +Z |Bi—Bi—1| + \Bo\}-

an| = |an] i=1

But those zeros of F'(z) whose modulus is less than 1 already satisfy the above
inequality and all the zeros of P(z) are also the zeros of F'(z). Hence it follows
that all the zeros of F'(z) and hence of P(z) lie in

t
p—
Gn

1 n
< {2@/\ +t—an—ag+ s+ (1+s)|ag +Z |Bi = Bi-1] + \ﬁo\}-

~ lan| i=1

This completes the proof. O
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As in Theorem 2.1, if the imaginary parts of the coefficients are also mono-
tonic and non-negative, then we obtain the following corresponding result.

Corollary 2.4. Let P(z) = >\, ajz’ be a polynomial of degree n with com-
plex coefficients. If Re a; = o and Im aj = B; for 5 = 0,1,2,--- ,n, such
that for some real t,s >0, and 0 < A <n —1,
ap—t<oap1 <o <oy, ay2ax-1 2201 20— S,
and
BnZﬂn—lZ"'2ﬁ12ﬁ0>oa
then all the zeros of P(z) lie in
t 1
z2——| < 1 {20y — (a, —t) — (a9 — 5) + (1 + 8)|wo| + B} - (2.6)

an,

Remark 2.2. For s = 0, Theorem 2.2 reduces to Theorem 2.1. For ¢ = 0,
Theorem 2.2 reduces to the following result.

Corollary 2.5. Let P(z) = Z?:o a;jz’ be a polynomial of degree n with com-
plex coefficients. If Re a; = a; and Im aj = B for j = 0,1,2,--- ,n, such
that for some real s, and 0 < A <n—1,

Up S 01 <o Sy, 21220 20— S,
then all the zeros of P(z) lie in

1 n
2| < ol 20—y — (g —35)+ (1 + 8)|ag|+ g 1Bi = Bi—1|+1Bol p - (2.7)
n =1
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