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Abstract. In this paper we consider a certain class of convex functions in Opial-type
integral inequalities. Cauchy type mean value theorems are proved and used in studying
Stolarsky type means defined by the observed integral inequalities. A method of producing
n-exponentially convex and exponentially convex functions is applied. Also, some new Opial—-

type equalities are given involving fractional integrals and fractional derivatives.

1. INTRODUCTION

We consider a particular class of convex functions in Opial-type integral
inequalities from which we construct functionals. Our main object is to give
Cauchy type mean value theorems and use them for Stolarsky type means,

OReceived April 19, 2014. Revised November 12, 2014.
02010 Mathematics Subject Classification: 26A33, 26D15.
9Keywords: Opial-type inequality, fractional integral, fractional derivative.



564 M. Andrié, A. Barbir, G. Farid and J. Pecarié

all defined by the observed integral inequalities, and also, to prove the n-
exponential convexity for the functionals. Also, we produce some new Opial—
type inequalities for Riemann-Liouville fractional integrals and three main
types of fractional derivatives: Riemann-Liouville, Canavati and Caputo type.

2. PRELIMINARIES
We start with following inequality established in 1960 by Opial [13]:

Let z(t) € C(M[0, h] be such that 2(0) = z(h) = 0, and z(t) > 0
in (0,h). Then

h , h h , 9
/0 |z(t)x (t)|dt§4/0 (2'(t))" dt, (2.1)

where constant % is the best possible.

Over the last 50 years, Opial’s inequality (2.1) is studied by many mathemati-
cians and extended, generalized in different ways. It is recognized as funda-
mental result in the theory of differential equations (see the monograph [1]).
Following theorems include such generalizations of Opial’s inequality given in
[2] and for them we need next characterization:

We say that a function u : [a,b] — R belongs to the class Uj(v, K) if it
admits the representation

u(x) = /x K(z,t)v(t)dt

where v is a continuous function and K is an arbitrary non-negative kernel
such that v(x) > 0 implies u(z) > 0 for every x € [a,b]. We also assume that
all integrals under consideration exist and are finite.

Theorem 2.1. Let ¢ : [0,00) — R be a differentiable function such that for
1
q > 1 the function ¢(xa) is conver and ¢(0) = 0. Let u € Ui(v, K) where
1
([F(K(z,t))Pdt)» <M and % + % = 1. Then

b
/U(w)\lqd(lU(x)l)\v(x)lqdﬂf

< MM(Z_G)/ab¢<(b—a)}zM\v(x)]>dx. (2.2)

1
If the function ¢(xa) is concave, then the reverse inequality holds.
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A similar result follows by using another class Us(v, K) of functions
u : [a,b] — R which admits representation

b
u(z) = / K (x, O)o(t)dt.

Theorem 2.2. Let ¢ : [0,00) — R be a differentiable function such that for
1
q > 1 the function ¢(xa) is conver and ¢(0) = 0. Let u € Us(v, K) where
1

(f;(K(x,t))p dt)g < N and % + % =1. Then
b
[ @6 ula) ot e
b 1
< Nq(bq_a)/ & ((b— a)aN|u(x)\) dz . (2.3)

1
If the function ¢(x ) is concave, then reverse inequality holds.

This paper is continuation of our work on Opial-type integral inequalities
(see [2, 9, 10]). In the following section we construct functionals and prove
Cauchy type mean value theorems. Next, in Section 3, we prove some new
Opial-type equalities for fractional integrals and fractional derivatives as an
application of our main results. Improvements of composition identities for
the fractional derivatives, given in papers [3, 4, 5|, are applied in these results.
In Section 4 we produce the n-exponentially convex functions by applying
an elegant method of exponential convexity. At the end of the paper, we use
Cauchy mean value theorems for Stolarsky type means defined by the observed
functionals to give the related examples (see Section 5).

Recall, C"[a,b] denotes the space of all functions on [a, b] which have con-
tinuous derivatives up to order n, and AC|[a,b| is the space of all absolutely
continuous functions on [a,b]. By AC"[a,b] we denote the space of all func-
tions f € C" [a,b] with f*~Y € AC[a,b]. By Ly[a,b], 1 < p < oo, we denote
the space of all Lebesgue measurable functions f for which |f?| is Lebesgue
integrable on [a, b].

3. MAIN RESULTS

Motivated by the inequalities (2.2) and (2.3), we define next functional:
Uy(u,0) = q/bqs((b—a)émv(xﬂ) dz
o M (b~ a) J,

b
- / u(@)]' =1 ¢ (|u(z) ) |v(2)|* dz, (3.1)
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where functions ¢, u and v are as in Theorem 2.1.
1
If ¢(x7) is a convex function (¢ > 1), then, by Theorem 2.1, Wy (u,v) > 0

For our results we need following definition given in [15, p.7] and lemma
from [9].

Definition 3.1. If g is strictly monotonic, then f is said to be (strictly) convex

with respect to g if f o g~ ! is (strictly) convex.

Lemma 3.2. Let I C (0,00), ¢ € C*(I), g(z) = 29, ¢ > 1 and let

£6(9) ~ (4= V(¢
GEUED LG

for all £ € I. Then the functions ¢1, ¢o defined as

myp <

224
bi(z) = M12 — (), (3.2)
pale) = oe)— T (33

1
are convez functions with respect to g(x) = x4, that is ¢;(xe) (i = 1,2) are
convez.

Next two theorems are our main results, and they follow methods used in
9, 10].
Theorem 3.3. Let ¢ : [0,00) — R be a differentiable function such that for

1
q > 1 the function ¢(xa) is conver and ¢(0) = 0. Let u € Uy(v, K) where
1

([H(K(z,t))Pdt)» < M and % —1—5 = 1. If ¢ € C*(I), where I C (0,00) is
compact interval, then there exists & € I such that the following equality holds

" o o ! b
wolu) = SOZGEDED (6o Moo

—2/ab ()¢ |v(:n)|qda:> . (3.4)

Proof. Suppose that ¥ (y) is bounded and min(i(y)) = m1, max(¢(y)) = My
where

_y9"(y) —(a=1)¢'(y)

¢2y2a1

Y(y)
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If we apply Theorem 2.1 for ¢; defined by (3.2), then inequality (2.2) becomes

=) /ab¢’ (- @7 Mpp(o)]) da - /ab [u(@)|'~7 ¢/ (fu(@) Do) de

< qfl ((b—a)Mq/abW(:U)]qux—2/ab|u(x)|q\v(x)|qd:v>. (3.5)

Similarly, if we apply Theorem 2.1 for ¢ defined by (3.3), then inequality
(2.2) becomes

b b
q _ L _ 1—q 4/ q
st L e (0= 0@l o= [ e o Gu@)Diote) s
gmy b ) b
> N (b—a)M? [ |v(x)|*dx—2 [ |u(x)]|?|v(x)|?dx |. (3.6)
By combining the above two inequalities with the fact

mi < yo"(y) — (¢ —1)¢'(y)

2y2a-1
there exists £ € I such that (3.4) follows. O

SMla

Theorem 3.4. Let ¢1,¢2 : [0,00) — R be differentiable functions such that
for ¢ > 1 the function qﬁz(x%) is conver and ¢;(0) = 0, i = 1,2. Let u €
Ui(v, K) where (ff(K(x,t))pdt)% < M and % —{—% = 1. If ¢1,92 € C*(I),
where I C (0,00) is compact interval and

b b
- [ fo@)Prde =2 [ fulz)ota)ftds £ 0,
then there exists an & € I such that we have

Wy (1) _ £41(6) = (= 1) 61(6) 5
Ton(u,0) ~ €G5O — (- 1 6h(E) |

provided the denominators are not equal to zero.
Proof. Let us consider h € C?(I) defined by
h=Yy, (u,v) 1 — U, (u,v) P2 .

For this function, (3.1) gives us ¥j(u,v) = 0. By Theorem 3.3 used on h
follows that there exists £ € I such that

£1(€) — (¢ —1)91(§)
2q&2at

. ((b — a)M* /ab lo()[2 da: — 2/: \u(m)\q|v(fv)|qdaz) =0.

§05(8) — (¢ —1)#5(8)

Vg, (u,v) 2q&2-1

- \Ij¢>1 (u7 U)
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From this we get (3.7). O

Remark 3.5. By considering nonnegative difference of inequality given in
Theorem 2.2, similar results can be done analogously (for details see [10]).

4. OPIAL-TYPE EQUALITIES FOR FRACTIONAL INTEGRALS AND
FRACTIONAL DERIVATIVES

Here we give applications of our main results for fractional integrals and
fractional derivatives. We observe Riemann—Liouville fractional integrals and
three main types of fractional derivatives: Riemann—Liouville, Canavati and
Caputo type. For more details on the fractional calculus see the monograph
[12].

Let [a,b], —0o < a < b < oo, be a finite interval on the real axis R. For f €
Li[a, b] the left-sided and right-sided Riemann—Liouville fractional integrals of
order v > 0 are defined by

I te) = g | @0 0 o>a,

o Lo o
o f(x) = I‘(oa)/x (t—2)* L f(#)dt, z<b.
Here I is the gamma function I'(e) = [;~ e~ * >~ dt.
Theorem 4.1. Let ¢ : [0,00) — R be a differentiable function such that for

q > 1 the function d)(x%) is conver and ¢(0) = 0. Further, let ¢ € C?(I),
where I C Ry is a compact interval. Let ]lj + % =1, a> % and v € Li[a,b].
Then there exists & € I such that the following equality holds

(b—a)™ ’ 2
: | @)
o) [pla— 1" /

2 b\wa(:ﬂ)\"lv(w)lqdw} . (4.1

Proof. We follow the same idea as in [9, Theorem 6] and [2, Theorem 3.1]. For
x € [a,b] let

£§0"(§) — (¢ = 1)¢'(€)
2q€%0~1

Vo (Jay v, 0)
T4

H(x—t)*, a<t<a;

K(z,t) = { L(e)

0, r<t<b,

u(x) = Jv(x) = (e /m(w — 1) Lo(t) dt, (4.2)
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Plz) = </:(K(x,t))pdt>; N G _.

e oo 3)]

It is easy to see that for o > % the function P is increasing on [a, b], thus

max P(x) = (b-a) =

z€[a,b] F(a)p% (a B %);

=M.

Hence ([ K(x,t)Pdt)

1
» < M, which with the function u defined by (4.2) and
Theorem 3.3 gives us (4.1

). O

Theorem 4.2. Let ¢1, ¢2 : [0,00) — R be a differentiable function such that
1
for g > 1 the function ¢;(x1) is conver and ¢;(0) = 0,7 = 1,2. Further, let
é1, 2 € C3(I), where I C Ry is a compact interval. Let % + % =1, a> %
and v € Lila,b]. Then there exists & € I such that the following equality holds
Vo, (Jarv,v) _ £87(6) — (= D¢ (E)
oy (Jov,v)  £05(8) — (g — 1) (€)’

provided that denominators are not equal to zero.

Proof. Tt follows directly for the function u defined by (4.2) and Theorem
3.4. [l

Using Theorems 2.2, 3.3 and 3.4, analogous results follows for the right-sided
Riemann-Liouville fractional integrals. The proofs are similar and omitted.

Theorem 4.3. Let ¢ : [0,00) — R be a differentiable function such that for

q > 1 the function (b(ac%) is conver and ¢(0) = 0. Further, let ¢ € C*(I),
where T C Ry is a compact interval. Let + + % =1, a> % and v € Li[a,b).
Then there exists £ € I such that the following equality holds

(b—aye
7 [ lo(@)da
) [pla -1’ I

9 / ’ Jf‘v(x)|q|v(x)|qu] | (4.3)

§¢"(§) — (¢ —1)¢'(§)
2q€%11

Uy(Jpiv,v) =
I«

Theorem 4.4. Let ¢1,p2 : [0,00) — R be a differentiable function such that
1
q

for g > 1 the function ¢;(xa) is conver and ¢;(0) = 0,i = 1,2. Further, let
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b1, 02 € C?(I), where I C Ry is a compact interval. Let % —|—% =1, a> %
and v € Lila,b]. Then there exists & € I such that the following equality holds
Vs, (Jo=v,0) _ €67(8) — (¢ —1)$1(§)
o, (J5ev,v)  €65(8) — (a—1)85(8)’

provided that denominators are not equal to zero.

Next, we observe the Caputo fractional derivatives (for details see [12,
Section 2.4]): for oo > 0 define n as
=la]+1, fora ¢ No; n=]la], for a € Ny, (4.4)
where [-] is the integral part. For f € AC"[a,b] the left-sided and right-sided
Caputo fractional derivatives of order a are defined by

DL f(e) = gy [ =0 O = T ),

_1\n b
ODz“f(x)—rEnl_)a) / (t =) =t O dt = (-1)" 7 f ) (a).

Theorem 4.5. Let ¢ : [0,00) — R be a differentiable function such that for
1

q > 1 the function ¢(x ) is convex and ¢(0) = 0. Further, let ¢ € C?(I), where
I C Ry is a compact interval. Let o > 0, n given by (4.4) and v € AC"[a, b].
Ifn—a> % and % + % = 1, then there exists & € I such that the following
equality holds

\I'¢(CD3+U, v™)

_ €978 —(a—1)¢'(9) (b—a)i—) /|U ) dz

2q&2a—1
e Fq(n—a)[p n—a—f

b
2 / CDg+v(x)qv(’L)(x)|qu] . (4.5)
Proof. For x € [a,b], let

K(e.t) = { Ti-a)

wlx C e 1 ¢ T — nfaflv(n)
(@) = “D3o@) = ey | @) (dr,  (46)
Q) = < R >>pdt)— w-a) *
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Forn —a > % the function @ is increasing on [a, b], thus

max Q(z) = (b—a)” " =M.

@€fad] I'(n—«) p% (n —a— 1);

q

1
Hence ([ K(x,t)Pdt)» < M, which with v = v™ | u as in (4.6) and Theorem
3.3 gives us (4.5). O

Theorem 4.6. Let ¢1,p2 : [0,00) — R be a differentiable function such that
1
for ¢ > 1 the function ¢;(xa) is convex and ¢;(0) = 0,i = 1,2. Further, let
b1, 2 € C*(I), where I C Ry is a compact interval. Let o > 0, n given by
(4.4) and v € AC"[a,b]. If n — a > % and % —|—% =1, then there exists £ € T
such that the following equality holds
Uy, (“Dgv,v™) €8 (€) — (g = 1) (€)

W4, (CDE v, 0™ €Q5(E) — (g — 1)h(€)’

provided that denominators are not equal to zero.

Proof. Tt follows directly for the function u defined by (4.6) and Theorem
3.4. O

The proofs for the equalities involving the right-sided Caputo fractional
derivatives are similar and omitted.

Theorem 4.7. Let ¢ : [0,00) — R be a differentiable function such that for

q > 1 the function d)(x%) is convex and $(0) = 0. Further, let ¢ € C*(I), where
I C Ry is a compact interval. Let o > 0, n given by (4.4) and v € AC"[a, b].
Ifn—a > % and % + % =1, then there exists & € I such that the following
equality holds

\Ild,(CD{,ﬂv, v("))

£¢"(€) — (¢ —1)¢'(§) (b— a)a(n=o) b
N a- T [o(™ ()% dz
2q£2 1 I‘q(n—a) [p(n_a_%>}p /(;
b
= CD?—W)%(”)@)W“] | (4.7)

Theorem 4.8. Let ¢1,p2 : [0,00) — R be a differentiable function such that
1
for g > 1 the function ¢;(xa) is conver and ¢;(0) = 0,i = 1,2. Further, let

b1, 2 € C%(I), where I C Ry is a compact interval. Let o > 0, n given by
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(4.4) and v € AC"[a,b]. If n — o > % and % + % = 1, then there exists £ € I
such that the following equality holds

Uy, (D v, 0™)  £g(€) — (g — 1)) (€)

Wy, (CDp v, 0™)) — €65(8) — (a4 — 1)@h(€)

provided that denominators are not equal to zero.

We continue with extensions that require the composition identity for the
left-sided Caputo fractional derivatives, given in [5]:

Lemma 4.9. Let f > a > 0, m and n given by (4.4) for 8 and a respectively.
Let f € AC™[a,b] be such that f(a) = 0 fori = n,n+1,...m — 1. Let
CDY f,°D, f € Ly[a,b]. Then

F(ﬁl_a)/w(x —t)ﬁ—a—l CDg+f(t) dt, = [a’ b} ‘

CD§+ (r) =

Theorem 4.10. Let ¢ : [0,00) — R be a differentiable function such that for
q > 1 the function ¢(x%) is convex and $(0) = 0. Further, let ¢ € C%(I), where
I C Ry is a compact interval. Let %4—% =1,0—a> %, a >0, m and n given
by (4.4) for B and a respectively. Let v € AC™[a,b] be such that vV (a) = 0
fori=mn,n+1,...m—1. Let CD&_U € Lyla,b] and °D% v € Ly[a,b]. Then
there exists £ € I such that the following equality holds

\I’¢(CD¢€+% CD3+U)

" _ — 1 b— q(B—a) b
_ gd) (5)2q§(2qq_1 )gb (f) ( a’) |CDa+U(x)|2qd$

b
9 / |CD5+U(1:)|q|CDg+v(z)|qu] . (4.8)

Proof. For x € [a,b], let

K(x, t) = { F(ﬁ_a)

0, r<t<b,
u(w) = D8, v(x) = F(ﬂl_a) / @ tP Dty de,  (49)
z z—a) %
R(z) = < / (K(z,t))pdt> (z—a)
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For 8 — a > % the function R is increasing on [a, b], thus
_a—1
(b—a)’
1 1
_ P g L)\?
(B —a)pr (6-a-1)

Hence ([ K(x,t)Pdt)» < M, which with v = CDerv, u as in (4.9) and Theo-
rem 3.3 gives us (4.8). O

=M.

R —
Dax R@)

D=

Theorem 4.11. Let ¢1, P2 : [0,00) — R be a differentiable function such that
for ¢ > 1 the function qﬁz(x%) is convex and ¢;(0) = 0,9 = 1,2. Further, let
b1, ¢2 € C*(I), where I C Ry is a compact interval. Let %—i—% =1,08—a> %,
a >0, m and n given by (4.4) for 5 and o respectively. Let v € AC™|a,b]
be such that v (a) =0 for i =n,n+1,...m — 1. Let CD5+U € Lgla,b] and
CD3‘+U € Li[a,b]. Then there exists §& € I such that the following equality
holds

Uy, (“Dav,“Dgyv) _ €64(8) — (a — D (€)

Uy, (CDP 0,CD2 v)  §85(8) — (@ — 1)¢h()’
provided that denominators are not equal to zero.

Proof. 1t follows directly for v = CDg 40, u defined by (4.9) and Theorem
3.4. ]

Remark 4.12. Using Theorem 2.2, 3.3, 3.4 and composition identities for the
right-sided Caputo fractional derivatives given in [5, Theorem 2.2], similar re-

sults can be stated and proved for the right-sided Caputo fractional derivatives
(for details see [2, 10]).

Results given for the Caputo fractional derivatives can be analogously done
for two other types of fractional derivative that we observe: Canavati type
and Riemann-Liouville type. Here, as an example equality for each type of
fractional derivatives, we give equality analogous to the (4.8) obtain with com-
position identity, for the left-sided fractional derivatives. Proofs are omitted.

For more details on the Canavati fractional derivatives(see [7]): we
consider subspace C¢, [a,b] defined by

C, [a,b] = { fecmab): JrrofY e ¢, b]}.
For f € CZ, [a,b] the left-sided Canavati fractional derivative of order o is
defined by
1 d d

Cro - - v _ p\n—a—1 p(n—1) _ % qn—a (n—1)
Dot @) = v oy aa / (z—1) FUTR @) dt = ——Jo (z).
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The composition identity for the left-sided Canavati fractional derivatives is
given in [3]:

Lemma 4.13. Let B >a >0, m=[f]+1,n=[a]+1. Let f € C’er[a, b] be
such that f(a) =0 fori=n—1,n,...,m —2. Then f € C% [a,b] and

x

L flm 0l s, s € o

Dit@) = f—e

a

Theorem 4.14. Let ¢ : [0,00) — R be a differentiable function such that

for ¢ > 1 the function qﬁ(mé) is convex and ¢(0) = 0. Further, let ¢ € C*(I),

where I C R4 s a compact interval. Let 1 + l =1, 0—-—a > %, a > 0,

m=1[6]4+1and n = [a] + 1. Letv€C+[a b] besuchthatv()( ) =0 for

t=n—1,n,...,m—2. Let CDa+U € Lyla,b]. Then there exists £ € I such that
the following equality holds

\II¢(CDﬁ+U CDa+U)

" _ — 1) b— q(B—a)
_ €¢ (5)2(15(;][1_1 )¢ (5) ( a) / |CDﬁ |2qd:17

b _ -
=7 |CD3+v<x>|'I|CD5+v<x>|de] .
a

For more details on Riemann—Liouville fractional derivatives(see [12,
Section 2.1]): for f : [a,b] — R the left-sided Riemann—Liouville fractional
derivative of order « is defined by

e _ 1 ﬁ ’ _ 4\n—a—1 _ﬂ n—a
DY) = ey g |, (o= 07 @) = ST (@),

The following lemma summarizes conditions in the composition identity for
the left-sided Riemann-Liouville fractional derivatives (for details see [4]):

Lemma 4.15. Let 8 > a >0, m = [f]+ 1, n = [a| + 1. The composition
identity

x

De, (x):I‘(ﬁl—a) / (x— )P DP fydt, welad), (410

1s valid if one of the following conditions hold:

(i) fe +(L1[ab])—{f f= +<P<P€L1[ab}}
(ii) J P f € AC™[a,b] and DI Ff(a) =0 fork=1,...m

a
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(iii) DI'f € AC[a,bl, DEJFf € Cla,b] and DEFf(a) = 0 for k =
1,...m.

(iv) f € AC™[a,b], DY f,D2, f € Li[a,b], B —a ¢ N, DY Ff(a) =0 for
k=1,....m andD2‘+k (a)=0 fork=1,...,n

(v) f € AC™[a,b], DL, f, D% f € Lija,b], B—a=1€N, DY Ff(a) =0

fork=1,...,1.
(vi) f € AC™[a,b], DY f, D2 f € Li[a,b] and f®(a) = 0 for k =
0,...,m—2.

(vii) f € AC™[a,b], D2, f, D%, f € Li[a,b], B ¢ N and D' f is bounded

i a neighborhood of m = a.

Theorem 4.16. Let ¢ : [0,00) — R be a differentiable function such that
for g > 1 the function qb(ﬂz%) is convex and ¢(0) = 0. Further, let ¢ € C*(I),
where I C Ry is a compact interval. Let I%—F% =1,p—a> %, a > 0. Suppose
that one of conditions in (i) — (vii) in Lemma 4.15 holds for {3, o, v} and let
CD5+U € Lyla,b]. Then there exists & € I such that the following equality holds

W4(DE v, DY v)

1 o / b— q)B—a) b
— §o (§)2q€(gq11)¢ (€) (b—a) |D’B (x)|2qu

2 / D2, v(@) 7| D, <>qu].

5. EXPONENTIAL CONVEXITY METHOD

Following definitions and properties of exponentially convex functions comes
from [11], also [6], [14].

Let I be an interval in R.

Definition 5.1. A function ¢: I — R is n-exponentially convex in the Jensen

sense on [ if
T+ T
S e Gl

i,j=1

holds for all choices §;, e Rand z; € I,i=1,...,n
A function ¢: I — R is n-exponentially convex if it is n-exponentially
convex in the Jensen sense and continuous on 1.
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Remark 5.2. It is clear from the definition that 1-exponentially convex func-
tions in the Jensen sense are in fact nonnegative functions. Also, n-exponentially
convex functions in the Jensen sense are k-exponentially convex in the Jensen
sense for every k € N, k < n.

By definition of positive semi-definite matrices and some basic linear algebra
we have the following proposition.

Proposition 5.3. If 1 is an n-exponentially convex in the Jensen sense, then

k
the matriz [¢ (Hﬂ 18 a positive semi-definite matriz for all k €

2 ij=1

N, k < n. Particularly, det {w <l“rf2—56]>} >0 forallkeN, k<n.

ij=1
Definition 5.4. A function ¢: I — R is exponentially convex in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥: I — R is exponentially convex if it is exponentially convex
in the Jensen sense and continuous.

Remark 5.5. It is known (and easy to show) that ¢ : I — (0, 00) is log-convex
in the Jensen sense if and only if

(o) + 2080 (50 4 520) 2 0

holds for every o, 8 € R and =,y € I. It follows that a function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
sense.

Also, using basic convexity theory it follows that a function is log-convex if
and only if it is 2-exponentially convex.

We will also need following results (see for example [15]).

Proposition 5.6. If 1,290,235 € I are such that 1 < xy < x3, then the
function f: I — R is convex if and only if the inequality

(3 — m2) f(21) + (21 — 23) f(22) + (22 — 21) f(23) > O
holds.

Proposition 5.7. If f is a conver function on an interval I and if 1 < y1,
xo < Yo, X1 F Ta, Y1 # Yo, then the following inequality is valid

fxo) = f(z1) _ fly2) = f(y1)
Ty — X o v2a—y1

If the function f is concave, then the inequality reverses.
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Proposition 5.8. Let f be a log-convex function and assume that x1 < y1,
To < Yo, T1 # X2, Y1 # yo. Then the following inequality is valid

GED = <§83> (5.1)

Next we need divided differences, commonly used when dealing with func-
tions that have different degree of smoothness.

Definition 5.9. The second order divided difference of a function f: I — R
at mutually different points yg, y1,y2 € I is defined recursively by

o fe) - fw)
[yzayz—i-laf] - Yirl — Ui y 1= 0,1,
o, y1,y2; f] = [yl’y%;;] — [y‘zo’y“f] . (5.2)

Remark 5.10. The value [yo,y1,y2; f] is independent of the order of the
points yo, y1 and yo. This definition may be extended to include the case in
which some or all the points coincide. Namely, taking the limit y; — o in
(5.2), we get

lim [yo, y1, 25 f] = [Yo, vo, y2; f]

Y1—Yo

_ fye) - f(?é;i:io()yzo)(w —0)

provided that f’ exists, and furthermore, taking the limits y; — o, i = 1,2,
in (5.2), we get
_ ")

lim ~ lim » Y1, Y25 = » Y0, Yo, =
Y210 y1—>y0[y0 Y1, Y2 f] [yO Yo, Yo f] 5

provided that f” exists.

We use a method of producing n-exponentially convex and exponentially
convex functions given in [11], to prove the n-exponential convexity for the
functional Wy (u,v) defined by (3.1).

Theorem 5.11. Let J be an interval in R and YT = {¢s : s € J} be a
family of functions defined on an interval I in R, such that the function s —
[Y0, Y1, y2; Fp,] is n-exponentially convex in the Jensen sense on J for every

three mutually different points yo,y1,y2 € I, where Fy (y) = gbs(y%). Let
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Uy, (u,v) be a linear functional defined by (3.1). Then s — Wy (u,v) is n-
exponentially convex function in the Jensen sense on J. If the function s —
U, (u,v) is also continuous on J, then it is n-exponentially convex on J.

Proof. For &, e R, s, € J,i=1,...,n, we define the function

n
h(y) = Z §ijPsits, (y) -
i.j=1 ’
Set )
H(y) = h(yq).
Using the assumption that the function s — [yo, y1, y2; F,] is n-exponentially
convex in the Jensen sense, we have

] >0,

n
[Yo, y1,y2; H] = Y &ilyo, y1, y2; Fy

5i+5j
ij=1 2

which in turn implies that H is a convex function on I. Therefore we have
U, (u,v) > 0. Hence

n
> &V, (u,0) 2 0.
ij=1 Z
We conclude that the function s — W4 (u,v) is n-exponentially convex on
J in the Jensen sense. If the function s — Wy (u,v) is also continuous on J,
then it is n-exponentially convex by definition. O

Corollary 5.12. Let J be an interval in R and ¥ = {¢s : s € J} be a
family of functions defined on an interval I in R, such that the function s —
[Y0, Y1, y2; Fp,] is exponentially convez in the Jensen sense on J for every three

mutually different points yo,y1,y2 € I, where Fy (y) = gbs(y%) Let Wy (u,v)
be a linear functional defined by (3.1). Then s — Wy (u,v) is exponentially
convex function in the Jensen sense on J. If the function s — Wy (u,v) is
continuous on J, then it is exponentially convex on J.

Let us denote means for ¢, ¢, € Q2 by

1
Uy, (u,w) s—p
U.Q) = (<I>¢p(u,v)) ’ 5 #p, 5.3
M57p( ) )_ i\I/¢ (U’U) ( : )
exXp <W) , S=7p.

Theorem 5.13. Let J be an interval in R and Q = {¢s : s € J} be a
family of functions defined on an interval I in R, such that the function s —
[Y0, Y1, y2; Fp,] is 2-exponentially convex in the Jensen sense on J for every
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three mutually different points yo,y1,y2 € I, where Fy (y) = d)s(y%) Let
Uy, (u,v) be a linear functional defined by (3.1). Then the following statements
hold:

(i) If the function s+ W, (u,v) is continuous on J, then it is 2-exponentially
convex function on J. If the function s — Wy (u,v) is additionally
positive, then it is also log-conver on J, and for r,s,t € J such that
r <s<t, we have

(P, (u,0)) ™" < (Vg (u,0)) 7" (W, (u,0)) " (5-4)

(ii) If the function s — Wy (u,v) is positive and differentiable on J, then
for every s,p,r,t € J, such that s <r and p <t, we have

:us,p(\lla Q) < Ur,t(\ljv Q) . (5'5)

Proof. (i) The first part is an immediate consequence of Theorem 5.11 and in
second part log-convexity on J follows from Remark 5.5. Since s — ¥ _(u,v)
is positive, for r,s,t € J such that r < s < t, with f(s) = log ¥y_(u,v) in
Proposition 5.6, we have

(t — ) log Wy, (u,v) + (r — ) log Wy, (w,v) + (s — ) log W, (w,v) > 0.

This is equivalent to inequality (5.4).
(ii) The function s — W4 (u,v) is log-convex on J by (i), that is, the function
s+ log Wy (u,v) is convex on J. Applying Proposition 5.7 we get

log Wy, (u,v) —log Wy (u,v) < log Wy (u,v) —log W, (u,v)

5.6
S—p - r—t (56)
for s <r,p<t, s#p, r#t, and therefore we have
,U/s,p(\llv Q) < ,ur,t(\Ily Q) .
Cases s = p and r = ¢ follows from (5.6) as limit cases. O

Remark 5.14. The results from Theorem 5.11, Corollary 5.12 and Theorem
5.13 still hold when two of the points yg,y1,y2 € I coincide, for a family of
differentiable functions ¢, such that the function s — [yo,y1,y2; Fp,] is n-
exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense). Furthermore, they still hold when all
three points coincide for a family of twice differentiable functions with the
same property. The proofs can be obtained by recalling Remark 5.10 and
suitable characterization of convexity.
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6. APPLICATIONS TO STOLARSKY TYPE MEANS

In this section, we use Cauchy type mean value Theorem 3.3 and Theorem
3.4 for Stolarsky type means and functional W4 (u,v). Several families of func-
tions which fulfil the conditions of Theorem 5.11, Corollary 5.12 and Theorem
5.13 (and Remark 5.14) that we present here, enable us to construct large
families of functions which are exponentially convex.

Example 6.1. Consider a family of functions
O ={¢s:]0,00) > R:s5>0}
defined for ¢ > 1 by

qgrilogz, s=q.

LTt sEG
o={ 7

s—2q

1 " s—2
Then [(ﬁs(:ﬂa)} =2 @ =e @ ™ > 0which show that ¢s is convex function

1 "
with respect to g(z) = 7 for z > 0, and s [qﬁs(aﬁ)} is exponentially convex
by definition. Notice ¢4(0) = 0, with the convention 0log0 = 0.
Analogously as in the proof of Theorem 5.11 we conclude that
s — (Y0, Y1, Yy2; Fp,] is exponentially convex (and so exponentially convex in

the Jensen sense), where Fy_(y) = gbs(y%). By Corollary 5.12 we have that
s Wy (u,v) is exponentially convex in the Jensen sense. It is easy to verify
that this mappings are continuous, so they are exponentially convex. Hence,
we have

s 1 —q b b S
q*(b— ?(9 q) af‘v 2)|° d J 11|,U (z)|? dx
574,
Uy, (u,0) =
2f|v )[10g |(b=a)F Mo ()| do— qf|v )[4 [qlog [u(x)|+1] dz
s=q.
For this family of functions, js+(¥, Q) from (5.3) becomes
( 1
Wy () s—t
(wtm) ek
— v -lo, 5
st (U, ) = ¢ exp (5%5—22) + (’f;li(gﬁ))v)) , s=t#gq,
Vg -10g (u,0)
exp ( =+ %) s=t=gq

\
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and by (5.5) it is monotonous in parameters s and t.
For the functional W4 (u,v) we get

ps,t (¥, 1)

1

) S¢t7

s _ b b
at(t=)(b=a) @~ M7 [ Ju(@)|* do—s flu(@)|* T o(@)] ds

t_ b b
gs(s—aq)(b—a) 4 M= [ |v(@)|* do—t [|u()|t~1|v(z)|9 d

exp <!§§2Z>

q(bfa)gill\/fsfq ; [v(z)|® log [(b—a)%]&ﬂu(xﬂ dwffb[s loglu(z)|4+1]|u(x)|* ™ 2|v(z)|? dx>
)

-\t " ? 7
alb=a) s M3 [ |u(@)|* da—s [lu(@)|*~T|o(@)] da
s=t#4q,
b ) 1 b
qj |v(x)]? log [(bfa) q JW\'U(I)\] dzfj [qlog|u(x)|+2]|v(z)|? log|u(x)|dz
1 a a
exp _E + b 1 b ’
24 f 10(@)1 108 (6-) # MJv(@)] | do 2 flaloglu(e) 411 o(a) | do
s=t=gq.

Example 6.2. Consider a family of functions
Qo ={ps:[0,00) > R:seR}
defined for ¢ > 1 by

q
%, s=20.

1

"
Since [cps(:rq )} = e5" > 0, then ¢, is convex function with respect to g(z) =

1 "
x4 for x > 0, and s — [gps (:ﬁ)} is exponentially convex by definition. Notice

that ¢s(0) = 0. Arguing as in the previous example, we get that the mapping

s — @, (u,v) is exponentially convex.
We have

b
752qu(b7a) [, {exp[s(b — a)MJv(x)|?] — 1} da

U, (w0) = 4 Ly (@) expls|u(e) de 540,

LM [P () Pd — g ) Ju(x)|9o(x)|7dx,  s=0.
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For this family of functions, js.(®,2) from (5.3) becomes

1
o, (u,0) \ 52
(p=fem) ™ s# 1
- 2 \Ila:qus(uzv) _
st (¥, €2) = 4 exp <_5+W)’ s=t#0,
\ijq. (u,v)
exp(%), S:t:(],

and by (5.5) it is monotonous in parameters s and t.
For the functional ¥ (u,v) we get
Ms,t(‘l’a QQ)
1

(5—2 [P {exp [s(b—a)M|v(x)|?]—1}dz—s " M9 (b—a) [P exp (s|u(x)|?)|v(x)|? dz) st
t=2 [P lexp [t(b—a)M|v(z)[9]—1}da—t =1 Ma(b—a) [b exp (t|u(z)|9)|v(x)|9 dz

s#t,

’

exp [ =2 4 L2exp s M 1(@)|T)—exp [s [u@)|*)—slu(@)|? exp [slu@)| Vlv(@)|* dx
s U ey JeAexp [s(b—a)MA[v(@)[7) =1} o —s [2 exp (s]u(@)|[9)|v(z)|9dz )’

s=t#0,

(b=a)2M29 [¥ |o(2)[Pdz—3 [* |u(z)|?9|v(x)|Tdz
exp 3(b—a)M4 [P |v(z)[29dz—6 [P |u(z)|9]v(z)|9dz )’

s=t=0.
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