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Abstract. In this paper, we introduce an iterative scheme for finding a common element
of the set of solutions of an equilibrium problem and the set of fixed points of strictly
pseudocontractive mappings of Browder—Petryshyn type in Hilbert spaces. Some strong
and weak convergence theorems are obtained. In particular, the necessary and sufficient
conditions for strong convergence of our iterative scheme are obtained. The results presented

in this paper improve and extend the recent corresponding results.

1. INTRODUCTION

Let H be a real Hilbert space with inner product < -,- > and norm || - ||.
Let K be a nonempty closed convex subset of H and G : K x K — R be a
bifunction, where R is the set of real number. The equilibrium problem (for
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short, EP) is to find z* € K such that
G(z*,y) >0, Vye K. (1.1)

The set of solutions of EP(1.1) is denoted by EP(G). Given a mapping
T:K — K, Let G(z,y) =< Tx,y —x > for all z,y € K. Then z* € EP(G)
if and only if 2" € K is a solution of the variational inequality < Tx,y —
x >> 0 for all y € K, ie., ¥ is a solution of the variational inequality.
Numerous problems in physics, optimization, and economics reduce to find
a solution of FP(1.1). It has been shown that equilibrium problems include
variational inequalities, fixed point, Nash equilibrium and game theory as
special cases [1, 12]. Equilibrium problems cover a vast range of applications.
Some methods have been proposed to solve the EP(1.1) (see, e.g., [3-5, 7, 17,
18] and references therein). Motivated by the work in [5, 11, 17], Takahashi
and Takahashi [18] introduced a viscosity iteration scheme to find a common
element of the set of solutions of the EP(1.1) and the set of fixed points of a
nonexpansive mapping in the setting of Hilbert spaces. they also studied the
strong convergence of the sequences generated by their algorithm in Hilbert
spaces. Later, Some authors used many iteration methods to approximate
a solution of FP(1.1). But many iteration methods that they used involved
in projection operator. They had to compute many iterative elements and
projection subsets(See, e.g., [6, 8, 16, 20] and reference therein) in each step
iteration process. It is a very difficult work.

Let E be a real Banach space and let J denote the generalized duality
mapping from F into 2" given by

J@)={f e B : | f|? = |l2||* =< =, f >};

where E* denotes the dual space of F and < -,- > denotes the generalized
duality pairing. If £* is strictly convex, then J is single—valued. In the sequel
we shall denote single—valued duality mapping by j.

Let E be a real Banach space, A mapping T : £ — F is said to be L —
Lipschitzian if there exists constant L > 0 such that

| T2z — Ty|| < L|jz —y||, Vz,y€E. (1.2)

A mapping T is said to be nonexpansive if L = 1 in (1.2). The set of all fixed
points of T" is denoted by F(T'), that is F(T) ={z € K : Tx = x}.

A mapping T with domain D(T)and range R(T) in E is called strictly
pseudocontractive in the terminology of Browder and Petryshyn [2] if Vx,y €
D(T) there exists A > 0 and j(z — y) € J(x — y) such that

< Tz —Ty,j(@—y) ><|lz = y|> = Ao —y = (Tz - Ty)|*. (1.3)
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Without loss of generality we may assume that A € (0,1). If I denotes the
identity mapping, then (1.3) can be written in the following form
<U-T)zr—I-Tyjlx—y) >2 NI -T)x— (I -Tyy|>  (14)
In Hilbert spaces, (1.3)(and hence (1.4)) is equivalent to the inequality
ITx = Ty|* < llo—yl* + k|(I = T)z = (I =T)y|*, k= (1-2X) <1 (L5)
It follows from (1.4) that
lz =yl = Allz —y = (T = Ty)|| = ATz — Ty| — Allz — y|l-

So
1+ A
1Tz =Tyl < ——llz —yl = Lullz —yll, Vz,y € D(T),  (1.6)
where L, = %, hence T is Lipschitzian in Hilbert space. It also follows from
(1.5) that
1+Vk
Tyr — Tyl < xr — = L.||lx — vy||,
I - \/EII vl |z —yll
_ 14VEk
where L, = Ve

Note that the class of strict pseudocontraction mappings strictly includes
the class of nonexpansive mappings. Clearly, T is nonexpansive if and only if
k=0in (L5).

Many iteration methods have been proposed to approximate fixed points of
strictly pseudocontractive mappings by many authors (see, e.g., [9,10,13,15]).
Recently, Wang [19] introduced the following hybird iteration method for non-
expansive mappings and obtained some strong and weak convergence theorems
of fixed points of nonexpansive mappings.

For arbitrarily given x; € H, the iterative scheme {z,} is defined by

Tng1 = Ty + (1 — an)T’\"“wn, n>1,

where Tz, = Tx, — Ay puA(Tz,), T : H — H is a nonexpansive
mapping with F(T) # &, and A : H — H an n—strongly monotone and
L—Lipschitizian mapping, {ay} C [0,1) and {\,} C [0, 1).

Later, Osilike, Isiogugu and Nwokoro [15] used this method to approxi-
mate fixed points of k—strictly pseudocontractive mappings and obtained some
strong and weak convergence theorems. Their results improved and extended
the results of Wang [19].

Motivated and inspired by the recent work of Wang [19], Osilike, Osiogugu
and Nwokoro [15], Combettes and Hirstoaga [5], Takahashi and Takahashi
[18], etc., we introduce an iteration method, which does not involve in pro-
jection operators, to approximate a common element of the set of solutions of
EP(1.1) and the set of fixed points of a strictly pseudocontractive mapping
of Browder—Petryshyn type in Hilbert spaces. The iterative method reduces
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the burden of computation task in iterative process and the results presented
in this paper improve and extend the recent corresponding results.

2. PRELIMINARIES

Throughout this paper, H is a Hilbert space with inner product < -, >
and norm || - ||, K is a nonempty closed convex subset of H.
Let bifunction G : K x K — R satisfy the following conditions:
(A1) G(z,2) =0, Vrek;
(A2) G(z, y)+G(y, x) <0, Vz,ye€K;
(A3) For all z,y,z € K, limy g G(tz + (1 — t)z,y) < G(z,y);
(A4) For each z € K, the function y — G(z,y) is convex and lower semi-
continuous.

By using the conditions above, Combettes and Hirstoaga [5] obtained the
following results.

Lemma 2.1. ([5]) Let K be a nonempty closed convex subset of Hilbert space
H and let G : K x K — R be a bifunction satisfying (A1) — (A4). Letr >0
and x € H. Then there exists z € K such that

1
Giz,y)+—-<y—zz—x>>0, Vyek.
r

Lemma 2.2. ([5]) Assume that G : K x K — R satisfies (A1) — (A4). For
r >0 and x € H, define a mapping T,(x) : H — H as follows:

1
T (x)={z€e K:G(z,y)+ - <y—z,z2—x>>0, Vye K}, VreH.
r

Then,
(1) T, is single-valued;
(2) T, is firmly nonexpansive, that is, for all z,y € H,
Tz = Toyl* << Thw — Ty, w —y >;

(3) G(T») = EP(G);
(4) EP(G) is nonempty, closed and convez.

A Banach space F is said to satisfy Opial’s condition if, for any sequence
{zn} in E, x, — x implies that limsup,,_, ||zn — x| < limsup,,_, |2n — ||
for all y € E with y # x, where x,, — z denotes that {z,} converges weakly
to z. It is well known that every Hilbert space satisfies Opial’s condition.
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A mapping T : K — E is said to be semi—compact, if for any sequence
{zp} in K such that ||z, — Tz,| — 0,(n — o0), there exists subsequence
{wn,} of {xn} such that {z,,} converges strongly to z* € K.

A mapping T with domain D(T") and range R(T") in E is said to be demi-
closed at p if whenever {x,} is a sequence in D(T") such that {x,} converges
weakly to z* € D(T) and {T'x,} converges strongly to p, then T'z* = p.

T is said to satisfy condition (A) if F(T) # @ and there exists a nonde-
creasing function f : [0,00) — [0,00) with f(0) = 0 and f(¢t) > 0 for all
t € (0,00) such that ||z — Tz| > f(d(z,F(T))) for all z € D(T), where
d(z, F(T)) = nt{ |z — pl| : p € P(T)}.

Lemma 2.3. ([10]) Let H be a Hilbert space.The following identities hold:
(1) o~y = Jol]? ~ Iyl -2 <2~ gy >, VeyH;
(2) [tz + (1 = 8)y[I* = tllz]* + (1 = )lly[I* =t = )]z = y]]*,
vt €[0,1], Vz,ye H.

Lemma 2.4. ([13]) Let E be a real g—uniformly smooth Banach which also
uniformly conver and let K be a nonempty closed convexr subset of E. Let
T : K — K be a strictly pseudocontractive mapping of Browder— Petryshyn
type. Then (I —T) is demiclosed on K, where I is the identity mapping.

Lemma 2.5. ([14]) Let {ay}, {bn} and {6,} be sequences of nonnegative real
number satisfying the inequality
Ant1 < (1 + 5n)an +bp,n >1

If 3"  0n < 00 and Y o2 by < 00, then limy, o0 an exists. In particular, if
{an} has a subsequence which converges strongly to zero, then lim, ooty = 0.

3. MAIN RESULTS

Theorem 3.1. Let K be a nonempty closed convex subset of a real Hilbert
space H. Let G : K x K — R be a bifunction satisfying (Al) — (A4), and
T : K — K be a strictly pseudocontractive mapping of Browder— Petryshyn
type for some 0 < k < 1 such that F(T)NEP(G) # &, and A: K — K be an
L— Lipschitzian mapping. For any given x1 € K,{x,} is defined by

G(Unay)+%<y_unaun_xn>207 Vy € K,
Tpt+1l = Qplp + (1 - an)TAnun’ n=>1,
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where Tz = Tx — A\yuA(Tx) for all v € K, > 0, and {a,} C (0,1),
{A\} C[0,1) and {r,} satisfy the following conditions:

(i) k<a<a, <B<1 for some a,B € (0,1);

(i) D02 Ay < 005
(iii) {rn} C (0,00) and liminf, o 7y, > 0.

)

(2) limy 00 |20 — Txyn|| = 0;

(3) {zn} converges weakly to a common element of F(T) and EP(G);

(4) {zn} and {u,} converge strongly to a common element of F(T) and
EP(G) if and only if liminf, o d(x,, F(T) N EP(G)) = 0, where
d(xn, F(T) N EP(Q)) denotes the metric distance from x,, to F(T)N
EP(QG).

Proof. (1) It follows from Lemma 2.2 that u, = T} x,. For any ¢ € F(T)N
EP(G) and any positive integer n, we have

lun — gl < [T, 20 = Trpgll < ll2n — gl
In addition (by Lemma 2.3)

lnss — gl
= lltn(ttn — @) + (1 = ) (Tt — )2
= [lan(un — q) + (1 — o) (Tun — q) — (1 — an)AnﬂA(TUn)HQ
= Nl (tn — 4) + (1 = an)(Titm — 2 + (1 = ) 2AZ2 | A(Ty) |
—2(1 — ap) M\t < A(Tup), an(un — q) + (1 — ap)(Tuy, — q) >
< apllug — ‘I||2 + (1 — an)[[Tu — ‘I||2 —an(l — an)llun — Tun||2
+2(1 = an) At A(Tun) || - [lon (un — q) + (1 = an ) (Tun — g)
+(1 - an)2)‘721N2|’A(Tun)H2
< anllun = ql|* + (1 = an)[l|un — ql|* + kllun — Tuy %]
—an(1 — an)llu, — T“ﬂ”2 +(1- an)2)\,21,u2||A(Tun)H2
F2(1 = an) Anp | A(Tun) || - o (un — q) + (1 = o) (Tun — q)|
= [Jun — QHQ — (1 —an)(an — k)|[up — TunH2
+2(1 = ) Anp| A(Tun) || - [l (un — q) + (1 = o) (Tun — q)|
(1 = n)® A% 2| A(T ) |12 (3.1)
It follows from (1.6) that
AT | < Ly — gl + [ A@)) (3.2)
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and
llan (un — @) + (1 = o) (Tun — q)|| < (1+ Ly)|lun — ql- (3.3)
Thus, it follows from (3.1), (3.2) and (3.3) that
[#nt1 — qll?
< lun — QH2 — (I —ap)(an — K)Jup — TunH2
(1= an) AP (L2 L3 up — ql|* + 2LLu|uy — q|- | Ala) || + | Aa)[1%]
+2(1 = o) Anp[LLylun — gl + [[A(@) [ (1 + L) [lun — 4
= [Jun — Q||2 — (1 —an)(an — K)Jup — Tun||2
+(1 = )AL L Jug — g + (1 = )X 2| A(g) [
+2L L (1 = an)® A i |un — gl Ag)
+2(1 = an) At LLy (1 + L) ||un — g
+2(1 = o) Anp(1 + L) lun — gl -[| Ag)]]
< lun — Q||2 — (L —an)(an — K)Jup — TunH2
(1= an)® AP L2 L Jup — qlf* + (1 = an) X512 Alg) |
+LL (1 = an)*Ap i [[lun — gl* + | A0) 1]
+2(1 = an) AL Ly (1 + L) |lun — q||?
(1 = an) (1 + L) [[lun — all* + | A(@)[1?)
=1+ (1= an)* 2p2LL(1 + LL) + (1 — ap)Appu(1 + L)(1
+2LL)]fun — gll* = (1 = ) (an = k)[|un — Tun||?
(1= ) 2A0 4% (14 LLy) + (1 — an)dap(1 + L[| A(a) |
< (L+an)|un — gl = (1 = B) (e = k)l[un — Tun|* + by,
< (L+an)|en — gl = (1= B) (@ = k) [lun — Tun® + bn, (34)

an = (1= o)’ 2p2LL, (1 4+ LL,) + (1 — o) Aup(1 + L,)(1 + 2LL,),
and
b = (1= ap)®Anp® (1 + LLi) + (1 — ap)Mape(1 + L) | A(9) ||

Obviously, Y 7 | an < 400, Y 7, by < +00. It follows from Lemma 2.5 that
lim,, 00 ||2n — ¢q|| exists for each ¢ € F(T) N EP(G). This implies that {x,}
is bounded, so are {Tz,},{A(Tz,)}. In addition, {Tu,} and {A(Tu,)} are
bounded, too, since ||u, — ¢|| < ||z, — ¢||. This completes the proof of (1).

(2) Since {||z, — q||} is bounded, there exist M > 0 such that ||z, —q||> < M
for all n > 1. Thus it follows from (3.4) that

lzns1 = gll* < llzn = all* = (1= B)(a = K)lun — Tun|* + o, (3.5)
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where o, = b,, + Ma,,, so that

[e.e]

(= B)a = k) ujer — Tugal* < oy — gl + Y o,

Jj=1 J=1

and since > > | oy, < 00, it follows that

lim |Ju, — Tuy,|| = 0. (3.6)
n—oo
Since
HTAnun —upl| = [Tup — ApppA(Tun) — un|
< NTun — unll + Anpl| A(Tun) ],

it follows from (3.6) that
lim || 77", — u,| = 0. (3.7)

n—oo
In addition, since 2,11 —u, = (1 —ay)(Tu, —uy,), from (3.7), we know that
lim ||zp+1 — uy|| = 0. (3.8)
n—oo
Thus, it follows from (3.6) and (3.8) that
lim ||zp41 — Tuy|| = 0. (3.9)
n—o0
On the other hand, since
lzns1 = Topg1ll < [z — Tunll + | Tun — Topgq ||
< zntr — Tupl| + Lilun — 2piall,
by (3.8) and (3.9), we have
lim ||zp+1 — Topt1]] = 0. (3.10)

n—o0

This completes the proof of (2).
(3) For any q € F(T) N EP(G). Since
lzns1 =gl < (14 an)un —all = (1= B)(a = k)llun — Tun||? + by
< lun — ql* + 0w,
where o, = b, + Ma,, and
lun —all* = Ty, 20 — Trall®

< <xTp—q, Uy —q>
= %(Hxn = ql” + llun = all* = llzn — unll?),

then
[@n41 — qll* < [|zn — gl = |20 — unll® + o4
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So
20 = un]|* < [lzn = qll* = [[2nt1 — a]|* + on.
Thus, we obtain
lim ||z, — uy,|| = 0. (3.11)

n—oo
Since H is a Hilbert space and {z,} is bounded, there exists a subsequence
{wn,} of {z,} such that {x,,} converges weakly to a p € K. Thus, it follows
from (3.10) and Lemma 2.4 that p € F(T'). In addition, it follows from (3.11)
that {uy,} converges weakly to p € K, too.
We now show that p € EP(G). Since u,, = T}, x,, we have

1
G(unay)+7<y_umun_xn>207 Vy € K.

T'n
From (A2), we obtain
1
— <Y — Up,y Uy — Ty, >> Gy, up).
Tn
Thus,
1
_— <Y = Unj, Un; — Ty >> G(Y, Un;).
n;
It follows from (A4) and (3.11) that

G(y,p) <0, VyeK. (3.12)

For t € (0,1] and Yy € K. Setting z; = ty + (1 — t)p, we know that z; € K. Tt
follows from (3.12) that G(z¢,p) < 0. From (A1) and (A4), we have

0=G(z,2t) <tG(z,y) + (1 — )G (2, p) < tG (21, 9).

From (A3), we know that G(p,y) > 0,sop € EP(G). Hencep € F(T)NEP(G)

We now prove that {x,} converges weakly to a common element of F(T)
and EP(G). First of all, (3.10) and Lemma 2.4 guarantee that each weakly
subsequential limit of {x,} is a fixed point of T'. At the same time, using the
proof of above, it is easily proved that each weakly subsequential limit of {x,}
also is a solution of EP(1.1).

Secondly, since every Hilbert space satisfies Opial’s condition, and Opial’s
condition guarantees that the weakly subsequential limit of {z,} is unique,
hence {z,} converges weakly to a common element of F(T') and EP(G). This
completes the proof of (3).

(4) Suppose that {z,} converges strongly to a common element ¢ of F'(T") and
EP(G). Then limy, o ||z, — ¢|| = 0. Since

0 < d(zn, F(T)NEP(G)) < ||zn — 4],
we have liminf,,_, d(z,, F(T) N EP(G)) = 0.
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Conversely, suppose that liminf, . d(z,, F(T) N EP(G)) = 0, then it fol-
lows from (3.4) and Lemma 2.5 that lim, o d(zp, F(T) N EP(G)) = 0. Thus
for arbitrary ¢ > 0, there exists a positive integer N such that d(z,, F(T) N
EP(Q)) < §,VYn > Ny, Furthermore, Y | 0, < oo implies that there exists a
positive integer Ny such that Z;’in oj < %,Vn > Ny. Put N = maz{N1, N2},
then d(zy, F(T) N EP(G) < § and > 22 v oj < %Z.. It follows from (3.5) that
for any n,m > N and for all ¢ € F(T)(EP(G),

20 — zml> < [lzn — qll + |l2m — ql]?
< 2lllzn — gl + [|zm — ql|?]
n m
< 2lan — gl + Y o+ llay —al>+ D oyl
i=N i=N
o0
< Adllay —qlP+4) oj.
j=N
Thus
> 1
|20 = m| < 202y — gl + 20> 0))2.
j=N

Taking the infinimum in the inequality above for all ¢ € F(T) N EP(G), we
obtain
oo

|2 — @l < 2d(xn, F(T) NEP(G)) +2(Y_ 0;)2 <&, Vn,m > N.
j=N
This implies that {x,} is a Cauchy sequence. Therefore, there exists p € K
such that {z,} converges strongly to p. Then

d(p, F(T) N EP(G)) = lim d(x,, F(T) N EP(G)) = 0.

Since F(T) is closed and convex [10], and EP(G) also is closed and convex [5],
we have F(T) N EP(G) is closed and convex,too. Hence p € F(T) N EP(G).
In addition, since ||u, —p|| < ||zn — p||, we know that {u,} converges strongly
to p, too. The proof is completed O

Theorem 3.2. Under the conditions of theorem 3.1, if T is semi—compact,
then {x,} converges strongly to a common element of F(T) and EP(G).

Proof. Tt follows from Theorem 3.1 that lim,,_,« ||2n—Tzy| = 0 and lim,,—,~ ||zn—
q|| exists, for each ¢ € F(T) N EP(G). Therefore there exists a subsequence



Equilibrium problems and fixed point problems 283

{wn,} of {w,} such that {x,,} converges strongly to p € K. Using the same
argument as in the proof in theorem 3.1, we have p € F(T) N EP(G). Thus,
we know that lim,,_, ||z, — p|| exists. Furthermore, {z,,} converges strongly

to p since lim, s [|Zn; — p|| = 0. In addition, since ||u, — q[| < ||z, — ¢|| for
each ¢ € F(T)NEP(G), so {uy,} also converges strongly to a common element
of F(T) and EP(G). The proof is completed. O

Theorem 3.3. Under the conditions of Theorem 3.1 , if T satisfies condition
(A), then {x,} converges strongly to a common element of F(T) and EP(QG).

Proof. Tt follows from Theorem 3.1 that lim, . ||z, — Tzy| = 0. Since T
satisfies condition (A) and f is a nondecreasing function with f(0) = 0 and
f(t) > 0forallt € (0,00), we have lim,,_,oc d(zy, F(T)NEP(G)) = 0, Thus, it
follows form Theorem 3.1 that {x,} converges strongly to a common element
of F(T) and EP(G). In addition, Since|u, — ¢|| < ||zn — ¢|| for each ¢ €
F(T)NEP(G), so {uy} also converges strongly to a common element of F'(T')
and EP(G). The proof is completed. O

Remark 3.4. The iterative method of Theorem 3.1 reduces to the iterative
method in [4] when A, =0 for alln > 1. So, our results improve and extend
the results of Ceng [4].

Remark 3.5. The iterative scheme of Theorem 3.1 does not involve in pro-
jection operator, here it is unnecessary to compute projection subsets in each
step iteration process.

Remark 3.6. The mapping A in [19] is n—strongly monotone and L— Lipsc-
hitzian, but the mapping A in Theorem 8.1 just is L— Lipschitzian, which is
weaker than the one in [19].
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